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Editor’s Statement 


A large body of mathematics consists of facts that can be presented and 
described much like any other natural phenomenon. These facts, at times 
explicitly brought out as theorems, at other times concealed within a proof, 
make up most of the applications of mathematics, and are the most likely to 
survive changes of style and of interest. 

This ENCYCLOPEDIA will attempt to present the factual body of all 
mathematics. Clarity of exposition, accessibility to the non-specialist, and a 
thorough bibliography are required of each author. Volumes will appear in 
no particular order, but will be organized into sections, each one comprising 
a recognizable branch of present-day mathematics. Numbers of volumes 
and sections will be reconsidered as times and needs change. 

It is hoped that this enterprise will make mathematics more widely used 
where it is needed, and more accessible in fields in which it can be applied 
but where it has not yet penetrated because of insufficient information. 


GIAN-CARLO ROTA 


babe 


Foreword 


The study of the symmetries of physical systems remains one of the 
principal contemporary theoretical activities. These symmetries, which basi- 
cally express the geometric structure of the physical system in question, 
must be clearly analyzed in order to understand the dynamical behavior of 
the system. The analysis of rotational symmetry, and the behavior of 
physical quantities under rotations, is the most common of such problems. 
Accordingly, every professional physicist must achieve a good working 
knowledge of the “theory of angular momentum.” 

In addition, the theory of angular momentum is the prototype of continu- 
ous symmetry groups of many types now found useful in the classification 
of the internal symmetries of elementary particle physics. Much of the 
intuition and mathematical apparatus developed in the theory of angular 
momentum can be transferred with little change to such research problems 
of current interest. 

If there is a single essential book in the arsenal of the physicist, it is a 
good book on the theory of angular momentum. I have worn out several 
earlier texts on this subject and have spent much time checking signs and 
Clebsch-Gordan coefficients. Such books are the most borrowed and least 
often returned. I look forward to a long association with the present fine 
work. 

A good book on the theory of angular momentum needs to be thoroughly 
reliable yet must develop the material with insight and good taste in order 
to lay bare the elegant texture of the subject. Originality should not be 
erected in opposition to current practices and conventions if the text is to be 
truly useful. 

The present text, written by two well-known contributors to the field, 
satisfies all these criteria and more. Subtleties and scholarly comments are 
presented clearly yet unobtrusively. Moreover, the footnotes contain 
fascinating historical material of which I was previously unaware. The two 
chapters on the “theory of turns” and “boson calculus” are significant new 
additions to the pedagogical literature on angular momentum. Much of the 
theory of turns presented here was developed by the authors. By means of 
this approach the concept of “double group” is made very clear. The 
development of the boson calculus employs Gel’fand patterns in an essential 
way, in addition to the more traditional Young tableaux. This section 
provides an excellent prototype for the analysis of all compact groups. 
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The representation theory is developed in the complete detail required for 
physical applications. This exposition of the lore of rotation matrices is 
especially thorough, including the Euler angle parametrization as well as 
others of practical value. 

The text ends with a long chapter on applications well chosen to illustrate 
the power of the general techniques. The book concludes with a masterly 
development of the group theoretical description of the spectra of spherical 
top molecules. To my mind the recent experimental confirmation of this 
theory in high resolution laser spectrometry experiments is one of the most 
spectacular confirmations of quantum theory. 

The present text is really a book for physicists. Nevertheless, the theory 
generates substantial material of interest for mathematicians. Recent re- 
search (for example in non-Abelian gauge field theory) has produced topics 
of common interest to both mathematicians and physicists. Some of the 
more interesting mathematical outgrowths of the theory of angular momen- 
tum are developed in the companion volume currently in press. 


PETER A. CARRUTHERS 
General Editor, Section on Mathematics of Physics 


Preface 


“The art of doing mathematics,” Hilbert! has said, “consists in finding 
that special case which contains all the germs of generality.” In our view, 
angular momentum theory plays the role of that “special case,” with 
symmetry—one of the most fruitful themes of modern mathematics and 
physics—as the “generality.” We would only amend Hilbert’s phrase to 
include physics as well as mathematics. In the Preface to the second edition 
of his famous book Group Theory and its Applications to the quantum 
Mechanics of Atomic Spectra, Wigner? records von Laue’s view of how 
remarkable it is that “almost all the rules of [atomic] spectroscopy follow 
from the symmetry of the problem.” The symmetry at issue is rotational 
symmetry, and the spectroscopic rules are those implied by angular momen- 
tum conservation. In this monograph, we have tried to expand on these 
themes. 

The fact that this monograph is part of an encyclopedia imposes a 
responsibility that we have tried to take seriously. This responsibility is 
rather like that of a library. It has been said that a library must satisfy two 
disparate needs: One should find the book one is looking for, but one 
should also find books that one had no idea existed. We believe that much 
the same sort of thing is true of an encyclopedia, and we would be 
disappointed if the reader did not have both needs met in the present work. 
To accomplish this objective, we have found it necessary to split our 
monograph into two volumes, one dealing with the “standard” treatment of 
angular momentum theory and its applications, the other dealing in depth 
with the fundamental concepts of the subject and the interrelations of 
angular momentum theory with other areas of mathematics. 

Fulfilling this responsibility further, we have made an effort to address 
readers who seek very detailed answers on specific points—hence, we have a 
large index, and many notes and appendices—as well as readers who seek 
an overview of the subject, especially a description of its unique and 
appealing aspects. This accounts for the uneven level of treatment which 
varies from chapter to chapter, or even within a chapter, quite unlike a 


'Quoted in M. Kac, “Wiener and Integration in Function Spaces,” Bull. Amer. Math. Soc. 72 
(1966), p. 65. (The italics are in the original; Kac notes that the statement may be apocryphal.) 

2B. P. Wigner, Group Theory and Its A pplications’ to the Quantum Mechanics of Atomic 
Spectra, Academic Press, New York, 1959, p. v. (We have added in brackets the word 
“atomic,” since this was clearly von Laue’s intended meaning.) 
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textbook with its uniformly increasing levels of difficulty. The variation in 
the treatment applied particularly to the Remarks. Quite often these Re- 
marks contain material that has not been developed or explained earlier. 
Such material is intended for the advanced reader, and it can be disregarded 
by others. We urge the reader to browse and skip, rather than trying, at 
first, any more systematic approach. 

These considerations apply also to the applications. Some applications 
may be almost too elementary, whereas others are at the level of current 
research. The field of applications is so broad that we have surely failed to 
do justice in many cases, but we do hope that the treatment of some 
applications is successful. 

In discussing a particular subject, we have given more detail than is usual 
in mathematical books, where terseness is considered the cardinal virtue. 
Here we have followed the precepts of Littlewood? who points out that “two 
trivialities omitted can add up to an impasse.” 

Let us acknowledge one idiosyncrasy of our treatment: We have not 
explicitly used the methods of group theory, per se, but have proceeded 
algebraically so that the group theory, if it appears at all, appears naturally 
as the treatment develops. No doubt this method of treatment is an 
overreaction to the censure—(now disappearing?)— with which many physi- 
cists greeted the Gruppenpest.* In any event, we think that this treatment 
does make the material more accessible to some readers. 

Let us make some brief suggestions as to how to use the first volume, 
Angular Momentum in Quantum Physics (AMQP). Part I: (1) Chapters 2 and 
3 and parts of Chapter 6 constitute the standard treatment of angular 
momentum theory and will suffice for many readers who wish to learn the 
mechanics of the subject. The methods used are elementary (but by no 
means imprecise), and the whole treatment flows from the fundamental 
commutation relations of angular momentum. (ii) Chapters 4 and 5 are 
recommended to the reader who wishes a general overview of the subject 
with methods capable of great generalization. Paradoxically, although these 
two chapters contain much new material, this material also belongs to the 
very beginnings of the subject—in the multiplication of forms of Clebsch 
and Gordan, and in the &» calculus of Weyl—all of which are now 
incorporated under the rubric of the “boson calculus.” Part II: The appli- 
cations given in Chapter 7 are totally independent of one another, and can 
be understood from the results given in Chapter 3. 

The second volume, Racah—Wigner Algebra in Quantum Theory (RWA), is 
also presented in two parts. (The Contents for RWA appears also at the 


°J. E. Littlewood, A Mathematician’s Miscellany, Methuen and Co., London, 1953, p. 30. 
(The italics are in the original.) 

4B. G. Wybourne, “The Gruppenpest yesterday, today, and tomorrow,” /nternational Journal 
of Quantum Chemistry, Symposium No. 7 (1973), pp. 35-43. 
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beginning of AMQP.) Part I: In Chapters 2, 3, and 4 the algebra of the 
operators associated with the two basic quantities in angular momentum 
theory—the Wigner and Racah coefficients—is developed within the frame- 
work of the algebra of bounded operators acting in Hilbert space. These 
chapters are intended to rephrase the concept of a “Wigner operator” 
(tensor operator) in algebraic terms, using methods from Gel’fand’s devel- 
opment of Banach algebras. This approach to angular momentum theory is 
rather new, and is intended for the reader who wishes to pursue the subject 
from the viewpoint of mathematics. Part II: The twelve topics developed in 
Chapter 5 establish diverse interrelations between concepts in angular 
momentum theory and other areas of mathematics. These topics are inde- 
pendent of one another, but do draw for their development on the material 
of Chapter 3 of AMQP, and to a lesser extent on Chapters 1-3 of RWA. 
This material should be of interest to both mathematicians and physicists. 
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Introduction 


1. This book is a sequel to its authors’ recently published Angular 
momentum in quantum physics: Theory and application, it treats various 
advanced topics that could not be covered in the earlier volume without 
making it inconveniently long. My purpose is to explain the subject matter 
from a mathematician’s point of view, but it would be awkward and 
difficult to do this without taking into account the contents of both books. 
Thus, in spite of its tardy appearance, this essay will, in effect, be an 
introduction to the two-volume work as a whole. 

When a physicist speaks of “angular momentum theory,” he is alluding to 
a theory that a mathematician would be more likely to describe as “the 
theory of rotational invariance.” This theory, whatever we call it, is con- 
cerned (a) with a technique for exploiting the fact that many physical laws 
are independent of orientation in space. and (b) with the many important 
consequences of this fact. 

The physicists’ choice of the words “angular momentum theory” 
illustrates a tendency that is one of the many factors inhibiting communica- 
tion between mathematicians and physicists. This is the tendency physicists 
have to avoid thinking in the abstract and instead to keep a concrete 
physical problem constantly in mind and use physical terminology whenever 
possible. From the mathematician’s point of view, the physicist is behaving 
like a beginner who will not take the step from “two oranges and two 
oranges is four oranges” to “two plus two equals four.” The physicist is 
much less practiced in abstract thinking and is quite properly reluctant to 
give up an important source of intuition and inspiration. 

But what is the connection between rotational invariance and angular 
momentum that inspires this terminology? It derives from a fundamental 
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theorem in mechanics—both classical and quantum—setting up a natural 
one-to-one correspondence between certain “one-parameter symmetry 
groups” on the one hand, and “integrals of the motion” on the other. The 
group & of all rigid motions of Euclidean space defines an action of & on 
the phase space Q of an n-particle system, and for each x in & the associated 
one-to-one map of 2 on Q is a “symmetry” of the system in an obvious 
sense. If s>a, is any one-parameter subgroup of &6— that is, any continuous 
homomorphism of the additive group of the real line into &—then this 
homomorphism composed with the action of & defines an action of the real 
line on Q, each map of which is a symmetry. Thus, one has an integral of the 
motion that is, a function on Q that is constant in time) for each one- 
parameter subgroup a of &. These integrals, which are evidently of special 
interest, are called momentum integrals. Given a line / in space, let af 
denote the rotation about / through an angle of s radians. The integral of the 
motion corresponding to this one-parameter symmetry group is called the 
total angular momentum about the axis /. Linear momentum is defined 
similarly, with one-parameter groups of translations. Although the linear 
and angular momentum integrals were discovered long before anyone 
thought in terms of groups of symmetries, it is gratifying to have such an 
elegant a priori reason for their existence. 


2. Before proceeding further, it will be useful to recall the basic structure 
of quantum mechanics in the rigorous form given it by von Neumann. This 
can be done quite concisely and completely, and a reader unfamiliar with 
quantum mechanics (at least in this formulation) should not hesitate to 
make a serious effort to understand it. 

In classical mechanics the future of a system of n particles in uniquely 
determined by the positions and velocities of these particles at any instant 
of time t. The 6n-dimensional space Q of all possible positions and velocities 
of the particles is called the phase space of the system, and its points w are 
called the states of the system. (For reasons that need not concern us, one 
actually uses positions and momenta; the momentum of a particle being the 
mass times its velocity.) For each positive real number ¢ and each w €Q, let 
a,(w) denote that point w’ of & such that the positions and velocities 
corresponding to w’ are precisely those that describe the system ¢ time units 
after it was described by the positions and velocities corresponding to w. 
Then in all “reversible” systems (and we consider no others), each a, is a 
one-to-one map of 2 on Q, and setting a_,=a; ' we obtain a one-parameter 
group t— a, of one-to-one transformations of Q into itself. Let us call this 
the dynamical group of the system. The parameterized curves t>a,(w) are 
the trajectories of the system, and we obtain a vector field X* in Q by 
assigning to each point w the tangent vector to the unique trajectory through 
w. This vector field is called the infinitesimal generator of the dynamical 
group a, and via uniqueness theorems for systems of ordinary differential 


Introduction XXX1 


equations it determines a uniquely. The unique determination of a by X° is 
of the greatest importance for physics, because in most cases X® can be 
written down explicitly, whereas « cannot. Thus, nontrivial mathematical 
problems remain to be solved after the physical law has been precisely 
formulated. Real valued functions on Q—that is, functions of the coordi- 
nates and velocities—are called observables or dynamical variables. If fis an 
observable and w€Q, then f(w) is said to be the value of the observable in 
the state defined by w. Since w varies with time, the value of any observable f 
will also vary with time according to the formula t—f(a,(w)). However, 
there are certain observables g that are such that t— g(a,(w)) is a constant 
for all w. These are called integrals of the motion, and they are precisely 
those functions g on Q that are constants on the trajectories. 

In quantum mechanics the states (points of 2) are replaced by the 
one-dimensional subspaces of a separable complex Hilbert space 1, and the 
dynamical group is replaced by a continuous one-parameter group ¢- V, of 
unitary operators mapping ‘{ onto ‘. By a celebrated theorem of M. H. 
Stone (inspired by the needs of quantum mechanics), every one-parameter 
unitary group t—> V, may be put uniquely in the form V,=e'"", where H is a 
(not necessarily bounded) self-adjoint operator. This operator H is the 
analog of the vector field X° in classical mechanics and is what one can 
write down explicitly. If @ is a unit vector in the one-dimensional subspace 
specifying a state at time 0, then this state will be specified ¢ time units later 
by the one-dimensional subspace containing V,(@), and the variable vector 
t—V.(@)=9, will satisfy the differential equation d@,/dt=iH(¢,). This (in 
abstract form) is the Schrédinger equation—the quantum mechanical sub- 
stitute for the equations of motion of a classical mechanical system. Just as 
in classical mechanics, the state of a system at a future time ¢ is uniquely 
determined by ¢ and the state at time 0. 

The key difference between quantum mechanics and classical mechanics 
lies in the fact that the number /(w), which the state defined by w assigns to 
the observable f, is replaced in quantum mechanics by a probability 
distribution. In every quantum mechanical state there will be observables 
that do not have a well-determined value. If one makes the appropriate 
measurements, one gets different values, but some occur much more fre- 
quently than others, and one does have a well-defined probability measure 
on the line. Our task now is to explain how to calculate the probability 
distribution of an observable © in a state s when we know the self-adjoint 
operator A defining © and the one-dimensional subspace L of JC defining s. 
This will be the quantum mechanical substitute for f(w). The task is quite 
trivial when the operator A has a pure point spectrum—that is, when KC 
admits an orthonormal basis ¢,,@,,... such that = Oty — lhe ear 


Let py be any unit vector in L. Then y= yy c,o;, where c;,=()-9,) and 
j=t 
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co 
> |e|?=1. Also, |c| is independent of the choice of y in L. Setting 
=) 
,(E)= > |c|’, we obtain a probability measure on the real line, and this 
AGE 
is the probability measure assigned to the observable © defined by A when 
the system is in the state s defined by L. Note that the probability that the 
measurement of 0 is not one of the eigenvalues A, of the operator A is zero. 
Of course, self-adjoint operators may have continuous spectra, and then the 
associated probability measures will not be concentrated in countable 
sets—not all quantum mechanical observables are “quantized.” To compute 
up, when A has a (partially or totally) continuous spectrum, it is necessary to 
resort to the spectral theorem. We shall not attempt to explain the spectral 
theory here. Readers who are familiar with the theorem will have no 
difficulty in adapting the above. 

Although it is necessary to diagonalize A in order to compute the 
probability distribution of the corresponding © in the various states, the 
“expected value” of © can be computed directly from A and ¥. When A has 
a pure point spectrum so thatp,(E)= > lc; 2 it follows at once from the 
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[ee] 


definition that the expected value of © is > A,|c,|’. On the other hand, if 
j=l 


y= > c/¢;, then 
j=l 


SO 


(AG) y=) mee = Se 


a vel 


Thus, the expected value is just (A(/)-W). This result can be shown to hold 
even where A does not have a pure point spectrum. 

Finally, let A be the self-adjoint operator defining an observable ©. Under 
what conditions on A shall we say that © is an “integral of the motion’? In 
classical mechanics we required that f(a,(w)) be independent of r for every 
w in 8%. The obvious analog is that the probability distribution defined by 4 
and V,(y) be independent of ¢ for every unit vector y. This is equivalent to 
demanding that the probability distribution defined by V,AV! and w be 
independent of ¢ for every unit vector y: This can be shown to happen if 
and only if V,AV,~' is independent of s—that is, if and only if 4 commutes 
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with all V,. Accordingly, an integral of the motion in quantum mechanics is 
an observable whose corresponding self-adjoint operator A commutes with 
all V,. Recall that V=e'” for some self-adjoint operator H. Evidently the 
observable corresponding to H is an integral of the motion and, moreover, 
one that plays a special role. It is a constant multiple of the quantum 
mechanical analog of the energy integral of classical mechanics. Note that 
the state defined by the unit vector y will be stationary—that is, indepen- 
dent of the time—if and only if V,(y)=e'w for some real d and all ¢. On 
the other hand, it is easy to see that V,(y)=e'y if and only if H(y)=Ay. 
Thus, the stationary states are precisely the states in which the energy 
observable has a definite value with probability 1, the possible values being 
constant multiples of the eigenvalues of H. As will be explained more fully 
below, this fact is the key to the quantum mechanical explanation of atomic 
spectra. In particular, it largely reduces the problem of predicting spectral 
lines to finding the eigenvalues of certain self-adjoint operators. 


3. With the abstract structure of quantum mechanics before us, it is 
possible to explain the correspondence between one-parameter symmetry 
groups and integrals of the motion alluded to in section |. By definition, a 
symmetry of a quantum mechanical system is a pair a, 8 consisting of a 
one-to-one mapping a of the states on the states and a one-to-one mapping 
B of the observables on the observables such that the following two 
conditions are satisfied: 


*For all states s and all observables ©, the probability measure in the 
line assigned to B(©) by a(s) is the same as that assigned to O by s. 
**For all states s and all real numbers ¢, V.(a(s))=a(V,(s)), where V, is 
the map of states into states defined by the unitary operator V,. 


It is a theorem that any pair a,f that satisfies (*) is defined by an 
operator U that is either unitary or anti-unitary. If s corresponds to the 
one-dimensional subspace L, and © to the self-adjoint operator A, then a(s) 
corresponds to U(L), and B(©) to UAU~!. The operator U is uniquely 
determined up to multiplication by a complex number of modulus |. In 
order that (**) should also be satisfied, it is evidently necessary and 
sufficient that for each real ¢ we have UV,U~'=c(t)V,, where c(t) is a 
complex number of modulus 1. Since the square of an anti-unitary operator 
is always unitary, an obvious argument shows that only unitary operators 
occur in one-parameter symmetry groups. A less easy argument allows one 
to eliminate the constant c(s,,5,) in U, ,,,=U,U, c(s), 52) and to show that 
every one-parameter symmetry group is implemented by a one-parameter 
unitary group s—> U,. By Stone’s theorem, U.=e'** for some self-adjoint 
operator A. The operator A is determined by the symmetry group up to an 
additive constant. Condition (**) is satisfied if and only if UV,=c(s, (VU, 
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for all s and ¢, and unless V has a very special form this can be shown to 
imply that the U, and V, commute. This special form seldom if ever arises in 
actual physical problems. In other words, the one-parameter symmetry 
groups are defined by those one-parameter unitary groups s— U, such that 
UV,=V,U, for all s and t. Now U,=e'“*, where A is a self-adjoint operator, 
and one shows easily that U.V,=V,U, for all s and ¢ if and only if V,A=AYV, 
for all ¢. This last condition, however, is precisely the condition that the 
observable corresponding to A be an integral of the motion. In other words, 
the one-parameter symmetry groups are just those of the form s—e‘**, 
where A varies over the self-adjoint operators corresponding to those 
observables that are integrals of the motion. 


4. The fact that the laws of physics are independent of position and 
orientation in space implies the existence of certain symmetries for an 
isolated physical system. Let & be the group generated by the translations 
and rotations in space. Then there will be a symmetry for each member a of 
&. Since every member of & is the square of another member, these 
symmetries will be implemented by unitary operators, and there will exist a 
certain natural map a— U, of & into the unitary operators of the Hilbert 
space JC of the system—uniquely determined up to multiplication of each 
U, by a complex number c, such that |c,|=1. This mapping will be a 
homomorphism of & into the group of symmetries and hence will have the 
property that U,,=U,Uz0(a, 8). Here, for each a and B, o(a,) is a 
complex number of modulus 1. As such, it is a so-called “projective unitary 
representation of & with multiplier 0.” If we replace each U, by c,U,, then o 
changes to o’, where o(a, B)=o(a, B)cag/Cacp: and it is natural to try to 
eliminate o by choosing the c, properly. This can almost be done, but not 
quite. There is a multiplier o), taking on only the values +1 that cannot be 
eliminated in this fashion. It can be shown, however, that every other o can 
either be eliminated or be changed into og by suitably choosing the c,. 
Actually, the most convenient way to proceed is to replace & by its simply 
connected covering group &. This has a two-element normal subgroup Z 
and a homomorphism y onto & whose kernel is Z. Defining = Uy) for 
all a in &, one can always choose the c, so that U,g= U,Up for all a, B in &. 
When this is done, the U, are uniquely determined. Thus, to every “isolated” 
physical system one has a canonically associated unitary representation of 
the group &. Mild and plausible physical assumptions make it possible to 
prove that this representation is continuous in the sense that for each vector 
@ in JC the mapping a— U,(@) is a continuous function from & to K. Thus, 
the theorems of the theory of unitary group representations apply. 

One can also show that Wo ile for all ¢ and a—that is, that the 
constant that the definition of symmetry permits is actually | for all ¢ and a. 


It follows that V and U can be combined to yield a natural unitary 
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representation of the product group &T, where T is the group of all 
translations in time. 


5. Let us now introduce a rectangular coordinate system in space with 
origin 0, and let K denote the subgroup of & consisting of all elements that 
leave 0 fixed. Then K is the simply connected covering group of the group K 
of all rotations about 0, and there is a natural homomorphism of K on K 
whose kernel is the two-element center of K. The group K is isomorphic to 
the group SU(2) of all 2X2 unitary matrices of determinant 1, and its center 


consists of i 4 and | - a With respect to our rectangular 
coordinate system, we may distinguish three one-parameter subgroups of K; 
they are the groups of rotations about the x-, y-, and z-axes. Let aj denote 
the rotation through @ radians about the x-axis in some fixed sense. Then 
6— ay will be a continuous homomorphism of the additive group of the real 
line into K—that is, a one-parameter subgroup of K. In a similar fashion, 
one defines the one-parameter subgroups 6> ag and @—>a%. Of course, if 
@— Bg is any one-parameter subgroup of K (or, more generally, of 6), then 
d- Up, will define a one-parameter symmetry group of our system, and by 
the considerations of section 3 there will correspond a well-defined integral 
of the motion. The integrals of the motion thus defined by the one-parameter 
subgroups a*, a”, and a’ (multiplied by a universal constant) are called the 
x-, y-, and z-components of the total angular momentum of the system. This 
constant is the same as the one relating the operator H in V.=e'”"' to the 
operator defining the energy observable. It occurs because in quantum 
mechanics, unlike classical mechanics, there is a “natural” unit of mass. 
More precisely, such a unit exists once units have been chosen for time and 
distance. If one makes use of this unit, the constant turns out to be | and 
can be ignored. However, physicists are conservative and stick to old 
traditions as much as possible. They still use the arbitrary mass unit of 
classical physics and need a conversion factor to carry them from the 
“natural” measures of energy and momentum to the classical ones. This 
constant is usually denoted by A and is h/27, where h is the celebrated 
constant introduced by Planck in the theory of “black-body radiation,” 
which he formulated in 1900. 

Of course, every one-parameter subgroup of K leads to an integral of the 
motion just as a*, a”, and a’ do. We do not get anything essentially new in 
this way, however. Every such integral is a linear combination with real 
coefficients of the x-, y-, and z-components of the total angular momentum. 
Equivalently, it is equal to a constant multiple of the total angular momen- 
tum about some axis through 0. 


6. A fact about the operators describing the angular momentum ob- 
servables that is of great significance for the whole theory is that they satisfy 
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certain simple identities called commutation relations. Specifically, 


M,M,—M,M,=ihM,, 
M,M,—M,M,=ihM,, 
M, Mie MoM ini, 4 


where M,, M,. and M, denote the self-adjoint operators associated, respec- 
tively, with the x-, y-, and z-components of the angular momentum about 0. 
Note that the second and third commutation relations can be obtained from 
the first by cyclical permutations of x, y, and z. 

From the point of view of pure mathematics, these identities are im- 
mediate consequences of the definition of M,, M,, and M, and the applica- 
tion to the rotation group of some of the fundamental ideas of Lie’s theory 
of continuous groups. Consider the group GL(n, R) of all nxn matrices 
with real coefficients and determinant different from zero. If A is any nXn 
real matrix, then e“’ is defined by the convergent infinite series 1+ Ar+ 
(A717/2!)+... for all real t, and r>e%' is a continuous one-parameter 
subgroup of GL(n, R). Conversely, every continuous one-parameter sub- 
group of GL(n, R) can be obtained from a unique A. This one-to-one 
correspondence between matrices A and one-parameter subgroups of 
GL(n, R) permits one to define an “infinitesimal version” of the group 
GL(n, R) that is easier to analyze than the group itself but reflects many of 
its most important properties. Moreover, the construction of this “‘infinitesi- 
mal version” is capable of vast generalization and is applicable to any group 
locally describable by finite sets of real numbers in such a way that the 
group operations are continuous. 

Consider two one-parameter subgroups, t—e4' and r>e®'. Their prod- 
uct, t>e“’e?", is not a one-parameter subgroup but becomes more and 
more like one as ¢ is restricted to smaller and smaller values. Indeed, 
eMe = (IAT EAP / 2) 4... (1 Bet Bt 72) ae) (A Bee 
2A +2APB so that e7e" is approximated by 2 2 ter 
small r. Thus, we may associate a unique “sum” r—>e'4*® to each pair of 
one-parameter subgroups r>e“' and t—e*', and under this sum the set of 
all one-parameter subgroups is itself a group. This group is commutative 
and becomes a real vector space under a definition of real multiplication 
that is easily defined for arbitrary one-parameter subgroups of arbitrary 
groups without any need for infinitesimal considerations. One simply uses 
the trivial fact that, if r> Y(t) is a one-parameter subgroup, then t> (Ar) is 
also a one-parameter subgroup for every real A, and defines this to be Ay. 

The fact that the one-parameter subgroups of GL(n, R) can be made into 
an n?-dimensional real vector space is not very interesting in itself. This 
vector space tells us nothing but the number of parameters describing the 
group. The significant fact is that one can define a kind of product that 


t 
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captures much more of the structure of the group. Consider r— 
ete edt) Wek) laedig Bie 4ie— 8! This also is not a one-parameter 
subgroup, but it becomes more and more like one as ¢ is restricted to smaller 
and smaller values. Indeed, replacing e“' by 1+ Ar+ A7t?/2!+... and e?t 
ye eee Ja reno ne mindsesthauma. co cm ee alee 
(Ab 2A (Gre) eso tat fon small —e*e “eece ema: 
proximated by the one-parameter subgroup t—e‘'4?~ #4)" This one- 
parameter subgroup uniquely determined by :>e“' and +—e*' is called the 
commutator product of these two one-parameter subgroups. 

The key idea in Sophus Lie’s theory of continuous groups is that for any 
such group one can convert the one-parameter subgroups into a finite- 
dimensional vector space with a “commutator product” in a strictly analo- 
gous fashion and that the resulting object, the so-called Lie algebra of the 
group, reflects many of its most important properties. In the particular case 
of the group GL(n, R), the above considerations show that the Lie algebra 
of the group is isomorphic to the vector space of all n Xn real matrices, with 
the commutator product [A, B] being defined by [A, BJ]J=AB—BA. It is 
easy to check that this product obeys the distributive laws 


PA Bee |=). 2 ll eile 
| eee) S| are se LEC 


but is neither commutative nor associative. Instead of commutativity one 
has anticommutativity, [A, B]= —[B, A], and instead of associativity one 
has the so-called Jacobi identity, 


ARB tele: eras | ila. |i-4|)—C 


These properties persist in the general case and in fact characterize Lie 
algebras. 

Now consider the group of rotations in three-dimensional space. It is 
three-dimensional and has a three-dimensional Lie algebra £ spanned by the 
one-parameter subgroups a, a@,, @,. Thus, every element of is uniquely of 
the form A,a,+A,a,+A,a,, and by the distributive law the commutator 
product may be completely described by specifying the nine products of the 
basis elements. Since [A, A]= —[ A, A], [A, AJ=0 for all A, and it suffices to 
specify [a,,o,], [@,.@,], and [a,,a,]. A computation shows that 


|e, Ee. eee, Lee. O. 


in evident analogy with the commutation relations for the operators de- 
fining the angular momentum observables. 

Quite generally, if one has a continuous unitary representation x U, of a 
continuous group G, and £? is the Lie algebra of G, then each a in © defines a 
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one-parameter group of unitary operators 7— U,,,). By Stone’s theorem, one 
has U, ee ‘ where 7, is a self-adjoint operator depending on a, and one 
proves easily that (7, )(T,)—(iTp GT.) = iT, a, p) for alla and] )3 imeeeemiinis 
umplies that a 5d.) = (I/i)T,. gy for all « and B in &. The commutation 
relations for ae avout momentum operators result from applying this 
theorem to the commutation relations defining the Lie algebra of the 
rotation group. 


7. It is not difficult to show that the unitary operators e’’, where T 
varies over all angular momentum operators about a given 0, coincide 
exactly with the operators U., where x—U, is the associated unitary 
representation of the rotation group. Thus, in exploiting rotational symme- 
try, it is often a matter of indifference whether one argues from the theory 
of group representations or from properties of the angular momentum 
operators. One arrives at much the same conclusions in either case. Physi- 
cists tend to prefer calculations with matrices— especially when these have a 
direct physical interpretation—to arguments involving the more abstract 
and conceptually more difficult theory of group representations. They refer 
to using “algebraic methods” to eliminate group theory, much to the 
astonishment of mathematicians, for whom group theory is one of the 
principal branches of algebra. To a physicist, however, “algebra” means 
computing with symbols, not the abstract conceptual arguments dear to the 
hearts of mathematicians. 


8. The first and one of the most important applications of angular 
momentum theory to quantum mechanics is to the analysis of atomic 
spectra. Let JC be the Hilbert space of states for the quantum mechanical 
system that models an atom consisting of a nucleus surrounded by N 
electrons. Just as in classical mechanics, one can separate the motion of the 
center of gravity of the system from motion relative to the center of gravity 
and replace the problem by one in which N electrons move in a central force 
field. With this reduction the problem of calculating the frequencies of the 
spectral lines emitted by the atom becomes that of computing the eigenval- 
ues of that multiple of the dynamical operator that corresponds to the total 
energy of the system. Indeed, if EL, <£,<... are these eigenvalues, then the 
possible frequencies are included among the numbers (E,— E, )/h, where h 
is Planck’s constant. This is because a light quantum of energy E,— E; is 
emitted when a “perturbation” causes the atom to shift from a stationary 
state with energy £; to a continuous state of energy E,<E, (see the last half 
of the last paragraph i in section 2 above) and the frequency v of the light in 
a quantum of energy E is such that E=/p. 

In the special case in which there is only one electron (the hydrogen 
atom) and one neglects the effects of “spin,” the operator whose eigenvalues 
must be found is a relatively simple partial differential operator in three 
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variables. It is the (densely defined) operator in £°( R*) that takes y into 


avi [R44 Fe. mes. Nees 
Sani ox. ay az? Jx2+y2+22 


Here m and —e are, respectively, the mass and charge of the electron, and h 
is Planck’s constant. For the helium atom (two electrons) the operator is 
only slightly more complicated. It is (densely) defined in £°(.R°) and takes p 
into 


iy (iy, Be Ye Se) 


8ar2m \ dx? dy? az? axi dayz az5 
= 2e*~ _ 2e*y 
Vxitypt2p  yxttyy +23 
ery 


— ee 
2D 2) 2 
VQ) Orn) + (21-2) 
The reader should now be able to guess the form that the operator takes 


when there are N electrons. The Hilbert space is £?(R°”), and the operator 
H takes y into 


oS [ee Fe 4 


a2 
2 2 
ax; dy; aa 


2) 


Dy ee 
Ne V> ae 
j=l yx; a) ee, 


pew 2 D a oo 
i>j f(,—x,) +(4-y) a2 2)) 


When N=1, the eigenvalues can be found exactly by relatively easy 
arguments. They are the numbers ln e/a nm where ill 2 Shee re 
e, and h are as described above; and the eigenvalue —227e4m/h?n* occurs 
with multiplicity n?. This formula for the energy levels of the hydrogen 
atom was announced by Bohr in 1913 a dozen years before 
the discovery of quantum mechanics. He obtained it as a consequence of the 
assumption that the electron in a hydrogen atom moves in a circular orbit 
about the nucleus and that only certain “quantized” orbits occur—those in 
which the angular momentum is an integer multiple of #/27. [In a circular 
orbit of radius r, the velocity v is a constant and is such that oe ni) 
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(because the attraction of me nucleus for the electron must balance the 
centrifugal force). Thus, mv*=e*/r. Now Bohr’s quantization hypothesis 
implies that mvr=nh/27, and eliminating v from these two equations yields 
the formula r=n7h?/4m7e*m for the radii of the allowed orbits. The total 
ee He ae 2/2 —e?/r=—e’/2r is thus limited to the values 
=F ee 
2(n7h?/4m7e?m) [ee 
When N is 2 or greater, no such simple formula exists, and approximate 
methods have to be used. Although rotational symmetry can be effectively 
utilized in discovering the simple formula for the eigenvalues in the N=] 
case, the arguments are relatively simple and elementary. It is in dealing 
with more than one electron that one has to make use of the more advanced 
and interesting parts of angular momentum theory. 


9. The approximation method that one uses is based on the fact that, if 
only the electrons did not repel one another, the eigenvalues of an N-electron 
atom could be written down at once. Indeed, in that case the final term 


e7y> 


Py) Ce ett meee ae 


in the formula for H would be missing, and one checks easily that, if 
1. Y>,---., are any N eigenfunctions of the operator ,H, 


2 42 2 2 2 
I i |e ee 
Sot dx dye 02” yx2+y2+z2? 


with eigenvalues Ay, 54...) \y. then 


EV pie pea lea te ya As in 2a loan Wil en en Say | 
is an eigenfunction of the modified H with eigenvalue A, +A,+--- +A, 
Moreover, it 1s also easy to see that every cpenianeiont is a finite (REAr 
combination of such, all having the same eigenvalue. The operator H’ 
differs from the operator H in the one-electron case only in that the 
coefficient e* has been replaced by e7N. Thus, the eigenvalues of H’ can be 
obtained from those of H by replacing e by eVN: they are the numbers 
= 27 Neen pion 2 

Of course, one cannot neglect the mutual repulsion of the electrons, and 
one obtains a second approximation to the desired eigenvalues by using the 
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following device. Define a family of operators H, by replacing the term 


Pays 


2 2 
iy Ca) Py) (Zi ¢ 


ee-W >, 


i>j 


where e is a real parameter. Then H,=H, and H, is an operator whose 
eigenvalues have just been described and whose eigenfunctions are known. 
Assume that the eigenvalues and eigenfunctions of H, vary analytically with 
e. Let A, be one of the known eigenvalues of Hy, and suppose that it occurs 
with multiplicity 1. Let y, be a corresponding eigenfunction (determined up 
to a multiplicitive éonsiant). Then there exist constants XI., A seo einal 


functions Wi, Vane . so that, for every sufficiently small e, ees) ae. YP 

Seeicranl eigenfunction for H, with eigenvalue A (e)= ten tert. 

ia if the radius of convergence of these paired series exceeds 1, A(1)= d, 

+A +7+ ... will be an eigenvalue of H that one thinks of as a “perturba- 
tion” of the eigenvalue A, of Hp. 

When our assumptions are valid, the problem reduces to computing the 
coefficients Ne N, ... of the power series expansion of A ,(e). This turns out 
to be quite easy—at least in principle. Let us write H,=H)+eJ, where 
J=H—H,, and consider the equation 


(Hotes) (yjteyiteryr+... } 
=(A, ter be2+...)(ytey+ery?+ ... ). 


Expanding and equating coefficients of corresponding powers of e, one 
obtains equations that may be solved iteratively to obtain explicit expres- 
sions for the AX in terms of the matrix elements of J. These are rather 
complicated for large k, but for k=1 one has the very simple expression 


Correspondingly, one thinks of A+! as a first approximation to the 
perturbation of the eigenvalue A; of Ho. 

Unfortunately, the assumption that A, has multiplicity | is guite unrealis- 
tic, and the simple formula 1 (IY) y, ) can seldom be used. For reasons 
that will be explained Ibellon the highly symmetrical character of the 
operator H, not only makes it easy to determine its eigenvalues and 
i oenunccan: but also forces most of the eigenvalues to have rather high 
multiplicities. Although it is not difficult to modify the above argument and 


xl Introduction 


find an elegant generalization of the formula N= (Jb) Y) using this 
generalization leads to difficult new problems. 

The perturbation J is much less symmetrical than the operator Hy, and 
this causes some of the multiplicities to decrease. Thus, an eigenvalue A, of 
H, whose multiplicity is p; may break up into p; different eigenvalues or at 
reat into several eigenvaliies of lower multiplicities when Hp is perturbed by 
eJ. There will be a number of different functions of A, all of which reduce to 
A, when e=0, and one has to find not just \’, but perhaps as many as 9, 
different numbers X/,,A‘,5,....A,,. The algorithm for tne these is 
simple in principle. One faredtecs an orthonormal basis v}, Ue ee in 
the p,-dimensional vector space of all the eigenfunctions of Ho of eigenvalue 
A, and calculates the matrix I(JOb*) bOI. The eigenvalues of this matrix 
are then the XN‘, . Since p, can be quite large, diagonalizing this matrix 
presents Brcceal aqalenis of considerable magnitude. However, J retains 
some of the symmetry of Hy, and this can be exploited to make extensive 
simplifications in the diagonalization problem. Working this out has led to a 
considerable body of theory, and this theory is a major part of the content 
of angular momentum theory insofar as it applies to atomic spectra. We 
shall describe it in some detail beginning in section 12 below. 


10. Although little if anything has been done in the direction of extend- 
ing the theory to be described below to simplify the calculation 
of higher-order terms, there is a way of making the approximation of 
first-order perturbation theory a bit less crude. Instead of writing H= 


H,+eJ, with H) and J defined as above, one replaces the term 


N 
Ne S ——————— 
j=l |xPty2+z2 


N 
S Gliese eee ), where gy is chosen in such manner that the resulting 
j=) 


new H, is a much better approximation to H. We need not discuss here the 
details of how g,, is chosen. The basic idea is to diminish the attractive force 
of the nucleus by a force representing the average repulsion of all the other 
electrons. We shall denote this modification of Hy by H§ and define J’ as 
Jah ile 

Of course, once Hy has been replaced by Hj. our determination of the 
eigenvalues of Hy is no longer relevant, and it must be replaced by a 
determination of the eigenvalues of Hj. Just as with Hy, this reduces to 
determining the eigenvalues of an operator , Hj in three-dimensional space, 
the eigenvalues of Hy being sums A, +A,+ --- +Ax of eigenvalues of , HG. 
The operator , Hj in three-dimensional space is that which takes w into 


he 2 2 2 
=e | Sa ae 
Sam \ Ox acy | dz 


in the definition of Hy by a term of the form 


= oe ((x2+y?2+2? )w. 
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Unlike the special case considered above in which gy(\x?+y?+2<7) is 
Ne*/yx?+y?+z?, there is no explicit, exact formula for the eigenvalues of 
, 1). However, they can be shown to be eigenvalues of certain ordinary 
second-order differential operators, and good approximate values can be 
obtained quite easily. 

This reduction to ordinary differential operators is worth looking at in 
some detail, as it is an excellent illustration of the exploitation of rotational 
invariance and leads directly to an important classification of the eigenval- 
ues of , Hj, which is insensitive to the exact choice of g,. It can perhaps be 
understood most easily by looking first at a two-dimensional analog in 
which the corresponding rotation group is commutative and the application 
of the theory of group representations reduces to ordinary Fourier analysis. 

Consider. then, the differential operator 


pana 2428) i 
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where A is a positive constant, and / is a real valued function defined on the 

nonnegative real axis. Let y be an eigenfunction with eigenvalue 4. 

For each r>0, the restriction of Y to the circle x=rcos@, y=rsin@, 

is a function 6-¥,(), which may be expanded into a Fourier series 
CO 


¥(0)= > a,(r)e'”’. In this way the determination of y, is reduced to the 


peeaninaion of the countably many functions of one variable r—a,(r), 
and for each / these satisfy an ordinary differential equation. Indeed, one 
computes without difficulty that for any /=0, +1, +2,... and any differen- 
tiable f, one has 


| q2 +3) (toem)ner( FFF). 


ax? ay? dr? or dr? 
Thus, our differential operator takes > Gaye” into 
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es dans day, al? a 
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and this will equalA > ae | if andronly if, tor cach! /—=O.=2 ln =225 47, 
j=- 

the function a, is an eigenfunction with eigenvalue A for the second-order 


ordinary differential operator 
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Usually a given A will be an eigenvalue for only one of the differential 
operators K‘, and thus it forces the corresponding eigenfunction to have the 
form f(r)e‘"®, where f is the A eigenfunction for K'. In any case, eigenfunc- 
tions of the form f(r )e"®, where fis an eigenfunction of K', will constitute a 
basis for the space spanned by all eigenfunctions. 

Thus, one sees that there is a natural division of the eigenfunctions and 
eigenvalues of our partial differential operator into classes, with one class 
for each integer /, in which the members of the class / are obtained by 
finding the eigenfunctions and eigenvalues of the ordinary differential 
operator K’, 

To apply the same method to the partial differential operator of actual 
concern to us, we need a substitute for the functions e® on the unit circle. 
For each /=0,1,2,..., let S’ denote the complex vector space of all 
homogeneous polynomials of the /th degree in three variables that satisfy 
Laplace’s equation 0°P/dx?+0°P/dy?+0°P/dz*=0. It is almost trivial to 
see that this vector space is (2/+1)-dimensional and is invariant under 
rotations. Moreover every element may be written uniquely in the form 


agin? \' p a ud ate ae 
te i ) Ve tage VX py ee yx2+y7+27 


The functions (1 //x? +y?+2? \P(x, y,z), where P is in S’, thus define a 
(2/+ 1)-dimensional vector space S! of functions on the unit sphere called 
surface harmonics. This vector space can be shown to be irreducible under 
rotations, and the corresponding representation of the group R of all 
rotations in three-space is customarily denoted by the symbol D’. Toward 
the end of the eighteenth century, two decades before Fourier’s famous first 
memoir on heat conduction was sent to the French Academy, Laplace and 
Lagrange studied surface harmonics and showed how to write more or less 
general functions defined on the sphere as infinite linear combinations of 
surface harmonics. It turns out that surface harmonics of different degrees / 
are oso functions, and, choosing an arbitrary orthonormal basis is 
each §', one obtains functions that in the aggregate form an orthonormal 
basis in the Hilbert space of all square-summable functions on the unit 
sphere. 

Using expansions in surface harmonics as a substitute for Fourier expan- 
sions of functions on the circle, one can easily adapt the arguments given in 
the two-dimensional case and show that the eigenfunctions of our three- 
dimensional partial differential operator , Hy are all linear combinations of 
functions of the special form 


MMA Crrerrre ferrg 7 oes 
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where P is a surface harmonic of some degree /=0,1,2,..., and f is an 
eigenfunction of an ordinary second-order differential operator K’ depend- 
ing on / (and also on N and g). For a given such / and f, P can be any 
surface harmonic of degree /, and so the corresponding eigenvalue will occur 
with multiplicity at least equal to 2/+1. 

In understanding the final result, obtained by finding the eigenvalues of 
the ordinary differential operators K‘, it is useful to consider first the special 
case in which g,(r)=Ne*/r, so that Hj=H,. One finds in this case that the 
eigenvalues of K‘ can be exactly and explicitly determined; they are equal to 
the numbers —2a77N?me*/h?(k+/+1)*, where k=0,1,2,3..., and each 
occurs with multiplicity 1. Correspondingly, H, has eigenvalues depending 
on the two parameters Ak and /, and for each / the eigenvalue 
—22°N?me*/h*(k+14+1)? occurs (2/+1) times. The actual value of the 
eigenvalue depends only on the sum of & and /, so that eigenvalues 
belonging to different /’s can be equal. For a given value of n=k+/+1, the 
possible / values vary from 0 up to n—1. Thus, the total multiplicity of the 
elgenvalle t= ev / 20H is IS. oS (1) = eas annolnced 
in section 8 for the case N=1. 

When Ne?/r is replaced by a function g(r) that yields an Hg, giving a 
better approximation to H than Hp, the eigenvalues —277N?me*/h?(k+1 
+1)? are perturbed slightly in a manner that varies with /. However, the 
change is small enough so that each can be unambiguously associated with 
the particular —277N?me*/h?(k+/+1)? from which it came. The value of 
k+/+1=n is called the principal quantum number and the value of / is 
called the azimuthal quantum number for the eigenvalue in question. We 
need not concern ourselves with the exact value of the eigenvalue with given 
quantum numbers n and /. It suffices to know that it may be written in the 
form —27°N*°me4/h?(n+e(1))*, where |e(/)| is small and does vary with / 
and that it occurs with multiplicity 2/+ 1. 


11. Before returning to the role of symmetry in carrying out perturba- 
tion theory for an N-electron atom alluded to at the end of section 9, we 
shall continue the considerations of section 10 by relating the analysis given 
there to the general theory of unitary group representations. This will make 
it possible (a) to see the methods used in the two- and three-dimensional 
cases from a unified point of view, (b) to understand that these methods 
work because of the rotational symmetry of the operators, and (c) to 
explain the physical significance of the azimuthal quantum number /. 

Let G be a compact group, and let a—U, be a continuous unitary 
representation of G in the separable Hilbert space JC. It follows from the 
compactness of G and the general theory of unitary representations that U is 
a discrete direct sum of subrepresentations each of which is irreducible and 
finite-dimensional. This means that JC admits a sequence K(,,JC,,... of 
mutually orthogonal subspaces having the following properties: (a) Each i, 
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is invariant in the sense that U,(JC,)=JC, for all a, and irreducible in the 
sense that no proper subspace is invariant. (b) Every element @ in ‘VC is 
expressible as the sum of an infinite series ¢,+,+ ..., where each $e. 
Although the decomposition is not unique, it is “essentially” unique in the 
following sense. If JC}, 5C5,... is a second such decomposition, then there 
exists a permutation 7 of the integers such that the subrepresentation of G 
defined by restricting U to SC. is for all j “equivalent” to the subrepresenta- 
tion defined by restricting U to JC/,,. In this connection one says that two 
representations V and V’ in Hilbert spaces JC(V) and SC(V’) are equivalent 
if there exists a unitary operator W mapping 3((V) on JC(V’) such that 
WV,W~'=V, for all a in G. In particular, it follows that for each irreduci- 
ble unitary representation W the number of j for which W is equivalent to U 
restricted to JC; is the same for all decompositions. This number is called the 
multiplicity of W in U, and the representation U is said to be multiplicity-free 
if this number is 0 or | for all W. 

There is another element of uniqueness in the decomposition of U into 
irreducibles. For each irreducible W whose multiplicity in U is not zero, let 
JC denote the closed subspace spanned by all irreducible invariant sub- 
spaces that define subrepresentations equivalent to W. Then IC y is clearly 
invariant, and Ge and Sy are orthogonal whenever W and W’ are 
inequivalent. Evidently JC is uniquely a direct sum of invariant subspaces of 
the form SC ,,,. The corresponding decomposition of U is called the canonical 
decomposition into primary representations—a primary representation being 
(by definition) a direct sum of mutually equivalent irreducible representa- 
tions. Any decomposition into irreducibles is clearly a refinement of the 
canonical decomposition into primaries. Moreover, it is obvious that the 
multiplicity-free representations are precisely those in which the decomposi- 
tion into irreducibles is unique and coincides with the canonical decomposi- 
tion into primary representations. 

At this point it is possible to make a simple, easily proved general 
statement whose truth is fundamental for the application of group represen- 
tations to the theory of atomic spectra. 


Theorem. Let U be a continuous unitary representation of the compact 
group G in the Hilbert space IC, and let I=KH,,,®9C ,.®... define the 
canonical decomposition of U into primary representations. Let T be any 
self-adjoint operator in JC that lies in the commuting algebra of U in the 
sense that TU,=U,T for all « in G. Then (a) for each W/, JC, 1s cauried 
into itself by 7. (b) If A is any eigenvalue for the restriction T’ of T 10 a. 
and ML, CIC, is the corresponding elgenspace, then ML, is invariant under 
all U, and hence is a direct sum of irreducible U-invariant subspaces in each 
of which U defines a representation equivalent to W/. In particular, the 
dimension of SIL, is a multiple of the dimension d(W’) of the space in 
which WY acts. 
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It follows at once from (a) that a partial diagonalization of a self-adjoint 
operator is provided by the canonical decomposition into primaries of any 
unitary group representation that commutes with it, and from (b) that this 
diagonalization is essentially complete whenever the unitary group represen- 
tation is multiplicity-free. It also follows from (b) that the operator is forced 
to have multiple eigenvalues whenever the group representation has irre- 
ducible constituents which are not one-dimensional irreducible constituents. 

In this section we shall be concerned only with the applications of the 
theorem to the interpretation of the results of section 10. Later we shall 
exploit it heavily in simplifying the diagonalization of the finite-dimensional 
matrices that arise in the perturbation theory of many-electron atoms. 

Returning to the two- and three-dimensional partial differential operators 
of section 10, let M=2 or 3, and let K be the Hilbert space of all 
square-summable complex-valued functions on Euclidean M space E™. Let 
G be the group of all rotations a about the origin, and let U be the unitary 
representation of G such that U( f)(p)=f(a(p)) for each pEE™. The 
operators considered in section 10 are all rotationally invariant in the sense 
that they commute with all U,. Thus, the theorem stated above applies, and 
in particular it provides a natural division of the eigenfunctions and the 
eigenvalues of these operators into families parameterized by those equiva- 
lence classes of irreducible unitary representations of G that actually occur 
in the decomposition of U. 

When M=2, G is commutative and is isomorphic to the multiplicative 
group of all complex numbers of modulus |. All irreducible unitary repre- 
sentations of a commutative group are one-dimensional and hence are of the 
form a—x(a)/, where / is the identity operator, and x is a continuous 
function with |x(a)|=1 such that x(a,a))=x(a,)x(@). For each integer /, 
x (e'?)=e' is such a function, and it can be shown that there are no 
others. One checks easily that the decomposition of U into irreducibles 
contains each x, and contains it with multiplicity oo. Thus, the canonical 
decomposition of U into primary representations carries with it a direct sum 
decomposition of into subspaces parameterized by / and each invariant 
under our operator. Our original diagonalization problem is replaced by 
countably many others. As shown in section 10, these are much simpler. 
since they involve finding the eigenvalues of ordinary differential operators. 

When M=3, the situation is much the same. The only added complica- 
tion is that G is noncommutative and has irreducible unitary representations 
that are more than one-dimensional. As explained in section 10, the natural 
action of G on the surface harmonics of degree / gives a (2/+ 1)-dimensional 
example D! of an irreducible unitary representation of G for each /= 
0,1,2,.... It turns out that there are no others—every irreducible unitary 
representation of G is equivalent to some D!. These all occur with multiplic- 
ity oo, and the theorem applies as when M=2. Now, however, conclusion 
(b) comes into play and tells us that the eigenvalues in the primary 
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component corresponding to D‘ must have a multiplicity that is a multiple 
of 2/+ 1, the dimension of D’. 

Keeping M=3, consider an arbitrary eigenspace SIL, of , Hj. Unless the 
function gy is very special, the restriction of U to the invariant subspace 
OW, will be irreducible and thus equivalent to D! for some /=0,1,2..., 
where / is the azimuthal quantum number for the eigenvalue A. Since the 
subspace SIL, is U-invariant, it is in particular invariant under all Ca: 
where ¢> a(t) is an arbitrary one-parameter subgroup of G. Hence it is 
invariant under all angular momentum operators and consequently under 
the operator Q2+27+2?=Q, where Q,, Q,, and Q, give the angular 
momenta about the x-, y-, and z-axes, respectively. It is natural to think of 
the corresponding observable as the square of the total angular momentum. 
It is not surprising to find it to be independent of the orientation of the axes 
and equivalently that it commutes with all U,. This and the irreducibility of 
U in Ml, imply that Q restricted to ONL, is just multiplication by a constant. 
In other words, in the (2/+1)-dimensional vector space of state vectors 
having a given definite energy value with azimuthal quantum number /, the 
square of the total angular momentum also has a definite value. A simple 
computation shows that this value depends only on / and is equal to 
(h*/4m7)I(1+ 1). Thus, the physical significance of the azimuthal quantum 
number is that it determines the total angular momentum in the associated 
stationary states. The principal quantum number determines the approxi- 
mate energy. 


12. Now let us return to the line of thought begun at the end of section 
9 and discuss the manner in which rotational symmetry can be used to 
simplify the problem of diagonalizing the matrices that arise when one 
attempts to apply perturbation theory to the N-electron atom. Our first 
observation is that the relationship between the unitary representation U of 
the rotation group G=SO(3) and the eigenspaces of , Hj considered in the 
last section has an obvious generalization in which SO(3) is replaced by a 
group containing SO(3) x SO(3)X --- XSO(3) (N factors) and ,H¢ is re- 
placed by Ho. Let a), a5,...,a, be any N members of SO(3). Then there is 
a unique unitary operator ye ae which takes f,(x,, y,, Z,), 


fo C% 95, Vo ize ee yy (oe een) LON (eon es 
flay X2. Ys Z2))n-0+5 fy(Qy(Xys Ys Zy)) Whenever the f, are square- 
summable. The mapping aj, a@3,...,ay— Vee is then a continuous 


unitary representation of G°=S0(3) X SOQ) - + x $O(3), and it is clear 
that WH) =HyWe for all «=a;,a),....4y€G°. In the language of the 
general theory of group representations, W° is the “outer tensor product” 
UXUX --- XU of N copies of U. However, W°® is not quite the N-electron 
generalization of U that we need. When N>1, there are further symmetries. 
Indeed, let 7 be any permutation of the N integers 1,2,3,..., N. Then there 
is a unique unitary operator in our Hilbert Space that takes 
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ey ee een Yn 2y) INO” OCA Ty. Varnes Zac 
Nay ay ea Oyen Xa¢ny: Ya(wy> Za(ny) fOr all square-summable ¢. Let us 
denote it by W{. One sees at once that 7— W, is a unitary representation of 
Sy, the symmetric group on N objects, and that Hj also commutes with all 
W,°. The two representations W° and W! of G° and S” can now be 
combined into a single representation W of a compact group G containing 
both G° and Sy as subgroups. The group G consists of all pairs a, 7, where 


A=), A,...., a,y€G, and wES,,. The multiplication law in G is given by 
COO ee, OT GO ee OF ee Oi ,Q7,.-.,0y,77 , where a’ =a, Ont jy 


and G° and S“ may be identified with the subgroups of G defined by setting 
a (respectively 7) equal to the identity. The representation W of G is then 
defined by setting W, _=WOW!. 

Evidently 4 commutes with all W,,, and the representation W of 
c— S0(3)X S03) - - X $O(3)G)S, is the analog of the representation U 
of SO(3), whose ani to the eigenspaces of ,Hj was analyzed in 
section 11. Just as in the one-electron case, the eommunativiny of Hj and the 
W,., implies that each eigenspace of Ho is invariant under all W,, and 
hence defines a subrepresentation of the representation W. Moreover, when 
there are no “accidental degeneracies”’—that is, whenever A, +A, 

~+AyA4A,TA,+ --- +A‘,—unless there is a permutation 7 such that 
\;=2,¢;) for all j (and certain other conditions hold), then this subrepresen- 
tation of W can be shown to be an irreducible unitary representation of G. 
Each eigenspace and eigenvalue of Hj has a “label” that 1s an equivalence 
class of (often irreducible) unitary representations of the compact group G 
and plays the role in the N-electron case played by the azimuthal quantum 
number / in the one-electron case. 

Our next observation is that a certain closed subgroup G of G has the 
property that not only Hj but also J’ and H all lie in the commuting algebra 
of the representation W of G obtained by restricting W to G. 
This is the group of all a,,a,,...,a,,7 for which a,=a,=--- =ay 
and is obviously isomorphic to SO(3)XS,. Consider now an eigenspace 
OM, +... +a, Of Ho, and let P be the projection operator whose range it 1s. 
Then P lies in the commuting algebra of W and a fortiori in that of W. 
Thus, PJ’P lies in the commuting algebra of W. But PJ’P restricted to the 
range of P is precisely the operator whose matrix we must diagonalize to 
find the first-order approximations to those eigenvalues of H obtained by 
PeMUIbINe Ay, Ay. (vee the end of section 9.) 

The key point may now be formulated as follows. Each eigenspace DN of 
Hj, is the space of a (usually irreducible) unitary representation W of 
G=S0(3)X SO(3)X - +: XSO(3)G)Sy, and the operator Ji, =restriction to 
MN of PJ’P (whose eigenvalues must be found in order to determine 
first-order approximations to the corresponding values of H) is in the 


commuting algebra of the restriction W of W to a subgroup G of G 
isomorphic to SO(3) XS, 
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13. Because of the facts summarized at the end of the preceding section, 
one can apply the theorem of section 11 and use the decomposition of W to 
facilitate determining the eigenvalues of Ji,. It is time to explain just how 
this is done and just what one needs to know about the unitary representa- 
tion theory of SO(3) XS, in order to do it. It will be convenient to proceed 
abstractly and consider an arbitrary self-adjoint operator T, which lies in 
the commuting algebra of an arbitrary finite-dimensional unitary represen- 
tation V of an arbitrary separable locally compact group K. 

Let L', L’,..., L’ denote the irreducible representations into which V 
decomposes, it m, denote the multiplicity with which L/ occurs, and let MM, 
denote the unique invariant subspace in which V is equivalent to ie 
repeated m. times. According to the theorem of section 11, T must take each 
MN, into itself, and the eigenvalues of the restriction T; of T to OM, must 
have multiplicities that are integer multiples of the dimension d, of the space 
of L/. Let A4,A4,...,A%, be the eigenvalues of T., each repeated as many 
times as its anmiliipikelics divided by d;. We now make the important 
observation that for each j one can compute the sum 


Eee Ee 
d 


as a linear combination of the matrix elements ¢, ;, of T with respect to any 
convenient orthonormal basis $,,$),...,¢,, the coefficients being de- 
termined by the properties of the group representation V. Indeed, let 
6/4, 04,..., 04 4, be any orthonormal basis for MN;. Then the trace of dis 
equal on the one hand to 


dj(M+Mt +--+, |} (+) 


and on the other to 


> (7(4/)-6/). (os) 
Now, expanding 6/ in terms of the basis $1, 45,..., 6) yields 


6/= & (6/-4:) 9, (+ + «) 
and 


T(6/) = (6/.4;)T($,), (+ * « +) 


fe 


equating (*) and (+ *) and substituting (* = «) and (* * * *) into (* *), one 
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finds that 


(ee) 


a(M+Mt-- +M,)= 3 (¥(14,)-8)(G 
and this evidently implies that 


(Aj+Agt --- +4, }= ¥ (14) dedi (f) 


flo 


where the coefficients c/ ,, are computed from the formula 


aos : (6/-4,)(8/-4;). Cap) 


The two equations (+) and GD) are fundamental. They make it possible to 
compute the sums Aj +A4+ - Nee _for the eigenvalues of 7 directly from 
the matrix elements of T as soon as one knows the expansion coefficients 
(6/-,) for the members of the basis {@/} relative to the basis {¢,}. The 
determination of these coefficients is a purely group-representational prob- 
lem that is a substantial part of the entire theory. It does not become 
definite until one has chosen the bases in question, but it is important to 
realize that it cannot be trivialized by choosing the ¢, to coincide with the 
6/. This would beg the question. To be able to compute the matrix elements 
(T(%,)-%,-), the ¢, must be chosen in a way that takes no cognizance of the 
BIG This “coefficient problem” will be described in some detail below. The 
rest of the ey section will be devoted to the problem of passing from 
the sums A/+ --- +A/, to the individual eigenvalues. 

Evidently, when Vis multiplicity-free—that i is, when each m, is equal to | 
—there is no problem. Each sum has just one term, and formula (+) gives 
the actual eigenvalues. In the general case one notices that, when T is in the 
commuting algebra of V, so is every power of 7, and also that the 
eigenvalues of T* are just Aj, \4,..., where A,,A3,... are the eigenvalues of 
T. Knowing the matrix elements of T, one can compute those of Toe 
by matrix multiplication and so use formula (7) Cue gp replaced Ibe its 
various powers) to find explicit expressions for UN ee Cy, eee 
+04 lag -+(A,,)°, etc. From these one can obtain the eigenvalues 
M,A4,..., 4, as the roots of a polynomial equation of degree m,. Indeed, if 
m, =) one all have two unknown eigenvalues a and b but will know both 
a+b and a2+b2. Now a and b are the roots of the quadratic equation 
x?—(at+b)x+ab=0, and ab=[(a+b)?—(a?+b’)]/2. Thus, knowing a+b 
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and a?+h* permits one to find a and b by solving a quadratic equation. 
Similarly, one can find a cubic equation whose roots are a, 6b, and c 
whenever a+b+c, a*+b*+c’, a?+b?+c’?, etc., are known for all possible 
values of m,. 

The point of the reduction is that it is much easier to solve r polynomial 


equations of degrees m,, m,,...,m, than one polynomial equation of degree 
m,d,+ +--+ +m,d,. From another point of view, the polynomial of degree 
m,d,+ +--+: +m,d,, which must be factored into linear factors in order to 


are Fae 


solve the equation, is partially factored by the method into P“:P#?--- P#, 
where each P, is a polynomial of degree m,, and it remains only to factor the 
ie 


df 


14. At this point it will be useful to descend from the abstract to the 
concrete and consider the actual V’s that arise in the theory of atomic 
spectra in the special case in which N=2. In that case the general eigenvalue 
of Hy will be of the form A,+A,, where A, and X, are eigenvalues of , Hj 
with principal quantum numbers 7, and n, and azimuthal quantum num- 
bers /, and /,. With no “accidental” degeneracies, the corresponding eigen- 
space will have dimension 2(2/, + 1)(2/,+1), and’an orthonormal basis for it 
will consist of all functions of the form (x, )). Zi JWO%5. Yo. 25) and all 
functions of the form ¥(x,, yj), 2,) $(X2, ¥>,25), where @ ranges over the 
2/,+1 members of some orthonormal basis for the , eigenspace of jd ae 
and y ranges over the 2/,+1 members of some orthonormal basis for the v5 
eigenspace of , Hj. However, in the special case in which m, =m,and/,=1,, 
so that the two eigenspaces coincide, the dimension is only (21,7 1)2i=5 2)- 
dimensional, since interchanging @ and w does not lead to a different 
eigenfunction. 

In any case, the eigenspace is the space of an irreducible unitary 
representation of the group SO(3) X SO(3)G)S;, which is irreducible unless 
n,#ny, and /,=1, hold simultaneously. In the latter event the representation 
in the eigenspace decomposes into two inequivalent subrepresentations. 
Fortunately, these two subeigenspaces are easily shown to be carried with 
themselves by the operator J’ and so can be treated as separate elgenspaces 
—just as though E, + E,E,+E,. Making the appropriate modification in 
the definition of eigenspace, one may say that in all cases the eigenspace is 
the space of an irreducible unitary representation of the group SO(3) X SO(3) 
(S) S, and that the coefficient problem is a problem about the restriction of 
this irreducible representation to the subgroup of all x, y, 7, with x=y. It is 
useful to analyze this restriction by looking first at the restriction to the 
intermediate subgroup SO(3) SO(3). It is almost evident that this restric- 
tion is irreducible when /,=J/, and otherwise is a direct sum of the two 
inequivalent irreducibles D'XD? and D'?XD', whose spaces are in- 
terchanged by the unitary map defined by the nontrivial member of S,. The 
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coefficient problem in either case thus reduces to the corresponding prob- 
lem in which SO(3)XSO(3)G)S, is replaced by SO(3)XSO(3) and the 
subgroup 1s the set of all x, y with x=y. 

To revert to the abstract for the moment, let G, and G, be any two 
compact groups, let L be any finite-dimensional unitary representation of 
G,, and let M be any finite-dimensional unitary representation of G,. One 
can then prove that there exists a finite-dimensional unitary representation 
V of G, XG, that is uniquely determined up to equivalence by the fact that 
trace(V,. ,.)=trace(L, )trace( M,,) for all x in G, and all y in G). It is called 
the fensor product of L and M and is denoted by the symbol LX M. Its 
dimension is the product of the dimensions of L and M. One proves that 
LX M is irreducible if and only if both L and M are irreducible and that 
every irreducible unitary representation of G, XG, is equivalent to one of 
the form LX M, where L and M are uniquely determined up to equivalence. 
In this way the problem of finding the irreducible unitary representations of 
a product group is completely reduced to the corresponding problem for the 
factors. Evidently there is a step-by-step procedure permitting one to deal in 
an analogous fashion with the irreducible unitary representations of any 
finite product of compact groups G,XG,X--: XG. 

In the special case in which G,=G,=G, one can identify G with a 
subgroup of GX G—namely, the diagonal subgroup of all x, y with x=y. 
Given any two irreducible unitary representations L and M of G, one can 
form LX M and by restricting to the diagonal form a new unitary represen- 
tation of G. This representation is sometimes called the inner tensor product 
of L and M, and it is seldom irreducible. When one has found the possible 
irreducible unitary representations of a compact group G, another im- 
portant problem that presents itself is that of determining their inner tensor 
products. For each triple L, M, N of irreducible unitary representations of 
G, one wants the (possibly zero) multiplicity with which N is contained in 
the inner tensor product L@ M. 

Returning now to the concrete problem set by the two-electron atom, one 
sees that the representation V occurring in the coefficient problem is just the 
inner tensor product D'@ D' of two irreducible unitary representatives of 
SO(3). The structure of this representation is easily determined by using an 
important fact about the restrictions of D‘ and D" to the subgroup 4, of all 
rotations about the z-axis. The group A, is commutative and isomorphic to 
the multiplicative group of all complex numbers of modulus |—that is, all 
e'?, with @ real. The irreducible unitary representations are all one- 
dimensional and correspond one-to-one to the integers, the representation 
Lk for k=0, +1, +2,... being e’?—e'*®, Moreover, it follows easily from 
the definition of D! in terms of surface harmonics that D' restricted to A, is 
multiplicity-free and equivalent to the direct sum L-‘®L7"'®--- @L"! 
® L'. It follows at once from the relevant definitions that D'® D" restricted 
to A, must be the direct sum of all L‘**, where & and k’ are integers and 
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—1<k<l/, —I'<k'<I'. Since L'*" occurs just once in this sum and /+/' is 
the maximum integer that occurs, it follows that D'*" occurs once and only 
once in the decomposition of D'® D'. Continuing in this vein, one deduces 
the truth of the celebrated Clebsch-Gordan formula 


D'® Dp’ = p'!'-"@ pii-"'i+1@ pIi-"+2@.... epi" 


and in particular that D'®D" is multiplicity-free for all / and /’. It follows 
that the formula of section 13 gives the eigenvalues of J’ directly without the 
necessity of factoring any nonlinear polynomials. 

To use the formula of section 13, one must choose an orthonormal basis 
in the space of D'@D" and another in the space of each irreducible 
constituent. A useful and natural choice is suggested by the fact that each 
D* has the property that its restriction to A, is multiplicity-free and so 
defines a direct sum decomposition of the space of D* into one-dimensional 
A,-invariant subspaces. Choosing the basis elements to lie in these subspaces 
determines them up to multiplication by a complex number of modulus 1. 
The properties of surface harmonics make it possible to write down these 
basis elements quite explicitly, and from the physicist’s point of view they 
have the added advantage of having a simple physical interpretation. They 
are eigenvectors of the operator representing the z-component of an angular 
momentum and hence represent states in which this angular momentum 
component has a definite value. This natural (modulo a choice of z-axis) 
basis in the space of each D! carries with it a corresponding basis in the 
space of each product D'® D" and in the space of each component D!!~!'|+* 
in the reduction of D'@D". The basis {¢,} of section 13 is thus para- 
meterized by pairs of integers k,, k,, where —/<k,</ and —/’<k,<I', and 
the basis {6/} by pairs of integers j, 0, where \/—I'|<j</+/' and —j<p<j. 
In the physical interpretation the z-components of angular momentum 
corresponding to k,, k,, and-p are those of the two electrons individually 
and of the total system. The coefficients of section 13 for SO(3)X SO(3) and 
its diagonal subgroup with the bases chosen as indicated are known as 
Clebsch—Gordan coefficients, and their determination and detailed study is 
one of the major topics in angular momentum theory. They not only solve 
the problem in the two-electron case but serve as building blocks in solving 
the coefficient problem for more than two electrons. They are functions of 
six integer variables—/, /’, j, k,, ky, and p—where 0</, 0</’, anid) 7 Gieene 
and p are restricted as indicated above. 

At this point the better-informed reader will be protesting that in fact the 
variables are not integers but half-integers. He is correct, but half-integers 
appear only when the effect of “electron spin” has been taken into account 
and the group SO(3) has been replaced by the group SU(2) of all 22 
unitary matrices of determinant 1. The quotient of this group by its 
two-element center is isomorphic to SO(3), and its irreducible unitary 


Introduction Iv 


representations include those of SO(3) as well as a supplementary family 
D'’*, D*”*,..., which reduce on the center to the negative of the identity 
and so may be regarded as “double-valued” representations of SO(3). For 
all /, integral or not, the dimension of D! is 2/+1. 

The Clebsch—Gordan coefficients (and slight variants thereof) are also 
known as Wigner coefficients, as Wigner 3-j symbols, and as vector coupling 
coefficients. The literature on them is extensive, including tables of values, 
explicit formulas, and formulas for computing them recursively. 


15. The case N=2, although fundamental, is rather special in that 
D'® D" is multiplicity-free and also in that S, is a commutative group with 
a very trivial representation theory. It is accordingly necessary to take a look 
at the three-electron case as well as the two-electron case in order to get an 
adequate introduction to the complexities of the general case. 

When N=3, the group whose irreducible unitary representations help to 
label the eigenvalues of Hj is SO(3)x SO(3) x SO(3)()S;. We begin by 
describing the irreducible unitary representations of this group. Let V be 
any such representation, and consider the restriction to SO(3) x SO(3)X 
SO(3). This will be a finite direct sum of irreducible unitary representations 
of SO(3) x SO(3) x SO(3)—that is, of representations of the form Dx D” 
x D®. Moreover, it is easy to prove that, whenever D!'X D’2X D" occurs, 
then the others that occur are precisely those obtainable by permuting /,, /5, 
and /, in all possible ways. The number of inequivalent ones depends, of 
course, upon how many equalities there are between /,, /,, and /, and is 
either 1, 3, or 6. The (unordered) triple /,,/,,/, “almost” determines the 
irreducible unitary representation V. Indeed, when /,, /,, and /, are distinct, 
it does determine it. On the other hand, when /,#/,=/,, there are two 
inequivalent V’s for each /,,/,,/,, and when /,=/,=/,, there are three 
inequivalent V’s for each. To analyze these possibilities, consider the 
restriction of V to S;, and let H(V)=O,®ON,® --- OOM, be the de- 
composition of H(V) into orthogonal subspaces corresponding to the dis- 
tinct irreducibles in the restriction of V to SO(3)X SO(3)* SO(3). By the 
above, f=1, 3, or 6. One sees easily that for 7 in S, the V, permute the Ml, 
among themselves so that the decomposition defines a “system of imprimi- 
tivity” for V and for its restriction to S,. Let S be the subgroup of S, 
consisting of all 7 in S; such that V,(OL,)=Ol,. It is not hard to show that, 
when V is restricted to SN and at the same time to S, one obtains a 
representation of S that is a multiple of an irreducible unitary representation 
L of S. It is (the equivalence class of) this representation L that one needs to 
know in addition to the (unordered) triple /,, /,, /, in order to determine the 
equivalence class of V. Every irreducible unitary representation of S (up to 
equivalence) actually occurs. Thus, depending upon whether none, two, or 
three of the /’s are equal, S will be S,, S,, or S;, and there will be 
correspondingly one, two, or three inequivalent unitary V’’s for each triple 
eet es 
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In order to pass from a given unitary representation L of S back to the 
corresponding unitary representation V of SO(3) xX SO(3) X SO(3)G)S$;, one 
employs a general construction in group representation theory that is a sort 
of inverse to restricting a representation to a subgroup. In the special case in 
which the subgroup has only a finite number of cosets, this construction is 
quite easy to describe. Let G’ be a closed subgroup of a topological group 
G, and let there be only a finite number of right G’ cosets G’x (x in G). Let 
W be an arbitrary continuous finite-dimensional unitary representation of 
G’. One constructs a unitary representation U” of the whole group G as 
follows. Its space is the vector space F of all functions g from G to the 
Hilbert space ((W) in which W acts, which satisfy the equation 


g(éx)=W,2(x) (*) 


for all € in G’ and all x in G. Note that (*) implies that g is uniquely 
determined throughout the coset G’x, as soon as its value at x is determined 
and that this value can be assigned arbitrarily. It follows that the dimension 
of F is finite and equal to the number of right G’ cosets in G multiplied by 
the dimension of JC(W). It is obvious that, whenever (*) holds for g, one 
has also g(éxy)= W,g(xy) for all y, and hence that the right translates by y 
of every g in F is also in F. We define U.” by setting U"( g x)= 2(xy). 
Evidently y— U™ is a representation of G whose space is F. It is called the 
representation of G induced by W. 

Returning to the problem at hand and given /,,/,,/, and the appropriate 
subgroup S of S,, let L be an arbitrary irreducible unitary representation of 
S. Recall that the representation D' x D2 D' of SO(3)X SO(3)X SO(3) 
has a “natural” extension to an irreducible unitary representation (Dp 
x D')* of SO(3)X SO(3) X SO(3)G)S3. (Compare the relationship between 
W® and W in section 12.) On the other hand, a,,@,.03;, 7>L,, is an 
irreducible unitary representation L’ of SO(3) X SO(3) X SO(3)G)S. One 
shows easily that the inner tensor product of L’ with the restriction to 
SO(3)X SO(3)X SO(3)G)S of (D" XD? x D") is irreducible. Denote it by 
Alvi’! The unitary representation U4"*" of $O(3)x SO(3) X 
SO(3))S. induced by the representation A!!!" of SO(3)SO(3)X 
SO(3)G)S is irreducible and is the desired representation associated with 
Ualge dis dE 

The fact that V can be so induced from an irreducible representation of a 
subgroup is intimately related to the existence of the system of imprimitivity 
CS ICIS) 2s ®M,. Returning to the general group G considered above, 
let V be any unitary representation of G, and let JC(V), the space of V, bea 
direct sum of a finite number of orthogonal subspaces M., ONL, ® -- - OM, 
such that VAI, =, for each j and x and some k depending on x and /. 
Suppose also that this system of imprimitivity is “transitive” in the sense 
that for each j and k there exists x, with V(N,)J=M,. Let G’ be the 
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subgroup of G consisting of all x with V(Ol,)=O,. Then the simulta- 
neous restriction of V to G’ and SL, defines a unitary representation W of 
G’, and it is easy to see that V can be reconstructed from W and the way in 
which G permutes the QN,. Actually G’x—>V,(SIL,) sets up a one-to-one 
correspondence between the right G’ cosets and the MM; and one can show 
that V is equivalent to the induced representation U”. 

The determination of the irreducible unitary representations of SO(3)X 
SO(3) X SO(3)(S)S; just described has a straightforward generalization in 
which 3 is replaced by an arbitrary positive integer NV. To construct the most 
general irreducible unitary representation (up to equivalence) of SO(3)x 
SO(3)X --- XSO(3)G)Sy, one chooses an N-tuple /,,/,, /;,...,/y of non- 
negative integers / and standardizes the arbitrary ordering by requiring 
1, </,</1,< +++ </,,. Next one chooses an irreducible unitary representation 
L of the subgroup S of S,, consisting of all permutations 7 of the super- 
scripts such that /,,,=/, for j=1,2,...,N and forms a representation 
Aliant of $O(3)X SO(3)X +--+ XSO(3)©)S by direct analogy with 
what was done above in the case N=3. The induced representation 
U4" -"" is then an irreducible unitary representation of SO(3) X SO(3) 
x +--+ X$O(3)G)Sy- To within equivalence it is the most general possible, 
and two such are equivalent if and only if the /, are the same and the 
representations L of S are equivalent. Note that S is always isomorphic to a 
group of this form S,; XS; ++ > XS;, where S; is the symmetric group on / 
objects and f,+f,+--- +f,=N. Thus, to find all irreducible unitary rep- 
resentations for every S that arises, one need only know the irreducible 
unitary representations of the symmetry groups S, for all k. 


16. Having described the irreducible unitary representations of SO(3) x 
S0(3)X SO(3)(S)S3, we have paved the way for generalizing the considera- 
tions of section 14 to the case of three electrons. Each eigenspace will now 
be determined by an (unordered) triple of eigenvalues of Hj with quantum 
numbers 1,,/,, %5,/5, and n3,/,. The dimensions of this eigenspace will be 
R@i 4 Wie Wintel), where k=1; 3, 01 6 according to whether the 
number of equalities among the pairs n;,/; is 3, 1, or 0. Moreover, if nj=n, 
whenever /,=/,, this eigenspace will be the space of an irreducible unitary 
representation of SO(3) X SO(3) X SO(3) (S)S—namely, that induced by the 
representation (D!' x D2 xD‘) restricted back to SO(3) SO(3)x 
SO(3)©S. Here S=S, if )=l,=/;, and otherwise is isomorphic to S, or 
S,. lf j=l, and n,;#n, for one or more pairs i, j with ij, the situation is 
more complicated in that the representation in the eigenspace is no longer 
irreducible. In the extreme case in which /,=/,=/,=/ while all n, are 
distinct, this representation is that induced by Do oD andes -acdirect 
sum of four irreducible representations of SO(3) X SO(3) X SO(3)(S) $3, two 
of which are equivalent. The three inequivalent ones exhaust the irreducible 
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unitary representations of SO(3) X SO(3) X SO(3)G)S, associated with the 
triple /,/,/ and correspond to the three inequivalent irreducible representa- 
tions of S;. In all cases the situation can be described by introducing the 
subgroup S” of all permutations, leaving the pairs n,,/,, 14, /5, 13, /, fixed, 
as well as the subgroup S leaving /,, /5,/, fixed. Of course S’CS, and one 
forms the representation B of S induced by the identity of S’. The reduction 
of B exactly parallels that of the representation of SO(3) X SO(3)X 
SO(3))S3 defined by the eigenspace. In particular, it has at most four 
irreducible constituents and is multiplicity-free except in the extreme case 
discussed above. 

Whatever the actual representation of SO(3) X SO(3) X SO(3)()S; in the 
eigenspace is, one can collect the irreducible components and obtain the 
canonical decomposition into primary parts. The corresponding subspaces 
of the eigenspaces are J’-invariant and so (as in the case N=2) may be 
treated as though they belonged to distinct eigenvalues. Unlike the case 
N=2, the associated unitary representations need not be irreducible. In- 
stead they will be primary—that is, direct sums of equivalent irreducibles. 
However, the multiplicity will always be either 2 or 1 and will be 2 only 
when /,=/,=/, and n,, n,, and n, are all distinct. In any case the problem 
is to carry out the program of section 14 with the irreducible representations 
of SO(3)XSO(3)(S)S, replaced by primary representations of SO(3)X 
SO(3)X SO(3)(S)S;. Whether the primary representation is irreducible or 
not, the major part of the problem concerns the corresponding irreducible 
representation. Thus, to solve the coefficient problem in most cases and 
most of the problem in all cases, one must restrict an irreducible unitary 
representation V of G=S0(3) X SO(3) X SO(3)6)S; to the subgroup G, of 
all x,y,z, with x=y=z and seek two orthonormal bases for K(V), the 
space of V, as well as the expansion coefficients of one basis with respect to 
the other. One of these bases must be defined and be readily computable 
without the knowledge of how V reduces when restricted. The other must 
reduce the restriction of V to G, in the sense that each basis element must 
lie in one of the irreducible subspaces of some fixed restriction. 

Finding the first basis is easily reduced to finding a basis for the space of 
the inducing representation 4/0/2434 of SO(3) X SO(3) X SO(3)G)S, since 
inducing commutes with the taking of direct sums. When /,, /,, and J, are all 
distinct, S=S, and may be ignored. In that case (and more generally 
whenever L is one-dimensional), it suffices to choose a convenient basis in 
the space of D'X DX D's, and this is carried out by considering the 
subgroup A,XA,XA, of SO(3)X SO(3) in evident generalization of what 
was done in section 14 for the case in which N=2. 

A straightforward analysis shows that, when the induced representation 
ua" is restricted back to G, (and G, is identified with SOBs it 
coincides with the representation of SO(3) S; induced by a certain Tepre- 
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sentation of SO(3)*S. When S=S, (as it does when /,, /,, and /, are all 
distinct), SO(3)XS is just SO(3), and the inducing representation is just 
D"®D’®D", the inner tensor product of three irreducible representations 
D", D?, D® of SO(3). Since inducing commutes with the taking of direct 
sums, it suffices in finding the second basis to find an orthonormal basis in 
the space of D' XD? XD" that reduces D'®D”® D's, If one attempts to 
use the method that was used above for D' X D”, one runs into difficulty 
because D"® D’® D" is multiplicity-free only in rather special cases. To 
overcome this difficulty, one effects the reduction in two stages. In the first 
stage one restricts D''X D'’?< D® to the subgroup of all x, y, z in SO(3)X 
SO(3)X SO(3) with x=y, and in the second one restricts further to the 
subsubgroup of all x, y,z with x=y=z. At the first stage the restriction 
may be identified with D'@D?X< D3=(Dih—4l@ Dib 4lt! @ pik —hl+2 
GeO 2) x po Min alx Di\G( Dia x Ds) O>- o(p 1 2p"), 
which is a multiplicity-free representation of SO(3) X SO(3) and so defines a 
unique direct sum decomposition of the space of D“1@D’?@D", The kth 
summand in this decomposition is the space of the representation 
DIn—h1+k~1y¢ D4, and in the second stage this becomes the multiplicity-free 
representation [pata 4) D3 = Din Altk- 144s @ Dir faltat 1; 
®--- @Di-A+k- 1445 of $O(3). Thus, each summand has a uniquely 
determined direct sum decomposition into spaces of irreducible representa- 
tions of SO(3). Putting them together, one has a well-defined direct sum 
decomposition of D''® D'’?@ D’ into irreducible components. 

One obtains the second basis by restricting each of these to A,, as in the 
case in which N=2. To designate a member of the second basis, given 
1,15, 4,, one chooses first an integer /,, with |/,—/,|</,</,+/,, denoting 
the particular component of D/'® D” that is to be combined with D's, Then 
one chooses an integer /°, with |/,—/,|</,;</,+/,, denoting the component 
of D'*® D® whose space is to contain the basis element. Finally one chooses 
an integer m,, with —/,<m,</,, to select a basis element in the space of /.. 
The ordered triple /,,/;,m™,; determines the basis element (once suitable 
corrections have been made about “phase factors’”—that is, arbitrary con- 
stants of absolute value 1). 

The members of the first basis are indexed by the triples m,, 7m, m3, 
where —/,<m,</,—1,<m,<1,—1,;<m,<l,. The coefficients that must be 
computed in the N=3 case (when L is one-dimensional) are thus functions 
of the nine integer variables /,, /5, /3, 11), 2, M3, /4, 15, and ms, which vary 
independently subject to the restrictions listed above. To carry out the 
computation, one introduces a third basis and proceeds in two steps. In 
the first step, members of the second basis are expressed in terms of those of 
the third, and in the second step, members of the third basis are expressed 
in terms of those of the first. The members of the third basis are defined by 
using the method of the N=2 case to introduce a second basis in the space 
of D" XD" and then combining this with the 4, basis for D® by the tensor 
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product construction. It is almost obvious that all coefficients involved in 
expressing members of the third basis in terms of members of the second are 
Clebsch-Gordan coefficients as defined in section 14 (whenever they are 
not zero) and that the same is true of the coefficients involved in expressing 
members of the second basis in terms of the third. It follows immediately 
that the coefficients that replace the Clebsch-Gordan coefficients when 
N=3 can all be explicitly given as sums of products of pairs of Clebsch- 
Gordan coefficients. 

The nondegenerate cases for any N can be treated by a straightfor- 
ward (although tedious to describe) generalization of the method just 
described for N=3. The coefficients involved can all be computed from the 
Clebsch-Gordan coefficients; they are complicated sums of (N— 1)-fold 
products of them. 


17. The analysis given so far is incomplete in several important respects. 
First, it has concentrated on the strongly nondegenerate cases in which 
Li, 45,...,/y are all distinct, whereas in practice the most interesting and 
most frequently encountered cases are those in which there are coincidences 
among the /; as well as among the n j second, nothing has been said about 
how one computes the matrix elements of J’ with respect to the first basis. 
This can be a formidable problem—especially since there are so many of 
them—and rotational symmetry can be as useful in simplifying the solution 
as it is in facilitating the diagonalization of the matrix after it has been 
found. Finally, no account has yet been taken of two fundamental physical 
facts: the so-called “spin’’ of the electron, and the “Pauli exclusion princi- 
ple 

It is clear from the discussion in sections 14, 15, and 16 that an analysis 
of the degenerate cases along the lines indicated there demands considerable 
involvement with the representation theory of the symmetric group Sy. This 
fact was quite disturbing to most physicists of the late 1920s. They disliked 
the idea of having to learn to think in terms of an unfamiliar “unphysical” 
and abstract subject like group theory, and the device of passing to the 
operators occurring in the corresponding Lie algebra representation was not 
available. The symmetric group Sy is discrete, and its Lie algebra is 
consequently trivial. There was thus considerable relief when it was realized 
that the Pauli exclusion principle excluded so many eigenvectors and 
eigenvalues from consideration that only relatively easy parts of the repre- 
sentation theory of S, continued to play a role. Indeed, if the electron did 
not have a “spin,” this representation theory (effectively) would not be 
involved at all. Finally in 1929, only two or three years after Wigner, Weyl, 
and von Neumann introduced group-theoretic methods, J. C. Slater pub- 
lished a remarkable and extremely influential paper entitled “The Theory of 
Complex Spectra,” in which he apparently got rid of the “group pest” 
altogether. In addition, he attacked and partially solved the problem of 
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computing the matrix elements of J’ with respect to the first basis. In brief, 
he outlined a practical procedure for computing first-order perturbations to 
energy levels that made no explicit use of the representation theory of either 
SO(3) or S,, and in particular no explicit use of Clebsch—Gordan coeffi- 
cients. Its only limitations were that it sometimes yielded only finite sums of 
energy levels and that it required very lengthy (but elementary) computa- 
tions except when N and the /; were small. 

Before explaining what Slater did in detail, it will be necessary to say a 
few words about the nature of spin and the Pauli exclusion principle and 
how they affect our mathematical model. In the discussion up to now it has 
been assumed that the Hilbert space of states for an N-electron atom is the 
space £7(E°%) of all square-summable complex-valued functions on 3N- 
dimensional Euclidean space, or equivalently the tensor product SCX IC 
x +++ IC of N copies of the one-electron space £*( E*). The Pauli exclu- 
sion principle, in the more general and sophisticated form given it (indepen- 
dently) by Heisenberg and Dirac, changes this assumption by replacing 
&*( E>”) by a certain closed subspace invariant under the energy operator 
H. This subspace is the subspace of all functions fin ©? that are antisymmet- 
ric in the sense that 
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and more generally that the analogous identity holds for the interchange of 
any two pairs x;, yj, 2;; X;, )j,Z;- This statement can be put into a different 
form, which relates it to the symmetric group S,, by considering the unitary 
representation W’ of S, introduced in section 12. If one forms the canonical 
decomposition of W’ into primary parts, one obtains an H-invariant sub- 
space for each equivalence class of irreducible representations of Sy, and 
the subspace of antisymmetric functions is precisely that associated with the 
so-called “alternating representation” of S,,. The latter is the unique one- 
dimensional representation other than the identity; it may be described 
explicitly by the assertion that it is —1 times the identity on every 
permutation that interchanges two distinct integers while fixing the rest. 
The replacement of ICY =ICX ICX --- IC by its antisymmetric subspace 
3C™ has the effect of eliminating many of the stationary states and energy 
levels that would be predicted by the more naive theory. As already 
explained in earlier sections, each eigenspace of the approximate energy 
operator is associated with an irreducible unitary representation of SO(3) x 
SO(3)X +--+ XSO(3)()Sy, and one has a different first-order perturbed 
energy level associated with each irreducible representation of SOG) oS. 
which occurs in the restriction of the eigenspace representation to the 
subgroup of all x,, x>,...,Xy, With x,;=x,=--+ =Xy. In particular, every 
perturbed eigenvalue is canonically associated with an irreducible unitary 
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representation of S,. The replacement of IC” by IC’ retains only those 
energy levels for which the corresponding representation of S, is the 
alternating representation. Investigating what these are, using certain gen- 
eral theorems in the theory of group representations, one finds that the 
program described in section 16 can be carried out without knowing any of 
the other irreducible unitary representations of S,. We shall not give details, 
as Slater’s method exploits the fact to produce a simpler and more elemen- 
tary approach to the whole question. 

As indicated above, the existence of the spin of the electron causes a 
second correction in the mathematical model from which one deduces the 
energy levels of an atom. This correction consists in changing the one- 
electron space by replacing complex-valued square-summable functions on 
E°* by square-summable functions, taking values in the space of the two- 
dimensional irreducible unitary representation D'/? of SU(2). The definition 
of ; Ho given in section 10 continues to make sense when y is vector-valued 
and needs only to be altered by adding the (very small) “spin perturbation” 
to become the energy operator for the case of a single electron with spin. 
The natural action of SO(3) on £7( E?) can be “lifted” to an action of SU(2) 
by identifying SO(3) with the quotient of SU(2) by its two-element center. 
More generally, one has a natural action of SU(2) on the space of all 
square-summable functions from E? to K(D*) for any unitary irreducible 
representation D* of SU(2) (s=0,3,1,3,...). It is defined by U(d\(x, y, Zz 
= Di(Y(a(x, y, Z,))). Retaining the definition of angular momentum about 
an axis as the self-adjoint operator associated with the restriction of U to the 
group of all rotations about that axis, one finds that this operator is a sum 
of two parts. One of these is what one would get if Dz were replaced by the 
identity operator for all a. The other is what one would get if 
Diya x, y, Z))) were replaced by Ds(y(x, y,z)). One refers to “orbital 
angular momentum” and to “spin angular momentum.” The idea is that the 
occurrence of a nontrivial representation D° adds something to the angular 
momentum observable that would not be there if D° were trivial. The 
self-adjoint operators representing what is added obey the commutation 
rules for ordinary angular momentum and suggest that some other rotation 
must be taking place. The physicists make the hypothesis that the electron is 
spinning about an axis through its center. Hence the term “spin angular 
momentum.” It is easy to see from its definition that the spin angular 
momentum takes on only 2s+1 different values, and from the way in which 
it affects atomic spectra one is able to deduce that s for an electron is 
one-half. The actual sequence of events consisted in noticing anomalies in 
atomic spectra that could be accounted for by postulating a spinning 
electron and finally in discovering an appropriate modification in the 
mathematical model. 

Neglecting the spin perturbation (as will be done here), one finds that the 
change in the Hilbert space of states for a single electron brought about by 
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the introduction of spin carries with it an extension of the symmetry group 
SO(3). Indeed, the operator »H, commutes not only with the natural action 
of SO(3) but also with every operator of the form f(x, y, z,)> Tf(x, y, Z), 
where T is an arbitrary linear transformation acting in the two-dimensional 
complex Hilbert space in which f takes its values. In particular, then, there is 
a natural action of SU(2) on the one-particle space that commutes with » H, 
and commutes with the action of SO(3) that takes f(x, y, z) into f(a(x, y, z)) 
for every rotation a. Putting these together, one obtains an action of 
SO(3)X SU(2) that commutes with 9 H,. The net effect of this change on the 
eigenvalues of )H, is simply to double the multiplicity of each eigenvalue 
that occurs. However, as the reader should be able to verify for himself, this 
doubling has more profound effects on the eigenvalues that remain when 
one passes from 3C™ to IC '". Many fewer eigenvalues are excluded. 

One can distinguish two quite separate ideas in Slater’s method. One of 
these is applicable independently of any consideration of spin and the Pauli 
exclusion principle. The other consists quite simply in the observation that 
one can eliminate the complications produced by the existence of spin by 
taking it into account before, rather than after, taking account of the Pauli 
exclusion principle. It will be convenient to explain the first idea in an 
abstract setting. Let K be a compact group, and let A be a commutative 
subgroup of K having the property that every irreducible unitary representa- 
tion of K is multiplicity-free when restricted to A and moreover is de- 
termined to within equivalence by this restriction. In practice this group will 
be SO(3) X SU(2) or SO(3), depending on whether the spin of the electron is 
included or not. Let V be a unitary representation of K in which each 
irreducible constituent occurs with finite multiplicity, and let J be a self- 
adjoint operator in this space that commutes with all V,. In practice V will 
be a subrepresentation of the inner tensor product of as many irreducible 
unitary representations of K as there are electrons. 

It follows from the fundamental theorem stated in section 11 that the 
canonical reduction of V into primary representations decomposes the space 
of V into J-invariant subspaces and that in the subspace corresponding to 
the irreducible representation M of K each eigenvalue has a multiplicity that 
is divisible by the dimension d,, of M. Let o,, denote the sum of these 
eigenvalues, each repeated as many times as the quotient of its multiplicity 
by d,,. In section 13 we have explained how the o,, may be computed as 
linear combinations of the matrix elements of J using certain coefficients 
independent of J and depending on the structure of V. The determination of 
these coefficients, as explained in subsequent sections, involved a heavy use 
of group theory—especially when V was a tensor product of repeated 
factors. Slater found a conceptually simpler and practically shorter proce- 
dure for calculating the sums o,,, which may be formulated in such a way as 
to involve no explicit use of group theory and requires one to compute only 
the diagonal terms of J. From a group-theoretic point of view, Slater 
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exploits the fact that J is (a@ fortiori) in the commuting algebra of the 
restriction of V to A and that the basis with respect to which it is convenient 
to compute the matrix elements of J (the first basis in the terminology of 
sections 14 and 16) is one for which all operators in this restriction are 
diagonal. It follows that every basis element lies in a primary component of 
the restriction of V to A. An immediate consequence of this is that many 
matrix elements of J can be seen to be zero without calculation—namely, 
those between basis elements belonging to different primary constituents of 
this restriction. The utility of this consequence, however, is completely 
overshadowed by another—namely, the existence of a system of linear 
equations of the form Ya, 4404,=A,, which are sufficient to determine the 
Oy,'S. Here each a, 4, is zero or one and is independent of J, and A, is a sum 
of diagonal elements of J. 

To see this, for each character x of the commutative subgroup A consider 
the associated primary component of the restriction of V to A, and let J. 
denote the restriction of J to this J-invariant subspace. The trace of J, 1s 
computable at once as a sum of certain diagonal elements of the matrix of J. 
On the other hand, the space of J, is a direct sum of subspaces lying in 
distinct primary components of V, and the trace of J, 1s correspondingly a 
sum with one contribution from each primary component. It is an evident 
consequence of the definitions concerned that the contribution of the 
primary component corresponding to the irreducible representation M of K 
is precisely o,,. Thus, for each x one has 


Lay uwOy=traceJ,, 


where a, y=1 or 0, according as M restricted to A does or does not contain 
x- The fact that the irreducible unitary representations of K are uniquely 
determined by their restrictions to A permits one to show that these 
equations, one for each x, suffice to determine the Oy, uniquely. Note that 
one does not need to compute any Clebsch-Gordan coefficients. For 
obvious reasons, Slater’s method is often referred to as his “diagonal sum 
method.” In practice, the subgroup A of K is the subgroup of SO(3) [or 
SO(3)X SU(2)] defined by restriction to rotations about the z-axis. More- 
over, vectors on which V restricted to A is multiplication by a character x of 
A have a physical interpretation. These vectors define states in which the 
z-component of angular momentum (both spin and orbital) has a definite 
value. By exploiting this fact, the whole procedure may be described in 
physical terms, and this is how Slater described it. 

As Slater emphasized, determining the Oy, does not give all the individual 
eigenvalues except when V is multiplicity-free. Each o,, is a sum of as many 
(possibly distinct) eigenvalues as the multiplicity with which M occurs in V. 
On the other hand, there are many important cases where V is multiplicity- 
free or has only rather low multiplicities, so that the method has consider- 
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able practical utility. Not only is V multiplicity-free when N=2, but the 
Pauli exclusion principle brings about a major reduction in multiplicities for 
higher N whenever the same irreducible unitary representation occurs more 
than once. Thus, Slater’s method is especially effective precisely when the 
group-theoretic method would involve serious consideration of the symmet- 
ric group. 


18. As indicated at the beginning of section 17, Slater’s paper contains 
more than a conceptually and practically simple procedure for computing 
the eigenvalue sums o,,. This procedure depends on knowing the diagonal 
elements of the matrix J’ with respect to a certain basis, and Slater also 
addresses the problem of computing these diagonal matrix elements. Al- 
though the method described in section 17 works for any operator J that 
commutes with all V,, the J’ that occur in practice are quite special. 
Exploiting this fact, one can reduce rather drastically the amount of work 
that has to be done in evaluating the 6N-dimensional integrals to which the 
matrix elements in question are equal. First, J’ is always a multiplication 
operator. In addition, the function of the coordinates that one multiplies by 
is a finite sum of functions each of which depends upon the coordinates of 
only one or two electrons. Finally, the functions of the coordinates of one 
electron that occur are all rotation-invariant, and the functions of the 
coordinates of two electrons that occur all have the same form: 


e2 
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Let us begin by looking at the special case of two electrons, and let us for 
the moment ignore the effects of spin and the Pauli exclusion principle. The 
iilbent spaces then: (uy 2xss nes), where x), yy, 2, and x, \5, 25 
are the coordinates of the two electrons, and the operator J’ is multiplica- 
tion by the function 
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where R, is a function of one real variable, which depends on the choice of 
g, in section 10. 

Each unperturbed eigenvalue will be associated with an eigenspace in 
which the two electrons have principal quantum numbers 7, and n, and 
azimuthal quantum numbers /, and /,. Its dimension will be (2/, + 1)(2/,+ 1), 
and the basis with respect to which we seek the diagonal elements of J’ will 
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consist of functions of the form 


Xs Vio 24> X25 V2 22 
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where Y, and Y, are surface harmonics of degrees /, and /,, respectively, 
and R, ,, and R,,,, are eigenfunctions of the ordinary second- order 
differential operators ‘described i in section 10. Of course there will be 2/,+1 
mutually orthogonal surface harmonics Y,, and 2/,+1 mutually orieconel 
surface harmonics Y,, distinguished by the soreailea “magnetic” quantum 
numbers m, and m,, where m,= —/;,—/;+1,.... 1; for i=1,2. The diagonal 
matrix element for the basis element corresponding to the quantum num- 
bers n,,/,,m, and n,,/,,m, will accordingly be a sum of three integrals of 
which the first quickly reduces to 


i R, n(n )Ro(r rian Hh, ny), 
and the second to 
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The third is more interesting and difficult and does not reduce 
immediately ue an liege over [0,00] because of the factor 
e wa (ere oe) y+ (15 if + (Zi Pe Slater deals with it by first expand- 
ing this factor as a sum of terms each of which is a product of functions of 
r},% and surface harmonics in one variable. 

Although Slater simply writes the expansion down as a well-known 
application of the classical theory of surface harmonics, it seems worth 
digressing to point out that the existence of such an expansion follows from 
the general principles discussed in section 10. In section 10, functions f of x 
and Hey were expanded in series Eel the form Lie = 00 (rye aloo X=FCOs 6, 
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and fnehone f of x,y,z were expanded in series oe the form 


Toe MTV (x/r. y/r.2/r), where r=yx°+y?+2? and each Y, is a surface 
harmonic, by applying the theory of expansion in surface harmonics to the 
restrictions of f to the spheres x? +y?+z*=r?. Ina similar spirit, functions f 
of x,, ¥,, 2, and x5, y), 2, may be expanded by considering their restrictions 
to the four-dimensional subsets xf +yf+z>=r?, x3+)?+22=r?., and using 
the fact that these four- dimenconal subsets are acted upon transitively by 
SO(3)X SO(3) just as x*+y*=r? is acted upon transitively by the circle 
group and x*+y*+z?=r? is acted upon transitively by SO(3). The ap- 
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propriate analogs of the functions e’® in the circle case and the surface 
harmonics in the SO(3) case are related to the irreducible unitary represen- 
tations of SO(3)XSO(3), just as the surface harmonics are related 
to the irreducible unitary representations of SO(3). Since the irreducible 
unitary representations of SO(3) X SO(3) are just the tensor products D*' x 
D*:, where k, and k, range independently over the nonnegative integers, 
Miemmequired’unctions vare products (47/149 V/s 2171) oy 7 
ly, Z7/Try), where Y, and Y, are surface harmonics. 

The surface harmonics of degree A form a (2k+1)-dimensional vector 
space, which is invariant under rotations and defines the irreducible unitary 
representation D* of the rotation group SO(3). Restricted to the group A, of 
all rotations about the z-axis, this representation is a direct sum of one- 
dimensional representations corresponding to the characters ¢—>e!"* for 
m=—k,—k-+1,...,k, and one obtains an orthonormal basis Y,* for the 
surface harmonics of degree k by choosing an element of norm 1 in each 
one-dimensional subspace. It turns out that, if 6 and @ are the angle 
variables for spherical coordinates r, 8, @ with x=rcos @cos 6, y=rcos @sin@, 
z=rsin@, then Y,; has the form ¥*(6,6)=Pi,(cos@)e'"*, where Pj, is a 
polynomial. Thus, one expects to be able to expand a more or less arbitrary 
function f of r,, 6), 6), 7,4), in the form 
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and to obtain the expansion used by Slater one has only to compute the 
functions u‘'-*2 for the special case in which 
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It follows from the fact that f is invariant under the diagonal subgroup of 
SO(3)X SO(3) that uk'*2 (7), r.)=0 except when m,=—m, and k,=k,=k, 


mt), Mts 


so that the expansion takes the simpler form 
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For the particular function at hand, one computes that i (ri eis tile 
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(k—|ml)! ae : [min(r,.7)]" 
———_—— multiplied by the function r,, 7, - ———————__ . 
(k+|m|)! [max(r,.7)]° 

As suggested above, the important fact about this expansion is that each 
term is a product of a function of r,; and r, alone and of surface harmonics. 
Since each basis element is a product of surface harmonics and functions of 
r, and r, alone, one is reduced to evaluating integrals over the two- 
dimensional space of all pairs r,, 7, and integrals over the sphere of certain 
products of surface harmonics. Such integrals are much easier to evaluate 
than integrals over a twelve-dimensional Euclidean space. Moreover, one 
does not have to pay for this simplification by evaluating infinitely many 
integrals for each diagonal matrix element that comes up. It follows easily 
from the properties of surface harmonics (angular momentum theory again) 
that most of the surface harmonic integrals are zero—enough, in fact, so 
that each infinite series has only a small, finite number of nonzero terms. 
Slater’s final result (in the two-electron case under consideration) is that the 
diagonal matrix element corresponding to a pair of electrons with quantum 
numbers n,,/,,m, and n5,/,,m, is 
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and a*(1,, 17,31), m,)=c*(,, m,)c*(1,, mz), where 
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It is easy to show that c*(/, n7) is zero for all odd k and for k>2, so that the 
infinite sum is actually finite as asserted. 

Before looking further into the properties and implications of this still 
rather complex formula, we pause to remark that its components have a 
much more general range of application than our two-electron hypothesis 
would indicate. Indeed, if one considers three electrons instead of two, a 
straightforward adaptation of the analysis given above leads to the conclu- 
sion that the diagonal term corresponding to a triple of electrons with 
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quantum numbers 7,,/,,77,, 15, (5, m5, #3, 1,, Mm, 1s 
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where J, the a*, and the F* are defined exactly as in the two-electron case 
(except for replacing R, by R,). Moreover, the formula for N electrons is 
the obvious generalization from 3 to N of what has just been written down. 
Thus, in the general case of an N-electron atom, finding the diagonal 
elements reduces to evaluating the integrals I(/, 1), a*(1,, 7,31), m ), and 
F*(n,,1,,;>,1,) and adding up the results. Things become more com- 
plicated when the spin of the electron and the Pauli exclusion principle are 
introduced, but the extra complication is nothing compared with the labor 
saved by omitting all excluded terms from consideration. Once again the 
analysis is straightforward but tedious to write down, and we shall content 
ourselves with the statement that the final formula is a sum of terms of the 
form /(/,,,) and 
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just as above, and in addition terms of the form 
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and 
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In the most general case then, computing the diagonal matrix elements 
reduces in the end to computing single and double integrals of the form 
TOG) ae nel, ne 2B Cais l5a ig) 2h aye lemon ania 
G*(n,, 1); 5,15). Note that the “angular” integrals a* and b*, on the one 
hand, and the “radial” integrals J, F*, and G*, on the other, play quite 
distinct roles. The radial integrals are independent of the m, and hence may 
be regarded as fixed constants during any particular perturbation calcula- 
tion. In particular, each /(n,,/;) that occurs just adds the same constant to 
all perturbed eigenvalues. The dependence on the m1, comes entirely from 
the a* and b*. On the other hand, it is only the radial integrals that depend 
on the choice of an “effective potential” (see section 10)—and in the case of 
the F* and G‘—on finding the eigenfunctions of a one-dimensional eigen- 
value problem. The angular integrals can be computed once and for all 
independent of such choices and of N. In the 1929 paper under discussion, 
Slater does not attempt to compute the radial integrals at all but contents 
himself with expressing perturbed eigenvalues in terms of them. As far as 
the a* and b* are concerned, he asserts that it is possible to compute them 
by making use of the known theory of associated spherical harmonics and 
presents the results of such a calculation in the form of two tables (one for 
the a* and one for the b*) in which /, and /, vary independently over the 
values 0, 1, and 2. In this range one needs consider only values of & equal to 
OG 2,3, and 4 

Using the diagonal sum method in conjunction with the tables for the a* 
and b*, one can obtain explicit formulas for the o,, (and hence in many 
cases for the perturbed eigenvalues) as linear combinations of the radial 
integrals. Slater concluded his paper by working out a number of examples. 
Although he made no attempt to evaluate the radial integrals, he observed 
that one often has many o,,’s expressed in terms of a few radial integrals, 
and that in addition relationships exist between the F'’s and G’s that make 
it possible to express some as linear combinations of others. In this way he 
could deduce relationships between perturbed energy levels without know- 
ing any radial integrals. 


19. Slater’s method dominated atomic spectroscopy for more than a 
decade. In 1935 E. V. Condon and G. H. Shortley published their celebrated 
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classic, “The Theory of Atomic Spectra,’ a comprehensive treatise of over 
four hundred pages. An exposition of Slater’s method, which is clearly the 
core of the book, occupies most of their Chapters VI and VII. Certain 
extensions and improvements appear in Chapters VII and VIII. In 1931, for 
instance, Condon and Shortley published a paper comparing the experimen- 
tal results with those calculated by Slater’s method and, in order to make 
more extensive calculations, extended Slater’s tables of the a* and b* so that 
/, and /, could take on the value 3 as well as 0, 1, and 2. In the physicists’ 
terminology, they considered electrons in “f states” as well as those in “s, p, 
and d states.” They incorporated these results in Chapter VII. A weakness 
in the diagonal sum method is that it sometimes only gives sums of energy 
levels. To separate these sums one must find the eigenvalues of a matrix 
with as many rows and columns as there are summands, and computing the 
elements of the matrix is a new problem. A method for doing this was 
worked out by Ufford and Shortley in 1932; it depends upon slightly earlier 
work of Johnson and of Gray and Wills. This method, which is presented in 
Chapter VIII, demands a knowledge both of off-diagonal matrix elements 
and of Clebsch-Gordan coefficients. Slater’s procedure for computing the 
diagonal matrix elements turns out to generalize easily, and this generalized 
procedure is presented in Chapter VI. 

In resorting to the use of Clebsch-Gordon coefficients, Condon and 
Shortley appear to be compromising Slater’s purity and letting in a little 
explicit group theory after all. Both in defining these coefficients and in 
devising an explicit formula for computing their values, Wigner made use of 
the representation theory of SO(3) and SU(2). However, toward the end of 
Condon and Shortley’s introductory Chapter I, one finds the following 
statement: “We wish finally to make a few remarks concerning the place of 
the theory of groups in the study of the quantum mechanics of atomic 
spectra. The reader will have heard that this mathematical discipline is of 
great importance for the subject. We manage to get along without it.” To 
understand how the authors reconcile this statement with their later use of 
Clebsch-Gordan coefficients, one has only to examine their Chapter III, 
entitled “Angular Momentum.” In this chapter they define a triple J,, J,, J, 
of self-adjoint operators to be an “angular momentum” if the components 
satisfy the commutation relations 


J,J,—J5,J,=ihh,, 
J, I,~ FI = hd, 
J,J.—J,J,=ihd,. 


They then proceed to use algebraic manipulations with operators to study 
the properties of such triples and to prove a number of theorems about 
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them. Later they consider several angular momenta simultaneously, de- 
fining two such J, J), J! and J?, J, J? to commute with one another if 
each operator in either triple commutes with each operator in the other. A 
less obvious relationship between two triples, which plays an important role, 
consists in satisfying the commutation relations: 
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For reasons that will become clear later, we shall say that J, J, J,’ is a 
vector with respect to J, J,?, J? whenever these nine equations are satisfied. 
isteasy torsee that a) isial vector With Tespectio J...) aiieand 
only if J, J, J;! is a vector with respect to J?, J?, J?, and that J,, J,, J, is a 
vector with respect to itself if and only if it is an angular momentum. In the 
latter part of the chapter the methods used in the first part are applied to 
obtain results about sets of angular momenta whose elements either com- 
mute or are vectors with respect to one another. In particular, if J), J}, J 
and J?, J?, J? are two commuting angular momenta, then their sum J! + 
J2, J) +32, J} +J2=(def) J,, J, J, is evidently also an angular momentum. 
and one sees easily that the two summands are vectors with respect to it. It 
turns out that general theorems about sets of angular momenta applied to 
this particular set lead to usable recursion formulas for computing the 
Clebsch-Gordan coefficients, and the chapter concludes with tables of 
values for these coefficients computed from these recursion formulas. The 
authors cite Wigner’s group-theoretically derived explicit formula for the 
Clebsch-—Gordan coefficients and declare that it would be difficult to 
deduce it from their formulas. On the other hand, they claim that it is so 
complicated that nothing is gained by using it. Many of the arguments and 
theorems of the chapter are attributed to earlier work of other physicists— 
especially that in a paper of Giittinger and Pauli published in 1931. 

The relationship between the theory of angular momentum as presented 
in Chapter III of “The Theory of Atomic Spectra” and the representation 
theory of SO(3) and SU(2) has already been explained in principle in 
sections 6 and 7. Being given an angular momentum as defined above and 
in Chapter III is precisely the same as being given a representation of the 
Lie algebra of SU(2) and (by way of the relationship between Lie groups 
and their Lie algebras) is equivalent to being given a representation of 
SU(2). If V and W are two different representations of SU(2), and J’, J’, J,” 
and J", J,!", J" are the associated angular momenta, then the two angular 
momenta commute if and only if V.Wa= WV, for all a and B so that 
a,B—V,W, defines a representation of SU(2)XSU(2). The angular 
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momentum corresponding to the inner tensor product a— V,W, is just the 
sum JP +I, JY +I”, JY +4", etc. Translating the results of Chapter III 
back into the lheeueee of group representations using the “dictionary” just 
described, one finds that Chapter III is little more than a standard develop- 
ment of the unitary representation theory of SU(2), and hence of its 
quotient SO(3), including a determination of all equivalence classes of 
irreducible representations, the decomposition of the inner tensor product 
of any two irreducible representations, and a recursive procedure for 
computing the associated Clebsch—Gordan coefficients. 

Although there is a sense in which Condon and Shortley made heavy use 
of group theory, they did so in a harmless way. Their readers did not even 
need to know the definition of a group, much less that of a group 
representation or character. Everything was done with “purely algebraic” 
arguments—that is, arguments involving the addition, subtraction, and 
multiplication of operators and matrices—better still with operators and 
matrices that could be interpreted as quantum mechanical observables. 


20. A major weakness of Slater’s method is that it requires very lengthy 
calculations when N and the /, are not rather small. One must first compute 
the a* and b* for each relevant quadruple /,,m,,/,,m, and then use the 
diagonal sum procedure to compute the coefficients of the radial integrals 
F* and G*. Even the case N=2 is difficult, and by 1942 these coefficients 
had been computed only for values of /, and /, not exceeding 4. (In 1938 
Shortley and Fried extended the tables in “The Theory of Atomic Spectra” 
to allow /, and /, to take on the value 4.) It was thus a considerable advance 
when Guilio Racah published a paper giving a convenient explicit formula 
for computing each coefficient in the two-electron case as a function of k, /,, 
/,, and M. For example, the coefficient of F* is equal to 
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This paper was the first of a now-famous series of four entitled “Theory of 
Complex Spectra x,” where x=I, II, III, and IV, published in the Physical 
Review in 1942, 1942, 1943, and 1949, respectively. These papers make 
frequent reference to the book of Condon and Shortley cited above. It will 
be convenient to follow Racah’s lead and refer to their book as TAS. 
Racah’s derivation of his formulas for the coefficients /, and g, of Slater’s 
radial integrals F* and G* is based on systematic use of the concept of a 
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“vector operator.” This is a special case of the concept of an “irreducible 
tensor operator,” which plays an important role in Racah’s later papers. To 
explain this concept it is useful to introduce the notion of a “canonical 
basis” in the space of an irreducible representation of a group. Let L' and 
L? be two equivalent unitary irreducible representations of the same group 
K. It follows from Schur’s lemma that any linear map 7 from the space 
5C(L') of L! to the space K(L”) of L, such that TLLT~'=L% for all x, is 
uniquely determined up to a multiplicative constant. Thus, if $,,5,---, , IS 
an arbitrary basis for SC(L') and TO, then 7(¢,), T(7)....,7(¢,) 1s a 
basis for 3C(L”), which is independent of the choice of T up to multiplying 
all basis elements by the same constant. If we choose a particular model for 
each equivalence class of irreducible unitary representations of K and in this 
model choose a particular basis, we shall have a well-defined basis in the 
space of each concrete irreducible unitary representation of K modulo 
multiplying all basis elements by the same constant. In the particular case of 
the group $O(3), there is a model for every irreducible unitary representa- 
tion D! based on surface harmonics, and once a z-axis has been chosen there 
is a canonical way of choosing a basis in SC(D!) whose elements are carried 
into multiples of themselves by all D! with x a rotation about the z-axis. If L 
is a unitary irreducible representation of SO(3) defined in some other way, 
we shall call a basis for K(L) canonical if it is the image of the surface 
harmonic basis for some operator setting up an equivalence between L and 
the appropriate surface harmonic representation. Now let U be an arbitrary 
unitary representation of SO(3), and let r=0, 1, 2,... . An irreducible tensor 
operator of rank (18 a (21-F))-tuple 7_/,7_,2),....2,2). 1, ©! linear Gpera- 
tors having the following two properties. (1) For each x in SO(3) and each 
n= 1. ft lee, the Operator Ul) Ue lies uiy tlie slimeaiscoamn) a oumiic 
2r+1 operators T,, so that V is the space of a representation U" of SO(3). 
(2) This representation is irreducible, and the 7), constitute a canonical basis 
for it. A vector operator is by definition an irreducible tensor operator of 
rank one. 

Like many useful mathematical concepts, the notion of an irreducible 
tensor operator owes its utility to the fact that it provides a connecting link 
between two rather different lines of argument. On the one hand, one can 
see from geometric and physical considerations that various operators and 
sets of operators that arise in concrete problems either are irreducible tensor 
operators or are constructed out of such operators in some transparent way. 
(Note in particular that, when U is finite-dimensional, every operator is a 
sum of components of irreducible tensor operators.) On the other hand, 
basic results in the theory of group representations permit one to draw 
rather far-reaching conclusions from the fact that a given (2/+ 1)-tuple of 
operators is an irreducible tensor operator. Indeed, given a decomposition 
of the unitary representation U of SO(3) as a direct sum of irreducible 
representations U= U'®U*®..., there is a sense in which one can describe 
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explicitly the most general irreducible tensor operator T_,,T_)4).-...T, in 
the space of U. Let {, denote the subspace of K(U) (the space a U) in 
which U is U’, and let ‘Ui be equivalent to D’, where /, and /,, can be equal 
even when j#k. For each j, k, and m, let (7),,), , be the projection on JC, of 
T,, testricted to K,. Then, for each m, the operator T,,, is pompicicn 
determined by the matrix of operators ( Te Moreover, it follows im- 
mediately from the definition of irreducible tensor operator that whether or 
not a given (2/+1)-tuple of operators T_,,T_,,,,.-..7; is such depends 
only on the individual matrix elements (7,,,), , and not on any relationship 
between them. In other words, if one defines (T,,,),,, to be the operator that 
is zero on ‘K,, for all j’#j and there coincides with (7,,),,, then T_,, 
—T_,,,,..., 7) 1s an irreducible tensor operator or (0,0,0,...,0), if and only 
if for each pair of indices /, k the (2/+ 1)-tuple (i) aie. oman 
is an irreducible tensor operator, or (0,0,0,...,0). This result reduces the 
question of finding the most general irreducible tensor operator in SC((U) to 
finding the most general one such that each 7), is zero in the orthogonal 
complement of some ‘K, and takes its values in some JC, (A and j being 
independent of m). For each i the irreducible representation U‘ is equiva- 
lent to some D", and an inspection of the relevant definitions shows that the 
reduced problem is equivalent to the following. Find the most general set of 
2/+1 elements in the space of the inner tensor product D’@D" such that 
this set of elements is a canonical basis for an irreducible subrepresentation 
equivalent to D’. But D’@D" contains D! just once or not at all, and 
contains it once if and only if |/;—/,|</S/,+/,. (See the Clebsch-Gordan 
formula in section 14.) Moreover, a given irreducible representation has a 
canonical basis that is unique up to a multiplicative constant. It follows that 
the reduced problem has a nontrivial solution if and only if |/;—/,|</S/,+1, 
and that then this solution is uniquely determined up to a single multiplica- 
tive constant. To describe this essentially unique solution explicitly, one has 
only to introduce a suitable basis in the space of D'@D" and give the 
expansion coefficients in terms of this basis of a suitably normalized 
canonical basis for the subspace defining the unique subrepresentation 
equivalent to D’. One chooses the basis in the space of D'’'® D's a choosing 
a suitably normalized canonical basis in the space of each of D’ and D‘ 
and taking products. Thus, one has an expansion coefficient for each triple 
m,,m,,m of integers with |m,|</,, |m|</,, and |m|</, and it depends 
Cnlvecn 7, i, m7, and. It is precisely what has been referred to 
earlier as a Clebsch-Gordan coefficient. The problem of finding explicitly 
the most general irreducible tensor operator thus reduces to the problem of 
computing the general Clebsch-Gordan coefficient as a function of the SIX 
variables /;, /,, /, m1), 2, and m. 

This result about the form of the most general irreducible tensor operator 
is known as the Wigner—Eckart theorem. Putting together the components 
described above, we may reformulate it as follows. Introduce an orthonor- 


Ixxvi Introduction 


mal basis in ‘{(U) by choosing a (suitably normalized) canonical basis ¢/, 
pete leon H yin each J, Let 72; Pose. T, be a (2/+ 1)-tuple 
of nonzero operators, and consider the matrix elements [7,,(;)-7,] as 
functions of the five variables /,, j,, 7), >, and m. The (2/+ 1)-tuple will be 
an irreducible tensor operator of rank / if and only if there exists a function 
a of j, and j, alone such that 
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where the second factor is a Clebsch-Gordan coefficient and is taken to be 
zero whenever D! is not contained in D!’:® D'2. Note that the dependence 
of the matrix element on m,m,,m, is (up to a multiplicative constant) 
independent of j,, 7, and the particular irreducible tensor operator. It 
depends only on /,, /;,, and /. The numbers a( j,, j,) are called the reduced 
matrix elements and are what distinguishes one irreducible tensor operator 
from another. 

This group representational definition of an irreducible tensor operator 
(in slightly altered form) and a statement and proof of the Wigner—Eckart 
theorem appear in Wigner’s classic book, Gruppentheorie und ihre Anwen- 
dung auf die Quantenmechanik der Atome, published in 1931. Wigner’s 
treatment makes reference to a survey article published by C. Eckart in 1930 
in Reviews of Modern Physics, where the same ideas appear in less explicit 
and developed form. However, Racah’s first article makes no mention of 
either Wigner or Eckart. Indeed, all use of group theory (as such) is as 
sedulously avoided in Racah’s first three papers as it is in Slater’s 1929 
paper and in TAS. The notion of vector operator can easily be defined by 
using the “algebraic” methods of Chapter III of TAS, and, so defined, the 
notion (without the name) appears there as well as in various places in the 
physical literature going back at least to 1930. Racah makes particular 
mention of the 1931 paper of Giittinger and Pauli cited above in section 19. 
Let U be a unitary representation of SO(3), and let J,, J... J. be the “angular 
momentum” defined by the corresponding Lie algebra representation as 
explained in section 19. A simple calculation shows that a triple of self- 
adjoint operators 7.,7,,7, is a vector operator in the sense defined by 
Wigner if and only if it is a vector with respect to J,. JJ i Inewscise 
defined in section 19. A definition equivalent to the latter (but not the 
name) appears in Section 8 of Chapter HI of TAS, and Sections 8 and 9 
contain a proof of the Wigner—Eckart theorem in the special case of vector 
operators. 

Racah’s use of the vector operator concept in deriving an explicit 
formula for the Slater coefficients f, and g, is based on the following 
considerations. ee a derivation of the expansion formula for 
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used by Slater is given in Section 8 of 
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Chapter VI of TAS. ms begins by writing the expression to be expanded in 


the form re where r°=x/+y?+z?, and w is the angle 
\r2+r2—2ryr,c0s w 

between the vectors from 0,0,0 to'x,, |. 2, and x5, 5, 2. For each r, and +, 

the resulting function of cosw is then expanded in Legendre polynomials, 

yielding the infinite series 
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P, (cos w) 


Whereas Condon and Shortley go on to derive the formula used by Slater 
by applying the “spherical harmonic addition theorem” to expand P,(cos w) 
in surface harmonics on the spheres S,: xf-+y?+zj/=1 and S,: x3+y; +23 
=1, Racah makes the important observation that the desired /, and g, can 
be expressed simply and directly in terms of the multiplication operators on 
the underlying Hilbert space 27(x,, y), 2),X3. ).2Z2) defined by the func- 
tions X,, Vj. 24, Xo, Yo. Z2 7 P,(cosw), where P, is, as above, the Legendre 
polynomial of order k. Indeed, for each /,,/,, and L, f,(/),/,, L) is the 
eigenvalue with label L of the projection of the multiplication operator 
P,{cosw) on an SO(3) X SO(3) invariant irreducible subspace corresponding 
to the irreducible representation D' xD" of SO(3)XSO(3). Since this 
operator commutes with the restriction of D" X D”? to the diagonal (cos w is 
rotation invariant), it decomposes according to the decomposition of D"® 
D'? into irreducibles with one (multiple) eigenvalue f,(/,, /,, L) for each D* 
that appears. We omit the (rather similar) analysis of the g,. 

To find f, and g, by solving the relevant eigenvalue problems, Racah next 
observes that multiplication by P,(cosw) is just the polynomial P, applied 
to multiplication by cos w and that this simple multiplication operator is (by 
elementary geometry) a suitably defined “scalar product” of two vector 
operators. These two vector operators commute with the restrictions to 
SO(3) Xe and eX SO(3) of the underlying representation of SO(3) x SO(3), 
and this fact (in “algebraic” form) makes it possible to apply a theorem in 
Chapter III of TAS to find the matrix elements of multiplication by cos 
and thence the eigenvalues of multiplication by P,(cos w) by matrix algebra. 
Racah establishes his final formula by using a classical recursion relation 
expressing P, ,, in terms of P,,, and P,. 

By using the fact that the contribution of the electron interaction to the 
potential energy of an atom is a sum of terms each of which involves the 
coordinates of just two electrons, Racah’s formula for the g, and /,, when 
there are just two electrons, can be used to derive similar formulas for 
problems with three or more electrons. The last two thirds of the paper is 
devoted to working out several examples. In particular, a general formula is 
given for the three-electron case in which two of the electrons are in 
identical p states. 
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Given the extensive simplification made possible by Racah’s ingenious 
and insightful exploitation of the concept of a vector operator, one must 
regard “Theory of Complex Spectra I as a major contribution to the 
technique of taking advantage of rotational symmetry. 


21. The second paper in Racah’s series of four is a direct continuation 
of the first and was submitted less than nine months later. However, it 1s 
much more than a tying up of loose ends in the first. It contains a new idea, 
which led to further extensive simplifications and to the introduction of the 
important concept now known as a Racah coefficient. The new idea is that 
one does not have to first work out the matrix coefficients of multiplication 
by cosw and then compute P, of this operator. Instead. one can see directly 
that multiplication by P,(cos w) 1s the (suitably defined) “scalar product” of 
two irreducible tensor operators of rank k and apply a suitable generalization 
of the theorem in Chapter HI of TAS used in ““Theory of Complex Spectra 
I” to compute the matrix elements of a scalar product of two vector 
operators. 

Continuing to avoid group theory as such, Racah defines irreducible 
tensor operator in terms of commutation relations, which generalize those 
used in TAS in defining vector operator. At the same time he introduces the 
term “vector operator.” which, as already mentioned above, does not appear 
either in TAS or in Racah’s first paper. No direct mention is made of the 
definition of irreducible tensor operator given in Wigner’s 1931 book. On 
the other hand, Racah gives an “algebraic” proof of the Wigner—Eckart 
theorem and remarks in a footnote: “This relation was already given by 
Wigner, Chapter 21, Eq. (19), with group theoretical methods.” Just as in 
the vector operator special case, the proof of the scalar product theorem for 
irreducible tensor operators uses the Wigner—Eckart theorem—but now in 
full generality. It is in formulating the scalar product theorem that the 
now-celebrated Racah coefficients make their first appearance in Racah’s 
work. As in the vector operator case, one is interested in the scalar product 
of two Tugeluel ble tensor operators of the same rank k operating in a Hilbert 
space Ie 'X<C°, which is a tensor product of two other Hilbert spaces JC! 
and ‘°. These are spaces of representations V' and V2 of SO(3), and the 
fensor @peraicns fais bios Ty Usp 7 _ eC) ale Suche tate den 
T,, “Operates only ai 3c'” in the sense that it is of the form TXT for 
operator T,, in ‘', and in the same sense each U,, operates only i in ae 
KC! is a direct sum of V!-invariant irreducible subspaces HK! a and’ isa 
direct sum_of V°-invariant irreducible subspaces We: then the tensor 
operators T and U will be completely described By reduced matrices 
i(a,.a@,) and u(f,,. 8). respectively, and their scalar product will be de- 
scribed by a reduced matrix v(a,, B,,a5, 8). The scalar product theorem 
gives a formula for v in terms of the reduced matrices ¢ and u and the rank k 
of T and U. This formula involves coefficients built out of Clebsch-Gordan 
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coefficients in what seems to be a complicated way. However, there is a 
simple function W of six variables defined by taking certain sums of 
products of four Clebsch—Gordan coefficients such that this formula for v 
in terms of f, uw, and k can be expressed quite simply by using values of W 
instead of Clebsch-Gordan coefficients. The values of W are called Racah 
coefficients. 

Both the role they play in the Wigner—Eckart theorem and the fact that 
the Racah coefficients may be constructed out of them underlines the 
fundamental importance of the Clebsch—-Gordan coefficients. In recognition 
of this, Racah begins ‘“Theory of Complex Spectra HI” with a “purely 
algebraic” derivation of an explicit formula for them, which he declares to 
be more symmetrical and useful than the formula Wigner found by using 
group theory. 

Most of the balance of the paper is devoted to showing how its main 
result may be used to obtain the f, and g, for certain configurations for 
which earlier methods were too tedious. These include any number of 
equivalent d electrons and three f equivalent electrons. 

Although recognition of the fact that P,(cosw) is a scalar product of 
tensor operators of rank & facilitated calculating the f, and g, for configura- 
tions with more than two electrons, the utility of this method was limited by 
the fact that it could be fully applied only when the electrons were 
inequivalent or, at most, equivalent in pairs. Racah addressed this problem 
in “Theory of Complex Spectra IIT” by beginning a systematic study of 
those configurations in which all N electrons are equivalent. As in papers | 
and II, Racah used “purely algebraic” methods, but we shall explain his 
ideas in group representational terms. The mathematical problem that 
presents itself is that of finding an explicit decomposition into irreducibles 
of the antisymmetrized N-fold tensor power of an irreducible unitary 
representation of SO(3) SU(2) of the form D'X D!/*, where /=0,1,2,... . 
The most general irreducible unitary representation of SO(3)*SU(2) is 
Da where [= 2, j= 1/2, 1, 372, 2.0... Whe N-fold antisymm- 
etrized tensor power of the irreducible representation L of a group G is the 
subrepresentation of LXLXLX--- XL (N factors) defined by the in- 
variant subspace of SC(L)XIC(L)X --- XIC(L) consisting of all antisym- 
metric elements in 3((L)*S(L)X --- XIC(L). (See the discussion of the 
Pauli exclusion principle near the beginning of section 17.) 

Now the determination of the decomposition of the antisymmetric square 
of (D'X D'/7) is quite easy. A routine argument shows that (DCD ye 
(D'x D'/2)=(D'® D')X(D'@ D'”*), and the Clebsch-Gordan formula 
(see section 14) allows one to replace D'® D! by D°@D'®@®--- @D*! and 
D'/2@p'/2 by D°®D'. Applying the distributive law, one arrives at the 
conclusion that (D!X D'”7)@( D'X D'/) is the direct sum DD GD x 
D'® D'x D°®@ D'x D'® --- @D* X D°® D*'X D', and, since all terms are 
inequivalent, the decomposition is unique. A simple argument shows that 
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the antisymmetric subrepresentation D!< D'/*(@) D'X D'/? is obtained by 
discarding all terms D/< D* with j+k odd so that the decomposition is 
D°X D°®D'<X D'®D?XD°® --- ®D?'X D®. For higher powers it is easy 
to find a decomposition of (D/x D'/7)®(D'x D'”)---(D'XD'/*) into 
irreducibles by iterating the procedure described above for (D‘x D'/*)@(D! 
x D'/*). The difficulty lies in picking out the antisymmetric subspace. 
Racah’s method is an iterative one. Observing that the antisymmetric Nth 
power (D'XD'*)\"" of Dix D!” occirs as a subrepreseniation) of the 
ordinary tensor product (D!X D!/7)%~'-*@( D'X D'/*), he concentrates on 
how to pass from a given decomposition of the first factor to the desired 
subrepresentation of the product. Note that any decomposition of (D'X 
D'/?)N~!.4 into (not necessarily inequivalent) irreducible subrepresentations 
U'®U?® --- ®U’ carries with it a canonical decomposition of (D‘X 
D'/*)N~1:4@(D'X D'/*) into (not necessarily inequivalent) irreducible sub- 
representations labeled by pairs consisting of one of the U‘ and an index /, j 
telling which irreducible representation D‘X D/ it is equivalent to. This is 
because (U'®U?® --- BU")@(D'XD'/”’) is canonically a direct sum, 
[US (DX D7? e[U 28D x D2) @ = BU" SD! x D7) and! each 
term in this sum is uniquely a direct sum of inequivalent irreducibles. 
Evidently, a term in the final sum is uniquely specified by its equivalence 
class and the particular U' whose product with D/< D'/? contains it. One 
speaks of U' as its “parent.” Given any irreducible subrepresentation L of 
the fully antisymmetrized Nth power (D!X D!/7)N~!:4, which is equivalent, 
say, to D'XD/', it will necessarily be a sub-sub-representation of that 
subrepresentation of (D!x D!/”)%~!-4@( D'x D'/7) consisting of the direct 
sum of all irreducibles whose second label is /,, /,. There will be at most one 
of these having a given U' as first label. Racah shows how to exploit this 
fact to describe the subrepresentation L completely by assigning a complex 
number C(U‘) to each U'. This set of complex numbers is uniquely 
determined up to multiplying them all by the same nonzero complex 
number, and C(U')=0 when and only when U? does not occur as a first 
label. Unlike the canonical subrepresentations of (D'X D'/*)*~!7@( D'x 
D'/*), the irreducible subrepresentation L of (D!x D!/7)*: will generally 
not be assignable to unique parents. They will have several parents, and the 
numbers C(U') are called coefficients of fractional parentage. The main point 
of Racah’s third paper is to define these coefficients, explain their relevance 
to the problem, and present an iterative method for computing them 
explicitly. Racah refers to a paper of Goudsmit and Bacher published in the 
Physical Review in 1934, in which what are essentially the squares of his 
coefficients are defined and used in a somewhat similar way. 

The definition of the coefficients of fractional parentage (c.f.p.’s) may be 
based on a quite simple general principle in the theory of group representa- 
tions. Let L be an irreducible unitary representation of a group G, and let 
AL denote the direct sum LOL®L® --- OL of L with itself k times. For 
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each & tuple A,,A,,...,A, of complex numbers, let 1 Ay, A, denote the 
subspace of IC aa IC(L)® JC(L)®H(L) consisting of all vectors of the 
form A,$, A9,..., A,@. Then, whenever the \, are not all zero, it is evident 


that JC, ,,...,, is a nontrivial invariant subspace of (KL), which defines 
an irreducible ‘subrepresentation of KL. Conversely, it is not hard to show 
that every irreducible subrepresentation of AL has some dy ..», for its 
space. Since it is clear that JC, De = Creer atl and ‘only if Bb=cA,, 
bho =CA,,....,=CA, for fone eo it follows that the irreducible subrepre- 
sentations ow KL correspond one-to-one in a natural way to the sequences 
Nj Noe een ,, provided that we identify Aj,A5,.0-, A, with cAj, cA, seen, 
whenever c#0. Since the U', /,, and j, above label equivalent representa- 
tions, One can parameterize the subrepresentations of (D!X D!/?)%—!4@ 
(D'X D'’*) equivalent to D'' x D/ by such equivalence classes of tuples of 
complex numbers, and those tuples that come from irreducible subrepresen- 
tations of (D'X D'/*)*-4 are just the c.p.f.’s as defined by Racah. 

It should now be clear that one can define the subrepresentation of 
(D'X D'”*)*~'4@ D'x D'/? corresponding to any given irreducible subrep- 
resentation of (D'X D'/?)*- by specifying an r tuple of complex numbers 
(its c.f.p.’s) and that the r tuples specifying the family of all irreducible 
subrepresentations equivalent to a given one form a vector space whose 
dimension is equal to the multiplicity with which that irreducible occurs in 
(D'X D'/*)%-4, To determine the vector space of r tuples associated with 
any given equivalence class of irreducible unitary representations of SU(3) 
x SU(2), Racah writes down a system of homogeneous linear equations in r 
variables whose solutions constitute this vector space. When N=3, the 
coefficients of these equations are slight modifications of the Racah coeffi- 
cients introduced in “Theory of Complex Spectra II.” For N>3, they are 
products of modified Racah coefficients with coefficients of fractional 
parentage for the case when N is replaced by N—1. 

If (D'X D'/*)%:4 were always multiplicity-free, the above procedure would 
permit the recursive calculation of all coefficients of fractional parentage 
and an explicit determination of the antisymmetric subspace of the space of 
(D'x D'/7)%. Unfortunately, (D‘X D'/*)*4 already fails to be multiplicity- 
free when /=2 and N=3, and in order to carry out Racah’s procedure it is 
necessary to find a canonical way of decomposing each primary constituent 
(see section 11) into irreducibles so that the U‘ will be well defined. This 
turns out to be a nontrivial problem, and Racah presents only the begin- 
nings of a solution in “Theory of Complex Spectra III.” For each / and N he 
defines a self-adjoint operator Q in the space of the representation of 
(D'X D'/*)%:4, which can be shown to be in the commuting algebra of this 
representation. It follows that each primary constituent of (D!x D'/7)* 
acts in a subspace that is invariant under Q and splits into as many 
subrepresentations as Q has eigenvalues in this subspace. Thus, (or 
D'/2)%-4 decomposes into primary representations (which may belong to the 
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same irreducible), and the different occurrences of this irreducible are 
distinguished from one another by the eigenspaces of Q to which they 
belong. It turns out that the eigenvalues of Q all have the form }(n—v)(4/+ 
4—n—v), where » is a positive integer called the seniority number. If only 
the subrepresentation associated with each eigenspace of Q (that is, with 
each seniority number) were multiplicity-free, the introduction of Q and the 
seniority number would solve the problem. This actually happens when 
/=2, and Racah uses his method to compute all coefficients of fractional 
parentage for p and d electrons; the results are presented in Tables I, II, Il, 
and IV of Racah’s paper. These tables take the form of matrices whose 
columns are labeled by irreducible subrepresentations of (D!x DI/*)% "4 
and whose rows are labeled by irreducible subrepresentations of ( Dix 
D'/?)*-, In comparing these tables with the above remarks, it is important 
to bear in mind that Racah is not dealing with group representations as such 
and that he labels the irreducible subspaces of what we consider to be the 
space of (D!X D'/7)"- by spectroscopic labels signifying the orbital and 
spin angular momenta of the corresponding states. Thus, an irreducible 
subspace corresponding to the representation D'X D/ would have the label 
J+l¥ where X=S, P, D, F, G, H, or I, according as /=0, 1, 2, 3, 4, 5, or 6. 
The superscript j+ 1 is the dimension of D/ and is the so-called “multiplicity 
of the term’”—that is, the number of levels into which the level in question 
divides under the influence of the spin orbit perturbation. The seniority 
number is indicated by a subscript on the superscript. Thus, for any N, 'D 
indicates the subrepresentation of (D! x D'/*)"-¢ (if any) that is equivalent 
to D?X D°, and 4F indicates the subrepresentation (if any) of (D?X D!/*)‘-4 
that is equivalent to D* x D?/* and has seniority number 3. 


22. Before describing Racah’s fourth and final paper on complex spec- 
tra—which was separated from the first three by a six-year interval—it 
seems appropriate to mention a remarkable privately circulated typescript 
by Wigner. This paper seems to have been written around 1941 and was 
finally published in 1965. Among other things, it contains an independent 
definition and discussion of the Racah coefficients. To go back a bit further, 
Wigner never permitted his belief in group theory to be seriously disturbed 
by the success of Slater, Dirac, and subsequent writers in avoiding its 
explicit use in atomic spectroscopy. In addition to writing the book cited 
earlier on applications of group theory to atomic spectroscopy, he wrote or 
co-authored a number of pioneering articles applying the theory of group 
representations to various branches of quantum physics. Among the more 
important are a paper of 1930 on applications to molecular spectroscopy, a 
paper (with L. P. Bouckaert and R. Smoluchowski) published in 1936 on 
applications to the energy band problem in the theory of the solid state; a 
paper published in 1937 on applications to the structure and classification 
of atomic nuclei; and a paper published in 1939 determining the “physically 
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relevant” irreducible unitary representations of the inhomogeneous Lorentz 
group (Poincaré group) and applying this determination to the classification 
of relativistic particles. The last of these articles is a landmark paper in pure 
mathematics as well in physics. Except for the trivial representation, the 
irreducible unitary representations of the Poincaré group are all 
infinite-dimensional, and this is the first paper in which infinite-dimensional 
irreducible unitary representations are classified. It was one of the main 
stimuli in the later development of the representation theory of noncompact 
semisimple Lie groups. 

Wigner’s unpublished typescript was meant to be a sequel to a paper 
published in 194] in the American Journal of Mathematics, and the two 
together constitute an abstract generalization and an essentially purely 
mathematical analysis of Clebsch-Gordan (or Wigner) coefficients, Racah 
coefficients, and related notions. Wigner observed that SU(3) has two 
properties that play an especially important role in the application of its 
representation theory to atomic spectra and decided to study compact 
groups having these properties in the general case. By far the more im- 
portant of the two is the property that L®M is multiplicity-free whenever 
both ZL and M are irreducible. The other is that each conjugacy class is 
self-inverse (equivalently each irreducible representation is equivalent to its 
complex conjugate). Any compact group with these two properties is said to 
be simply reducible. It is easy to see that both SO(3) and SU(2) are simply 
reducible and that any direct product of simply reducible groups is simply 
reducible—in particular SO(3) x SU(2). After introducing Clebsch-Gordan 
coefficients for the general simply reducible group by generalizing the 
definition for SO(3), Wigner is led to what he calls “6-7 symbols” by 
comparing the two decompositions of L® M®N that one obtains by writing 
it first as(L®M)@N and then as L®(M®@N) and using the (generalized) 
Clebsch—Gordan series iteratively. Wigner’s 6-7 symbols are just the Racah 
coefficients, and it is interesting to compare Wigner’s discovery of them 
with that of Racah. Wigner discovered them while proceeding in a purely 
mathematical spirit, whereas Racah was led to them (in two different ways) 
while trying to solve concrete physical problems. On the other hand, 
Racah’s second forced use came precisely because his problem involved 
comparing (L®M)@N with L@(M@N). Wigner’s typescript contains 
proofs of many of the most important properties of the Clebsch-Gordan 
and Racah coefficients, all done in the generalized context of simply 
reducible groups. 


23. Racah’s fourth paper, “Theory of Complex Spectra IV,” is a direct 
continuation of paper III in spite of the six-year time interval between the 
two papers. On the other hand, it makes a definite break with the past and 
with papers I, HI, and HI in that the author abandons his “purely algebraic” 
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approach and makes explicit and heavy use of the theory of group represen- 
tations. 

Racah’s first observation in paper IV is that the antisymmetric Nth power 
(D'< D'/*)"-4 of the representation (D‘'x D'/*) of SO(3)X SU(2) may be 
looked upon as the restriction to SO(3) X SU(2) of an irreducible representa- 
tion of a group G containing SO(3) X SU(2) as a subgroup. He then shows 
how this fact can be exploited to give a new definition of the seniority 
number. This new definition suggests a variety of generalizations of the 
seniority number, and Racah finds such a generalization for the case of f 
electrons (/=3) that leads to a complete reduction of (D? D'/”)*’¢ into 
irreducibles with distinct labels. 

The essence of Racah’s idea can perhaps best be understood by consider- 
ing it in a slightly more general context. Let us replace the representation 
D'X< D'/? of SO(3)X SU(2) by a finite-dimensional unitary representation L 
of an arbitrary compact group K. Suppose that the dimension of L is m and 
that L is “faithful” in the sense that L, is the identity only when x is the 
identity element of K. Then the mapping x—L, is an isomorphism of K 
with a closed subgroup of the compact group U(m) of all unitary operators 
in the m-dimensional space ‘{(L) of L, and we may identify K with this 
subgroup U(m). Now let J denote the representation of U(m) that takes 
each element of U(m) into itself. Then J is an irreducible unitary represen- 
tation of U(m) whose restriction to K is precisely our given representation 
L. Thus, the antisymmetric Nth power L*’¢ of L is just the restriction to K 
of J%:*, the antisymmetric Nth power of J. By the known representation 
theory of U(n), J™:¢ is irreducible. Thus, L:¢ is realizable as the restriction 
to K of an irreducible unitary representation of U(m). Now let H be an 
arbitrary proper closed subgroup of U(m), which contains K properly— 
KC HC Um). We may obtain L? by first restricting J*:* to H and then 
restricting the result to K. However, the restriction of J*** to H will usually 
not be primary, and we may consider its canonical decomposition into 
primary parts J’*| H=M'®M?®—©®M’, where the M/ are multiples of 
inequivalent irreducible representations of H. Now L*: is clearly a direct 
sum of the restrictions to K of the representations M/ of H, and the 
decomposition of these restrictions gives us a decomposition of L*:* into 
primary components distinguished by two labels. One is an equivalence class 
of irreducible representations of K, and the other is an equivalence class of 
irreducible representations of H. Ideally one would seek to find an H such 
that the M/ are irreducible and have multiplicity-free restrictions to K. The 
resulting decomposition into primaries would then actually be one into 
irreducibles, and the multiplicity problem would be solved. On the other 
hand, almost any H will provide some splitting of the primary components 
of L*-¢, and one can go much further by using several different H’s at once 
as long as the H’s contain one another: U(m)D H,DH,D--- DHDK. 
The splittings they provide will be compatible and may be combined. 
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In comparing the above account of Racah’s idea with what he actually 
did, it is important to realize that he used the full linear group instead of the 
unitary group U() and that he took advantage of the fact that his K was a 
direct product to make a preliminary reduction replacing K by SO(3) and 
D'X D'”* by D!. Thus, Racah’s m is 2/+ 1. He gets the splitting provided by 
the seniority number by choosing H to be the orthogonal group SO(2/+ 1). 
As mentioned in section 22, the seniority number fails to provide a complete 
splitting when /=3. In this special case Racah finds a subgroup of SO(2/+ 
1)=SO(7) that contains SO(3) and that completes the splitting. It is the 
subgroup leaving invariant a certain antisymmetric trilinear form, and it is 
isomorphic to G,, the exceptional simple compact Lie group of lowest order. 

Most of the balance of “Theory of Complex Spectra IV” is devoted to 
finding the coefficients of fractional parentage for the case /=3 using the 
complete splitting provided by SO(7) and G,. In addition, however, a 
second general principle is enunciated that simplifies the calculations; we 
shall only mention it without attempting a full explanation. Using the fact 
thate( 2) l72) sic 9a) subrepresentatiom of () <p)" =" ep p72 
and a simple lemma about restrictions and tensor products of group 
representations, Racah shows how the coefficients of fractional parentage 
may be factored as products of functions depending upon smaller numbers 
of variables. 


24. The year 1949 is a significant one in the history of the development 
of angular momentum theory. First, it is the year in which Racah completed 
his celebrated series of four papers on angular momentum theory in atomic 
spectroscopy. Second, it is the year in which that same Racah, a chief 
advocate and developer of “purely algebraic” methods, reintroduced group 
theory and did it with a vengeance. Third, it is the year in which Racah’s 
methods and concepts began to find applications to other parts of physics. 
Finally, it is the year in which L. C. Biedenharn, the senior author of the 
present volume, completed his doctorate and formally began his scientific 
Cicer 

One would expect the theory of rotational invariance to have applications 
to any physical problem in which this kind of symmetry prevailed, and one 
would expect Racah’s methods to play a role as soon as the problem was 
pursued in sufficient depth. A branch of physics, other than atomic spec- 
troscopy, in which rotational invariance plays an especially significant role 
is the theory of nuclear structure and more generally the spectroscopy of the 
excited states of nuclei. A nucleus seems quite different in structure from an 
atom. It is a “bound state” of roughly equal numbers of two kinds of 
particles, neutrons and protons, which attract one another with very short- 
range forces and have roughly the same mass. An atom, on the other hand, 
is a “bound state” of one massive nucleus and a number of very light, 
identical electrons. The electrons repel one another and are attracted by the 
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nucleus with long-range forces. Nevertheless, there are important similari- 
ties. As Heisenberg pointed out in 1932 (the year the neutron was dis- 
covered), one can consistently think of the neutron and the proton as two 
different states of a single particle differing from one another in somewhat 
the same way as do two electrons with oppositely oriented spins. Taking this 
view and calling the single particle a nucleon, one finds that a nucleus is a 
bound state of a set of identical nucleons. Thinking of the center of gravity 
of the system of nucleons as the analog of the nucleus of an atom and a 
single nucleon as the analog of an electron, one sees that one can apply 
rotational symmetry in much the same way. There are various a priori 
difficulties having to do with the strength and nature of the nuclear force, 
but they seem to cancel one another to a considerable extent. As far as 
group theory is concerned, one finds a rather close parallelism with atomic 
spectroscopy. The chief difference is that the nucleon has spin + and admits 
different spin states as well as the neutron and proton states. This (together 
with the fact that the nuclear force is independent of whether the nucleon is 
in the proton or neutron state) has the effect of replacing the group SU(2) 
by the direct product SU(2)X SU(2), so that the fundamental symmetry 
group of a single nucleon is SU(3) X SU(2) X SU(2) instead of SU(3) X SU(2), 
as with a single electron. 

Applications of rotational invariance to the theory of the nucleus began 
in 1937 with independent papers of Wigner and Hund. Wigner (in a paper 
mentioned above) used group representations and showed that many facts 
about nuclear spectroscopy were consistent with the hypothesis that the 
group SU(2)X SU(2) could be replaced by the larger group SU(4)—that is, 
that nuclear forces were more symmetric than mere “charge independence” 
would imply. Hund, using Slater’s methods, analyzed those nuclei and 
nuclear states that are the analogs of electron configurations with several 
equivalent p electrons. Because of the replacement of SU(2) by SU(2)X 
SU(2), the Pauli exclusion principle does not exclude so much, and because 
of this and the complicated nature of nuclear forces, Hund found himself 
involved in very long calculations. An additional triumph of the formula 
found by Racah in “Theory of Complex Spectra I” was that it could be 
adopted to the nuclear case, and it led to Hund’s results in a much less 
tedious way. 

Apart from this early observation of Racah, the first application of his 
methods outside of atomic spectroscopy seems to have been made in an 
article published in 1949 in the Proceedings of the Physical Society of 
London. The author, J. W. Gardner, was concerned with the correlations 
between successive y-ray emissions from atomic nuclei. He found that his 
formulas could be greatly simplified by using the Racah coefficients. Then, 
in 1950, H. A. Jahn applied the methods of Racah’s paper IV to nuclei and 
was able to analyze configurations containing nucleons in equivalent d-states. 
This was the beginning of a series of articles by Jahn himself, Jahn and van 
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Proceedings of the Royal Society, and carrying applications of Racah’s 
methods to nucleon spectroscopy about as far as Racah had done for atomic 
spectroscopy. Racah quickly became interested, and in a famous series of 
lectures on his methods given at the Princeton Institute for Advanced Study 
in 1951 he emphasized nuclear applications and barely mentioned atomic 
ones. (These lectures, long unpublished, can now be found in Volume 37 of 
Ergebnisse der exakten Naturwissenschaften,” published by Springer Verlag 
in 1965.) 

As mentioned above, Biedenharn, the senior author of this book, was just 
beginning his scientific career when Racah’s paper IV appeared. Its publica- 
tion coincided with and partly inspired a surge of interest in the theory and 
applications of Racah’s methods. Biedenharn soon became deeply involved, 
and he is now one of the leading experts on all phases of angular momen- 
tum theory, but especially those involving Racah coefficients and Racah’s 
methods generally. In 1951 (in collaboration with Arfken and Rose), he was 
one of a number who followed Gardner in applying Racah coefficients to 
y-ray correlations. The following year he published one of the first tabula- 
tions of the Racah coefficients as well as a paper with Blatt on a new 
application. The new application was to scattering theory—the angular 
distribution of scattering and reaction cross sections. A third paper, also 
published in 1952 (with Blatt and Rose), is a general account of the 
properties of Racah coefficients and certain modifications, which are more 
convenient in scattering theory. In computing tables it is often more useful 
to proceed from recursion relations than from explicit formulas for the 
functions to be computed. In searching for recursion relations for the Racah 
coefficients, Professor Biedenharn discovered a remarkable new identity 
between such coefficients. It immediately implies a useful recursion relation 
and was later found to have an elegant conceptual interpretation. This result 
was published in the Journal of Mathematics and Physics in 1953. 

For the next seven years or so, Professor Biedenharn concerned himself 
almost exclusively with other parts of theoretical physics, but he returned to 
angular momentum theory in 1961. He has been a prolific and steady 
contributor ever since. One of the earliest contributions of this second 
period is “Group-Theoretical Approaches to Nuclear Spectroscopy,” a 
lecture course given in 1962 at the Summer Institute for Theoretical Physics 
at the University of Colorado in Boulder. However, the main thrust of his 
later work is in a more purely mathematical direction and very much in the 
spirit of Wigner’s long unpublished typescript on simply reducible groups. 
(It is thus of some significance that when this paper finally did appear it was 
in the anthology Quantum Theory of Angular Momentum, edited by Bieden- 
harn and van Dam and published in 1965. This anthology also contains two 
early papers by Biedenharn as well as all four of the papers in Racah’s 
famous series.) 

The fact that the groups SU(3) and SU(2) are “simply reducible” in 
Wigner’s sense may be regarded as a lucky accident. We know of no reason 
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why physical space could not have been of higher dimension. Moreover, the 
analogs of the rotation group in homogeneous Riemannian spaces of higher 
dimension include all compact semisimple Lie groups (at least to within 
local isomorphism). There is no difficulty in extending quantum mechanics 
to higher-dimensional homogeneous spaces and even in deciding what the 
Schrédinger equation should look like. If the space we live in had been one 
of these higher-dimensional possibilities, all the problems dealt with in 
angular momentum theory would have arisen with SO(3) and S U(2) re- 
placed by other compact Lie groups—chosen from a family very few of 
which are simply reducible. A little reflection makes it clear that one could 
hope to apply the same kind of method no matter what compact Lie group 
replaces SO(3)—that simple reducibility is a convenience and not a necess- 
ity. Its chief function is to trivialize the multiplicity problem in the simple 
cases and to simplify it in the more complex ones. In other words, it is 
reasonable to conjecture the existence of a far-reaching generalization of 
angular momentum theory that would not only extend Wigner’s abstract 
theory by dropping the hypothesis of simple reducibility but go much 
further and include later developments such as appear in Racah’s third and 
fourth papers and elsewhere. The justification for seeking such a generaliza- 
tion would not lie in our speculative desire to see what the world would be 
like if space had a different structure. It would be found more in a desire to 
understand better the mathematics involved in the world we live in by 
seeing it as a special case of something more general. However, the fact that 
a more general theory would have a conceivable if speculative application 
gives us confidence that an interesting and possibly illuminating generaliza- 
tion exists. On a more immediately practical level, a number of other 
symmetry groups occur both in spectroscopy and in other parts of physics 
to which a more general Wigner—Racah type analysis might be applied. 

In any event, the program of so generalizing angular momentum theory 
has attracted a number of mathematically minded theoretical physicists 
including the two authors of this book. The junior author, J. D. Louck. 
entered the field in the middle 1960’s and has since made many contribu- 
tions, both alone and in collaboration with Biedenharn and others. 

Although this program is perhaps the dominant research interest of the 
two authors, it is not their only interest, and they have treated it quite 
sparingly in the present work. They have, on the other hand, discussed the 
rather rich, purely mathematical aspects of classical angular momentum 
theory in considerable detail. They have used their knowledge of generaliza- 
tions to lead them to a generalizable discussion but have refrained from 
presenting the generalizations themselves. It would be tempting to give a 
more detailed account of what the authors have actually done here, but I 
have already written a longer introduction than was asked for. It seems time 
to stop and let the authors speak for themselves. 


GEORGE W. MACKEY 


The Racah—Wigner Algebra 
in Quantum Theory 


CHAPTER 1 


Introduction 


It has been the purpose of the monograph Angular Momentum in Quan- 
tum Physics (AMQP) to develop comprehensively those aspects of angular 
momentum theory that are required in carrying out research in modern 
physics and chemistry. The emphasis there was principally on physical 
concepts and the symmetry principles that underlie the general applicability 
of angular momentum theory to a broad area of physical phenomena. 
Mathematical techniques were introduced within the context of the physical 
concepts themselves. 

Physical applications of angular momentum theory are to a large extent 
applications of specific properties of Wigner or Racah functions (more 
generally of 3n-j coefficients) or of the representation functions themselves. 
Such applications tend to emphasize the “numerical” aspects of these 
functions and thus obscure the relationships to other areas of mathematics. 

The purpose of the present monograph is to show by specific examples 
the many interrelations that exist between concepts originating in angular 
momentum theory and various areas of mathematics. It turns out that this is 
a substantial task—the diversity of the interrelations is far greater than 
might be thought. 

Even a brief acquaintance with the contents of AMQP will show that the 
concept that recurs again and again in physical applications is that of an 
irreducible tensor operator with respect to a group [in our case, SU(2), the 
quantal rotation group]. Indeed, it is this concept that carries the mathe- 
matical apparatus of the physical theory beyond the related but much 
simpler results of the Lie algebraic theory of the angular momentum itself 
and the implied representation theory of the group SU(2). 

The physical theory of interactions (for rotationally invariant systems) 
requires the introduction of the concepts of irreducible tensor operators and 
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the attendant notions of Wigner and Racah coefficients. Although one may 
take the viewpoint that Wigner coefficients are elements of the matrix that 
reduces the direct product of two irreducible representations (irreps) of 
SU(2) into the irreducible constituents of the diagonal SU(2) subgroup, this 
limited viewpoint misses the equally important aspect of these coefficients 
as matrix elements of irreducible tensor operators (Wigner-—Eckart theorem). 
Moreover, it is precisely this physical viewpoint as implemented through the 
Wigner—Eckart theorem that leads naturally to the interpretation of a 
Racah coefficient as the matrix element of an invariant operator. 

It is therefore an important problem to characterize the physical theory of 
irreducible tensor operators in terms of the mathematics of operator theory. 
A general theory dealing with the (usually) unbounded operators that occur 
in physical theory is an extremely difficult undertaking. Fortunately, these 
difficulties may be circumvented in the characterization of the “angular 
momentum properties” of a physical system. This fortunate circumstance is 
due to the existence of the Wigner—Eckart theorem showing that the matrix 
elements of an irreducible tensor operator factorize into two parts: a 
physical part, usually unbounded, and a geometric part, a Wigner coeffi- 
cient, that defines a bounded operator. 

This result suggests that one can develop the properties of Wigner and 
Racah coefficients, and their interrelations, within the framework of bounded 
operators acting in a separable Hilbert space. The basic problem then 
becomes one of selecting an appropriate Hilbert space and an appropriate 
definition of operator actions such that the (schematic) association 


(Operator) + (Hilbert space) — coefficient C1) 


leaves out no essential properties of the coefficients as they arise in physical 
theory. 

In Part I of the present volume (Chapters 2-4), we develop the details of 
the above program, introducing the concepts of Wigner operators (Chapters 
2 and 3) and Racah operators (Chapter 4) as explicit, bounded operators 
acting on specified separable Hilbert spaces. Wigner operators are bounded 
operators whose matrix elements are Wigner coefficients. This algebra of 
Wigner operators also involves Racah coefficients; hence, it is designated 
Racah- Wigner or RW-algebra. Racah operators are bounded invariant 
operators whose matrix elements are Racah coefficients. This algebra of 
invariant operators involves only Racah operators (W-coefficients) and is 
designated W-algebra. Both RW-algebra and W-algebra are noncommuta- 
tive, associative algebras. 

The significance of these operator realizations lies in the interpretations 
that are now implied for the many relations between Wigner and Racah 
coefficients, and, more important, in the structural results that are implied 
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for the coefficients themselves. The nontrivial nature of the interpretive 
results is nicely illustrated by the invariant operator role that is now 
assigned to the Racah coefficient in RW-algebra and the fact that the as- 
sociativity of this algebra implies, and is implied by, the B—E (Biedenharn— 
Elhott) identity satisfied by the Racah coefficients. There are two principal 
structural results in RW-algebra and in W-algebra, and these are similar in 
character. The first result shows that a general element in the algebra is a 
polynomial form defined on a set of four fundamental operators. The 
second result establishes the relationship between the null space of a Wigner 
operator (RW-algebra) or Racah operator (W-algebra) and the zeros of the 
corresponding coefficient. The result of this analysis is the factorization of a 
Wigner coefficient or Racah coefficient into a canonical form determined by 
the characteristic null space zeros. 

One, of course, recovers from RW-algebra and W-algebra the many 
known numerical relations between Wigner and Racah coefficients as 
indicated schematically by 


algebraic relations | numerical relations (1.2) 
between operators between coefficients /” j 


This purely transcriptional aspect of the operator viewpoint is, in itself, not 
particularly important; as remarked above, it is the interpretation of such 
relations that affords one new insights and suggests generalizations to other 
groups. 

It should be pointed out that the association (1.1) of operators acting in 
Hilbert space to Wigner coefficients, for example, does not treat the angular 


momenta j;, />, /; in the 3-/ symbol oe o | equivalently, since certain 
angular momenta are to be associated with the “space” and others with the 
“operator.” This is an intrinsic property of the present viewpoint and 
cannot be avoided. This causes no difficulties, however, since it only implies 
that alternative, but equivalent, presentations of the theory may be given 
(by using different identifications of the angular momenta with “operator” 
versus “space’”’). 

Part I of this monograph uses results freely from Chapters 3 and 5 of 
AMQP, with particular emphasis on the tensor operator concept, the 
Wigner—Eckart theorem, and boson calculus methods. Our presentation of 
the theory of angular momentum would be incomplete if we did not relate it 
to such basic precepts of quantum mechanics as the Wigner theorem on 
symmetry operators, uncertainty relations for noncommuting observables, 
and classical limits, or if we failed to note the interrelations with projective 
geometry, classical functions, and graph theory. These views of the angular 
momentum functions, as well as others, are developed in Part II of this 
monograph in a series of twelve Topics. 


4 Introduction 


Each Topic presented in Chapter 5 (which constitutes Part II) may be 
considered as part of RW- and W-algebra in that it develops some im- 
portant viewpoint of the Wigner, Racah, and representation functions. 
Rather than giving a terse summary of the Topics, we introduce each Topic 
here with a short descriptive remark, which characterizes the subject matter 
and its relationship to the rest of the monograph. 


Topic 1: The Wigner theorem on symmetry operators is basicsto the 
implementation of any physical symmetry in quantum mechanics. 

Topic 2: The SU(2) representation functions lend themselves to a natural 
generalization of the ordinary spherical harmonics as encompassed in the 
concept of a Hilbert space of sections! and lead to the monopolar harmonics 
that describe the states of an electron in the field of a magnetic monopole. 

Topic 3: The tensor operator concept leads to an unusual realization of 
the generators of SU(2) and an underlying Hilbert space of polynomials 
over a pair of noncommuting variables. 

Topic 4: The existence of a Cayley-Hamilton theorem for the operation 
of commutation of the square of the total angular momentum with a tensor 
operator is the structure theorem that underlies the explicit construction of 
operators that shift the angular momentum quantum numbers in physical 
problems. 

Topic 5: Physical theory leads naturally to the consideration of complex 
angular momentum quantum numbers and the classification of the unitary 
irreps of the noncompact group SU(1, 1). 

Topic 6: The canonical form of a Wigner coefficient has a natural analytic 
continuation that gives the value of an important class of integrals over 
associated Laguerre polynomials that occur in the evaluation of radial 
integrals for the Coulomb and oscillator problems. 

Topic 7: The uncertainty relations are key concepts in the interpretation 
of quantum mechanics. This Topic develops and interprets the uncertainty 
relations for angular momentum, relating the definition of canonically 
conjugate variables for three-space angular momentum to the factorization 
of the vector Wigner operators into polar form. 

Topic 8: The relationship between the Racah function and the complete 
quadrilateral suggests interpretations of the Racah identity and the B-E 
identity in terms of theorems in projective geometry. 

Topic 9: The refinement of Wigner’s classical limits of the 3-7 and 67 
symbols to include the rapidly oscillating phase factor (classical region), the 
connection formulas (transition region), and the exponential decaying factor 


(nonclassical region) is a classic problem combining angular momentum and 
JWKB techniques. 


'These arc called cross sections in the mathematical literature on vector bundles. 
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Topic 10: Only a few occurrences of the accidental zeros of the 3-j and 6-/ 
symbols are presently understood. 

Topic 11: The symmetries of the 3-7 and 6-7 symbols are the “classic” 
symmetries of the ,F, and ,F; hypergeometric series, respectively. 

Topic 12: Each transformation coefficient between binary coupling 
schemes for n angular momenta may be evaluated by phase and Racah 
coefficient transformations induced by commutation and association of 
angular momentum labels. The classification of all transformation coeffi- 
cients is a problem of constructing a well-defined class of cubic graphs. 


CHAPTER 2 


Algebraic Structures Associated 
with Wigner and Racah 
Operators 


1. Introduction and Survey 


The application of standard angular momentum techniques to physical 
problems leads in practice quite often to extensive algebraic manipulations; 
physicists have designated such calculations as “angular momentum tech- 
nology” (Danos [1]), or more formally as “Racah algebra” (Sharp [2]), or 
even pejoratively as “Clebsch—Gordanology.” A considerable body of prac- 
tical results, and methodology, has been accumulated in these applications. 
To organize this material into a coherent structure is an important problem, 
which we shall discuss and resolve in this chapter and the succeeding two 
chapters. 

One can distinguish two very different approaches to the problem. It is 
only to be expected in practical applications involving the angular momenta 
of many particles that the results should be complicated, since from a 
formal view one is applying invariant theory to the construction of invariant 
functions over many variables. Group-theoretically, one is constructing 
invariants with respect to the diagonal SU(2) subgroup (generated by the 
total angular momentum) of the n-fold direct product group SU(2) X SU(2) 
xX +++XSU(2) (generated by the n kinematically independent angular 
momenta of n particles). 

Such a view of the “Racah- Wigner calculus” is a straightforward gener- 
alization of the Racah coefficient (6-7 symbol) to the Fano coefficient (9-/ 
symbol),..., leading to the 3n-7 symbols. This generalization has been devel- 
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oped primarily by Jucys' et al. [3] using graphical techniques, and in a 
variant form by El Baz and Castel [4]. (These results are discussed in 
Chapiero, Topic 12)) 

In contrast to this “extensive” approach, one may distinguish an “inten- 
sive” approach, which seeks to clarify the underlying structure per se. This is 
the approach of Wigner [5, 6], who categorized the group-theoretic condi- 
tions that suffice for defining vector-addition coefficients (Wigner coeffi- 
cients) for an arbitrary compact group. This more-circumscribed problem 
(which leads to the concept of a simply reducible group) is discussed in 
Chapter 3, Section 4. It should be recognized that, although these results 
suffice for a “Racah-Wigner calculus” to exist, they give no characterization 
of the “calculus” itself. It was to this problem that W. T. Sharp addressed 
his thesis on Racah algebra (Sharp [2]). Despite considerable progress, this 
attempt (as Sharp himself states) cannot be considered as wholly successful. 

Three algebraic approaches have been developed in connection with 
compact symmetry groups [such as SU(2)] that might be relevant for the 
purpose of categorizing the Racah—Wigner calculus. The first two are (1) 
the group algebra of a compact group (Boerner [7]) and, more generally, (2) 
the universal enveloping algebra of the group generators (Jacobson [8]). 
Both these algebraic approaches fail to be sufficiently general for the purposes 
of treating angular momentum in quantum physics. This is easily seen from 
the fact that both approaches exclude spinorial operators [which can enter, 
for example, in weak interactions (beta decay)]. More generally, both 
algebras are restricted to algebraic elements (operators) that commute with 
the Casimir invariant, and hence can only describe physical processes in 
which AJ=0. A third algebraic approach was considered by Sharp as the 
basis for Racah algebra. This is the “algebra of representations,” based on 
reducing the Kronecker product of irreducible representations. Applications 
of this structure are given by Sharp [2] and, for finite groups, by Biedenharn 
et al. [9] (see also Derome and Sharp [10]). 

As an algebraic structure, this third method has serious drawbacks: The 
structure lacks the concept of a “null representation” (which would con- 
tradict unitarity), and the subtraction of representations is not defined. The 
resulting algebraic structure is unusual—not that of a ring—and has not 
been investigated in much detail.” 

It is our purpose in Chapters 2—4 to develop an algebraic characterization 
of the Racah- Wigner calculus sufficiently general to satisfy the needs of 
physics. The present Chapter 2, in particular, defines a Racah— Wigner 


'The spelling Jucys was preferred by Jucys himself; the Cyrillic transliteration Yutsis 1s 


equally frequently used. 
>The generalized structure found in A-rings (Knutson [11]) appears to circumvent at least 
some of these difficulties, but this technically difficult subject is beyond the scope of the 


present work. 
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algebra (RW-algebra) precisely, and categorizes the Wigner operators them- 
selves in purely algebraic terms. 

To understand the basis of the present approach, let us recall that all 
quantum mechanical calculations are phrased in the context of Hermitian 
operators acting in Hilbert space. An approach of this generality has an 
immediate difficulty: Interesting physics generally involves unbounded oper- 
ators, with all their attendant ills. The first essential task is to limit the 
subject to more manageable proportions. This is the fundamental role played 
by the Wigner—Eckart theorem, which, as discussed in Chapter 3, AMQP, 
distinguishes two aspects of the problem: (1) It defines a basis for the set of 
tensor operators, and (2) it separates the physical aspects of quantum 
mechanical operators from the geometric (structural) aspects by means of 
the reduced matrix elements. 

This separation of the physical problem into these two distinct aspects is 
of basic importance, for all the technical difficulties of operator theory are 
confined to the physical structure, the invariant reduced matrix elements 
(about which little of a general nature can be said anyway). By contrast, the 
Wigner coefficient aspect can be understood completely. 

As an elementary example of what is involved, let us consider the angular 
momentum generators themselves. The commutation relation, [J;,¢@]= —ih 
(¢ is the azimuthal angle), shows that the operator J, necessarily has domain 
problems (see Chapter 5, Topic 7) and is, moreover, an unbounded operator 
(as J, >m shows). By contrast, the associated Wigner operator, J,(J*)~ 2, is 
normalized so that it is bounded and thus can be defined on all of Hilbert 
space. The physical reduced matrix element invariant. (J*):— although in 
this case very simple in structure—is responsible for all the technical 
difficulties. 

Once this definitive role of the Wigner-Eckart theorem is understood. the 
proper algebraic framework becomes clear: The elements of the algebra are 
the unit tensor operators (Wigner operators), which are bounded and inherit 
from the Hilbert space structure (of quantum physics) the properties of a 
normed algebra (Banach algebra) with a unity and an involution (Hermitian 
conjugation). That an RW-algebra should fit into this general framework is 
not surprising, since this is just the setting (that of a C*-algebra) long 
advocated by I. Segal [12] as the appropriate structure for physics, and 
especially for the axiomatization of quantum physics (von Neumann [13], 
Mackey [14], Haag and Kastler [15], Kastler [16], Varadarajan! [17], Emch 
[18]). 

A framework of the generality of C*-algebras is, however, more general 
than is required for the purpose at hand. One recognizes that it suffices for 


'A recent review by Varadarajan [19] of the book by Piron (20] gives a succinct summary of 
the mathematical concepts underlying the axiomatic approach to the logical foundations of 
quantum theory. 
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the structure of the Wigner coefficient aspect of the problem to study the 
simplest possible generic realization. 

As will be clear from even the briefest glance at AMQP, this simplest 
realization is none other than that provided by boson operators and the 
Jordan map or, more explicitly, by the 2X2 matrix boson (summarized for 
convenience in Section 3). [This realization is familiar to mathematicians as 
a Weyl algebra over the four variables (bosons) a/ (i, j=1,2).] 

This realization has the great technical advantage that the Hilbert space 
of boson polynomials realizes all operators (mapping this space into itself) 
as rank | operators, so that one can go from numerical operator matrix 
elements (Wigner coefficients in our application) to the operators them- 
selves (Wigner operators or unit tensor operators) without loss of generality. 
(This is discussed in considerable detail in Chapter 5, AMQP.) 

It is because of this unusually attractive technical advantage of the boson 
calculus that we may avoid a framework of the generality of C*-algebra. 

This, then, is the structure that is studied in detail in this chapter. We 
consider the Hilbert space of polynomials in the elements of the 22 matrix 
boson A=(a/), and develop the Banach star-algebra of operators generated 
algebraically by the fundamental Wigner operators acting in this space. The 
concept of a Racah invariant operator arises naturally in this algebra, and 
the properties of this class of invariant operators lead then to the basic 
properties of Racah coefficients. (See Ref. [21] for an earlier approach to 
this algebra.) 

The chapter concludes with a formal definition of RW-algebra, and a 
canonical characterization of the Wigner operators as generators of graded 
maximal (left) ideals. This characterization is equivalent to that given by the 
characteristic null space properties of the Wigner operators, and in Chapter 
3 a structure theorem is developed to this effect. 

It is quite interesting that a purely algebraic characterization of the Racah 
invariant operators (without the explicit use of Wigner operators as occurs 
in RW-algebra) is indeed possible. This new algebraic structure, called 
W-algebra, is developed in Chapter 4. 


2. Notational Preliminaries 


The choice of a suitable notation is a vexing task, for which there 
probably can be no “best” decision. In AMQP we have used the more-or-less 
standard ( j, m) notation of physics. To smooth the way for further develop- 
ments, it is advisable to use a notation designed to generalize to the family 
of unitary groups U(n), n=1,2,.... Accordingly, we shall introduce here a 
new notation for basis vectors and tensor operators appropriate for U(n)— 
despite the fact that the use of this notation for SU(2) is, admittedly, 
redundant and often cumbersome. For basis vectors in U(n) this notation 
was introduced by Gel’fand and Tseitlin [22]; the generalization to operators 
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was introduced in Ref. [23]. For both basis vectors and operators it is 
important to realize that the notation expresses by geometric (pattern) 
constraints the results of known structural theorems for U() as discussed 
below. 

Basis vectors. The idea of the notation is to specify a basis vector in the 
carrier space of an irreducible representation (irrep) of U(n) by a set of 
integer-valued labels {m,;: i=1,2,.... 5 J=1,2,....n} arranged in a trian- 
gular pattern (““Gel’fand pattern’’). For U(2) these patterns are of the form! 


My M2 
eae ean (2.1) 


where the m;, are integers (positive, negative, or zero) that satisfy the 
betweenness condition 


M7 2M), 2M). 


(Triangular patterns of integers that satisfy the betweenness condition will 
be said to be lexical patterns.) 

The basis vector specified by the pattern (2.1) will be denoted by |(77,;)). 
or, equivalently, by |(7)), with (m) denoting implicitly the triangular array 
of labels (m;;). The fact that the Gel’fand patterns obtained from (2.1) by 
setting ™,,;=M 7, My +1,...,m),., are in one-to-one correspondence with 
the basis vectors of an irrep of U(2) is a consequence of a fundamental 
result of Weyl [24, 25] known as the Weyl branching law.” This rule. when 
applied to U(2), asserts that the irrep of U(2) corresponding to the partition 
[772,!15,] reduces on restricting U(2) to U(1) to the direct sum of irreps of 
U(1) given by 


my. 


> ®[m,,]. 


My, = M139 


It is useful to note, although we shall not make much use of this fact, that 
the Gel’fand notation is related to the concept of a standard Weyl tableau.* 


'Gel'fand patterns of n rows have been discussed in detail in Appendix A to Chapter 5, 
AMOQP. 

*The Weyl branching law for the reduction of irreps of U(t) into irreps of U(t—1), 
fei Aleaerar a, is the struetural result embodied in the general notation for a U(2) Gel’fand 
pattern. 

>The relationship between Weyl tableaux, Young tableaux, Gel’fand patterns, and boson 
state veetors for U(i) is diseussed in detail in Appendix A to Chapter 5, AMQP. Results of 
that generality will not be required in the present discussion. 
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The Young frame corresponding to the pattern (2.1) is given by 


| | | a eae Mm, boxes in row | 
a UC M5, boxes in row 2. 
Each lexical pattern (2.1) corresponds to the standard Weyl tableau ob- 


tained by “filling in” the Young frame with m,, 1’s followed by m,,—m), 
2’s in row | and with m,, 2’s in row 2: 


[a 


my boxes 


M, boxes. 


An irrep of the unitary group U(2) is irreducible under restriction to 
SU(2), the unimodular subgroup. Thus, each of the vector spaces spanned 
by the (orthonormal) basis vectors in the set 


MWi5 M49 
my 


is the carrier space of an irrep of SU(2). The relationship between the irrep 
label j and the projection quantum number m and the (m,,) is given by 


f=(my — My )/2, m=m,,—(m,,+m,)/2. (22) 


my, ag Mag + 1a aoos Pha (2.2) 


Thus, without loss of generality, we may take m,, =0 in using the Gel’fand 
notation for the basis vectors of irrep spaces of SU(2): 


: 2) 0 : 2) 0 
ym) =|( ie }) or, equivalently. ae ) (2.4) 


It is clear that for SU(2) the notation is somewhat awkward; we do, 
however, gain something, for the range of m values, />m>—j, is now 
clearly implied by the betweenness condition. (The quantum number m is 
integral or half-integral, depending on / being integral or half-integral; 2 / 
and j +m are always integral.) 

Tensor operators.' In order to adopt a suitable notation for tensor 
operators, it is necessary first to recall the Wigner—Eckart theorem (which 
validates the structure we wish to encode notationally) and the definition of 


'We give in Note | a precise mathematical definition of a tensor operator. 
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a tensor operator, which underlies this theorem. An SU(2) tensor operator 
T’ is a set of operators (74: M=J, J—1,..., —/} such that the operators in 
this set satisfy the following commutation relations with the generators 
J=(J,, J,, J,) of SU) (see Chapter 3, Section 14, AMQP, for a more 
detailed discussion): 


[4,.7%|=@s + 1) Cae. (25) 
M’ 


where J, (u=+1,0,—1) are the spherical components of the angular 
momentum J; that is, J,,;=—(J;+iJ,)/V2. Jp =Jy, J-1 =, —1) V2. 
and Cjy/\7 are Wigner coefficients. 

The transformation properties of the tensor operator T’ under finite 
rotations, which are implied by Eq. (2.5), allow one to associate a Gelfand 
pattern to the operator 7j; itself; that is, 

tM ( J+M /" (28) 

Now recall the Wigner—Eckart theorem, which asserts that. for a generic 

matrix element of a tensor operator, one has the result 


((a’) j’m'|Tyy|(a) fry = (Ca) IT? MN) 7) Crk’: (2.7) 


In this result ((a@’) /"IIT/ ||(@) 7) is the reduced matrix element defined (see 
Chapter 3, Section 15, AMQP) by the relation 


CEO AMEN Ga io)” - (Ca) j'|T45|(0) IY Crk 
(2.8) 


and the Wigner coefficients, C//,,,, are explicitly defined (numerical-valued) 
coefficients (discussed in detail in Chapter 3, Section 12, AMQP). 

It is important to note the explicit appearance of the (a) labels, which 
serve to denote all remaining observables besides the total angular momen- 
tum (see footnote in Chapter 3; p. 32, AMQP). 

The Wigner—Eckart theorem is the basis on which all our succeeding 
results are to be founded, and it is essential to be clear as to the significant 
features implied by this theorem (even at the risk of being repetitious). We 
have noted already the separation between the (physical) reduced matrix 
element structure and the (geometric) Wigner coefficient structure. In 
addition, it has been noted that it is technically advantageous to normalize 
the Wigner coefficients so that they correspond to unit tensor operators— 
that is, to bounded operators. Accordingly, one introduces a new set of 
physical operators (unit tensor operators )defined to be diagonal in the 
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variables (a). That is to say, the reduced matrix elements for these unit 
tensor operators are defined to be proportional to Oray See BGs (2.7)], 

We can exploit the separation implied by the Wigner—Eckart theorem to 
the fullest extent possible if we note that the physical quantum numbers 
denoted by (a) play a supernumerary role in this new set of physical 
operators; it is expedient, therefore, simply to discard all these labels, and 
consider the smallest Hilbert space that can support an angular momentum 
structure. This smallest Hilbert space is the separable Hilbert space JC whose 
basis is the set of orthonormal states {| jm): 7=0, ee 
j—1,..., —j} constructed from the two boson operators (a,,a,) and their 
conjugates, using the Jordan mapping (discussed in Chapter 5, Section 3, 
AMOP). 

Because of the structural separation implied by the Wigner-—Eckart 
theorem, we are guaranteed that the algebraic structure achieved by this 
particular realization for the unit tensor operators will in fact be generic. 

We can now proceed to complete the notation designed for these unit 
tensor operators. By definition, these operators will act in the space KC and 
will carry (as tensor operators) the Gel’fand pattern ae JAM 0 ). Moreover, 
this set of operators will be defined to have, in the space ‘, matrix elements 
that are numerically given by the Wigner coefficients. 

Note, however, that for an operator labeled by the pattern (e ja ee I 
say, this association to a Wigner coefficient is not yet well-defined: there is a 
missing operator label, which we shall now specify to be the shift A=j,,.4. — 
Vat Jean = > Jinn =/) duced by the action of the tensor operator: 


2 0 7 ge 0 
jam Daeae . 


The situation is summarized, notationally, by denoting a generic operator 
with the symbol 


2J (a (2.9) 


where the labels (22 ye via in the lower triangle form a Gel’fand pattern 


[and specify the transformation properties implied by Eq. (2.5)], and the 


labels ie A ee 0 in the upper (inverted) triangle form an operator pattern! 


whose entries satisfy the same relations as the entries in the Gel’ fand pattern 


el: 


'It is essential to note that operator patterns (first defined in Ref. [23}) are conceptually very 
distinct from Gel’fand patterns (for the Gel’fand patterns the “space of labels” is dual to the 
group space, a concept that does not exist for operator pattern space). 
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The notation implies (by design) that the unit tensor operator 


aie . ' 
al 0 \ exists for values -J<M<J of the magnetic quantum number 


J+M 
label and for values —J<A<J of the shift label. It is often convenient to 
suppress the labels (4, A) and speak of the set of (unit) tensor operators 
CW. 
To complete the definition of the operators (2 0), we specify the action 
of each operator, on every basis vector in ‘i, by 


Ja 
2d 0 
Ja 


where the coefficient is an SU(2) Wigner coefficient for all triples of angular 
momentum quantum numbers (/, J, ; +A) that satisfy the triangle condi- 
tion— that is, for 


ey) 


2] 0 = Cili+4 0 
jm 7 jraAtm MM i 


(2.10) 


2j=J—-A,J-At+},.... (2.11) 


In order to be fully explicit we note that the Wigner coefficient is defined 
such that 
Cia =0 (22) 


n 


for 
2 Oe ells (22) 


Each operator is accordingly well-defined on all vectors of the basis of 
and, hence, on JC itself. [We shall often refer to the unit tensor operators 
defined by Eq. (2.10) as Wigner operators.] 

This concludes the notational preliminaries. (Special Wigner operators of 
interest in physical applications are considered in Note 2.) 


3. Fundamental Wigner Operators 


The Hilbert space in which the action of the unit tensor operators, 
(2J 0), is defined will be considered not as an abstract space. but as the 
specific Hilbert space constructed from the pair of boson operators (aia): 
The basis states are accordingly given by the explicit forms 


2j 0 ; = oe 
| ay )=[Ute Gm ai a 170°): (2.14) 


with ° 0 °!) =|0) being the “vacuum” ket of no quanta. 
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The boson operators (a), a) are, as operators on this space, themselves 
classifiable as tensor operators. It is easily seen that the pair (a,, a5) 
transform under rotations as tensor operators having J=+4. To see this, we 
use the Jordan map (Chapter 5, Section 3, AMQP). Accordingly. the 
realization of the angular momentum operators is given by 


a (2.15) 


The boson operators are then found to satisfy the commutation relations: 


beneno Wench =m, 
[4:2il=se). a =a, (2.16) 
[Jenail—a,, [Pa l=: 


Using the defining tensor operator commutation relations, Eq. (2.5), one 
finds that these results suffice to establish the Gel’fand pattern assignments 


given by 
ee 
ay >| 1 ) 


ee al OD 


By explicitly evaluating the matrix elements on the basis, Eq. (2.14), one 
easily finds that 


2j+1 
a, 


(2.18) 


oy i ee z 
ae \=(tmel) 


0 
nieiita | : 


ay 


a) 0 ; Hl 2 je | 0 
=( p=anar ll)? : E 2.19 
jtm (J us 1) | Ti ( ) 


In a similar way, one determines that the Gel’fand pattern assignments 
for the conjugate boson operators! are given by 


=A 
a-(1 ,°). (2.20) 


'Note the minus sign for @. This sign is an important structural property related to the 
Frobenius— Schur invariant (see Chapter 5, Topic 1, Section 6). 
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The matrix elements for the conjugate operators are found to be 


=a, 


ea) We ng — | 0 
prm \s ) m)' aie (21) 


ae 


0 . a al 0 
eo )= (itm J he ). (2222) 


These results show that, to within an invariant operator (the reduced 
matrix element), we have determined the fundamental Wigner operator— that 
is, the unit tensor operator (1 0). 

The required invariant operator is determined, by normalizing. to be 
(Ala aie z Making use of the fact that on the space SK the operator J? can 
be factorized— that is, 


4J? =N(N+2), (298) 


where N=a,a,+a,4a, and 
2 0 ae 0 
= DD 
| aa es) acm ) Ce) 
one finds the following boson realization for the operators (10): 


Boson operator Fundamental Wigner 
realization operator 


a(N+1)™? 


v 
Oe 
— — 

oS 
ee 


] 
AN = [ o| 


0 
0 
Sa ale ( | (2.25) 
1 
z 0 
GCN \) G2 ee ( 0 
0 


The results obtained above, Eqs. (2.17)-(2.25), show that the boson 
operators are necessarily unbounded. This explains why the boson operators 
themselves are not used to generate the operator algebra, as might otherwise 
appear reasonable. 
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Remark. Once having obtained the fundamental Wigner operators (1 0), 
explicitly realized in the space JC, it is possible to proceed purely algebrai- 
cally and use the (1 0) to generate a normed operator ring. This is, in fact, 
the procedure we shall use in Section 7 to categorize the Racah— Wigner 
algebra. The objective in such an algebraic approach is to achieve a purely 
algebraic description of the set of all unit tensor operators (2J 0) them- 
selves (as is done in Chapter 3). 

By contrast, an entirely different algebraic procedure is possible; this 
approach takes the realization of the set of unit tensor operators (2J/ 0) on 
JC for granted (since the Wigner coefficients may be considered as known) 
and seeks to determine further algebraic properties of the resulting struc- 
ture. This latter approach is the one taken (implicitly) in the physics 
literature. 

We shall use this second approach in the following sections, determining 
thereby the algebraic properties of certain invariant operators on 3, the 
Racah coefficients. 


4. Properties of Unit Tensor Operators 


Let us show first that the unit tensor operators defined by Eq. (2.10) do 
indeed have the required transformation properties in SK. 

For this purpose, let U->7,,, where UE SU(2), be the representation of 
SU(2) induced (using the Jordan mapping) by unitary operators acting on 
the space J [see Eqs. (5.42)-(5.44), AMQP]. The action of 7,, on the basis 
vectors of KC is given by 


Ty jm i 2 Prim(U) 


Za 0 
oer ) (2.26) 


Then, since Eq. (2.10) defines an irreducible tensor operator for each A, it 
follows that these unit tensor operators have the transformation property 
under the action of 7, given by 


J+A J+A 
Te Oe TF, = = ee an CG an nr ae 227) 
dar tel M’ J+M’ 


[See Chapter 3, Section 14, AMQP.] 
This equation asserts that, for each fixed angular momentum J and for 


each fixed shift value A, the set of operators 


Jak 
Af 0): —-J=aMs/ 
J+M 
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transforms irreducibly. (This is why Fano and Racah [26] designated tensor 
operators by the more explicit terminology “irreducible tensorial sets.”) 


An alternative verification of Eq. (2.27) may also be given by demonstrat- 
ing the property 


> DEA (UC ey, D.C) DCG cera 
m’ 

(2.28) 
for each UG SU(2), since Eq. (2.27) is just an operator statement of this 
matrix element relation. Equation (2.28) is itself a consequence of the 
following explicit expression of the Clebsch-Gordan series for SU(2) [see 


Eq. (3.189) of AMQP]: 


Ay J3 = Jy S25 JiJ2J J 
Dees 1D ee) > Cn m5,m pa Or ee fee +m5,m, eae ) 
J 


(2.29) 


To obtain Eg. (2.28) from this result, one uses the orthogonality and 
symmetries of the Wigner coefficients as well as the symmetries of the 
D-functions. 


It is useful also to define the set of the conjugate operators! 


Tony 
Ay a eee 
(2) o| Ve— ae. (2.30) 


for each 2/=0,1,... by giving the action of these operators on the basis 
VeEClOrs«o! JU: 


(oo 
Daf 0 
J+M 


where C/o 57) =0) for 27 — 0) eee Oe leand A aoe 


2) 


ay 0 ; 
=Ci Adi 
alee Cyaar Mim 


0 
Jk Me 

Cay 
'The matrix elements of an operator © and its conjugate 7 arc related by ¢j’m'| 0] jm) = 


¢jm| OT] j'm’)*, Note, however that the matrix elements of unit tensor operators (Wigner 
coefficients) are real. 
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It follows from Eq. (2.27) that the conjugate operators transform as 


es 


: yea 
al Da OO) pat DD er ht ony 123) 
J+M M’ J+M’ 


so that, for each fixed shift value A (—J<A<J) in the operator pattern 
(2.30), there exists a tensor operator having irrep label J, the components of 
which transform among themselves according to the complex conjugate 
representation of SU(2). 


The orthogonality relations for Wigner coefficients may now be given an 
alternative, but equivalent, formulation in terms of Wigner operators. Thus, 


the relationship 
J+A gra \ 
Dees Oo 1) =OuN, (2.33) 


is equivalent to the orthogonality of coefficients given by 


jISEA jij+a = 
> Ce i eae EE AOK' A: (2.34) 
M 


Similarly, the relationship 
Jta \if oo s+a 
Dee 0 a) 0 )=Syea (2.35) 
A 


is equivalent to the orthogonality of coefficients given by 


TptA jIj+a = 
> Cr a CHM pene Bn mOM’M« (2.36) 
A 


The symbol IX denotes the invariant operator defined explicitly on the 
basis vectors of JC by 


2 = 
Ix Vim es 


(237) 
We have used in Eggs. (2.34) and (2.37) the symbol e, ;, ; to denote the unit 
step function (characteristic function), which is defined to be unity for all 
triples of angular momenta (j,, j,, 7) that satisfy the triangle relation, 
| J) ~jy SJS/, +4, and zero for all other triples of angular momenta. [The 
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necessity of including the invariant operator I/_, in Eq. (2.33) is discussed 
below. ] 

Let us repeat that relations (2.33) and (2.35) serve the same purpose in 
expressions involving unit tensor operators as do the orthogonality relations 
for Wigner coefficients in purely coefficient-type relations, and that they are 
entirely equivalent to these orthogonality relations. 

The concept of characteristic null space. In order to understand the 
necessity for including the invariant operator I/_, in the right-hand side of 
Eq. (2.33), it is helpful to re-examine now the definition of a unit tensor 
operator, Eq. (2.10), from another point of view. 

Let us recognize that, if we wish to study a specific Wigner operator (unit 
tensor operator) on our underlying Hilbert space, we should in our defining 
equation, Eq. (2.10), consider that J and A are specified (fixed) but that the 
label 2 in the basis vector should run over all possible integral values 
0,1,.... With this view in mind, let us recall the origin of the triangle rule. 
This rule is derived from the Kronecker (direct) product relation, 


df 
D/@D/= SS @INT(J@j; j+A)D/*4, (2.38) 
A=-J 


which is just the Clebsch-Gordan series written in a form appropriate to 
the present discussion. The intertwining number INT(J@j; j7 +A) denotes 
the number of occurrences of the irreducible representation +A in the 
direct product of irrep J by irrep j. In accordance with our view of 
associating J and A with a fixed operator, we may specify the intertwining 
number as a function of 2 /: 


a 1 for2j;2/—A, 
INT(J®j; J+A) =e, 5 ja | J 


@ feo ged. (2.39) 


Thus, in this language, the familiar triangle rule becomes the statement that 
the intertwining number is a step function, which has value 0 at all points 2 j in 
the set 


{Oo =A ie} 
and the value | at all points 2] in the set 


{J-A, J-A41,...}. 


(The first set is the empty set for A=J/.) 
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The preceding results imply the following: Let Jt, denote the subspace of 
JC spanned by the 2 j+1 basis vectors in the set 


i 0 ee 
1 oe ) smi els (2.40) 


Then the characteristic null space of the irreducible Wigner operator (unit 
tensor operator) 


J+A J+A 
2J Sy 2 0\:J=Me—-J (2.41) 
J+M 


is the subspace of J given by the direct sum 


Remarks. (a) The concept of the null space of an operator acting on a 
Hilbert space is a familiar one in mathematics: The null space of an operator 
is the set of vectors annihilated by that operator. (This set of vectors is also 
termed the kernel of the operator.) 

This concept must be modified to accord with the fact that our Hilbert 
space supports an additional structure: Under the group action, our Hilbert 
space is split invariantly into equivalence classes of subspaces, each carrying 
an irrep of SU(2). 

The characteristic null space of a unit tensor operator is defined to be an 
invariant subset of the null space of that operator. Put in simplest terms, if 
one vector of an irrep space belongs to the characteristic null space, then a// 
vectors in that irrep space must so belong. (The restriction to unit tensor 
operators is for convenience to avoid zeros from invariant multiplicative 
factors.) Observe that the concept of the characteristic null space of a 
Wigner operator is basis-independent to the extent that it does not depend 
on how one introduces a basis into the carrier space of a given irrep [j]~ 
ey 0), 

(b) Note that the only Wigner operator of irrep label J that has an empty 
characteristic null space is the one having A=J. This property may be 
attributed to the fact that maximal shift Wigner operators having A=J may 
be considered as generating the state vectors themselves from the “vacuum” 
ket: 


i 0 ee 0 0 a 
| on 5 ap) a | , : (2.43) 
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(c) The necessity for including the invariant operator I/_, on the right- 
hand side of Eq. (2.33) can now be seen to be a consequence of the fact that 
the left-hand side of Eq. (2.33) will annihilate each vector in JC that belongs 

ae J+A 
to the characteristic null space of the operator ( 2, 9 ) . No such null 
space factor is required in Eq. (2.35), since at least one operator in the sum 
produces a nonzero result on an arbitrary vector of ‘ [see Remark (0) 
above]. 

(d) The idea of characteristic null space is conceptually simple, but it is 
nevertheless fundamental. In Chapter 3, Section 3, we demonstrate that 
transformation properties combined with null space properties determine 
the unit tensor operators essentially uniquely—that is, to within a purely 
numerical constant. 

(e) The set of Wigner operators that effect nonpositive shifts leave 
invariant every subspace of IC of the form H,8KH: OK |S --- OH, for each 
k=0,4,1,.... This structure is discussed further in Note 3 to this chapter. 

(f) In addition to the “operator orthogonality” relations expressed by 
Eqs. (2.33) and (2.35), the unit tensor operators also satisfy the “trace 
orthogonality” relation: 


2j 0 TUN fey ee ; 
2 em | Oe Ano 
m J J'+M Jou j a 
Dae | 
2 5 pp sou MONS I, ja 


(2.44) 


This relation follows easily from the definitions (2.10) and (2.31) together 
with the orthogonality and symmetry of the Wigner coefficients. [Another 
orthogonality relation that is similar to Eq. (2.44) may be written in which 
the order of the Wigner operator and the conjugate operator is reversed.] 


5. Coupling of Unit Tensor Operators 


In Chapter 3 of AMQP we have noted, and discussed, the fact that the 
Wigner coefficients could be viewed in two quite distinct ways: From one 
view these coefficients could be considered as matrix elements of tensor 
operators (operator aspect), but from another view (considered as numerical 
coefficients) they defined a coupling of tensor operators to yield a new 
tensor Operator (coupling aspect). One may exploit this coupling aspect to 
achieve a variety of different algebraic “multiplications” defined on the set 
of unit tensor operators. One such multiplication produces invariants; 
another multiplication produces vectors (and is a more general version of 
the familiar cross product of vectors). 
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To be explicit, let us consider the coupling of two unit tensor operators, 
(26 0) and (2a 0), using the Wigner coefficients to obtain a new irreduci- 
ble tensor operator T(p,0) of irrep label c for each shift label p=a, 
ane ara 0 — ih — keep 22 


pas 
cance) ——>, Gea) Os One (2.45) 
ap a baa : 


From the discussion in Chapter 3, AMQP, or directly from the commuta- 
tion properties with the operator J (in the Jordan mapping), we can verify 
that the product in Eq. (2.45) defines an irreducible tensor operator trans- 
forming as 7-’. But note that the product operator is no longer necessarily a 
unit tensor operator. Consider the Wigner—Eckart theorem applied to 


T<(p, 0): 
CaN (p. o )| im) Sy pace Oren fig afoatt: IT“(p, a )|| J) 


| 2+ p+e) che eee 0 
jtptotmt+y ey j+m 


(2.46) 


This result shows that the product operator (2.45) differs from the unit 
tensor operator 


Car Oar wy 


me 0 
Galeay, 


by a multiplicative invariant operator;? that is, 


p.o,pto 


b+o arp ctpto 
DiGi | 20 0 }( 2a 0 
b+B 


ap Clay 


ate 


(2.47) 


"We follow the Racah convention of using Roman letters a,b,¢,... to denote angular 
momenta, and Greek letters a,B,y.... to denote the corresponding projection (#-type) 
quantum numbers. We shall also use Greek letters p,o,7,... to denote A-type shift labels. 

? Observe that this coupling differs from the standard X coupling given by Eq. (3.233) of 
AMQP by the factor (— 1)**?~“. This slight change is clearly of no general significance, and it 
has the technical advantage of leading to a whole series of operator identities that contain no 
phase factors when written as relations between standard Wigner and Racah coefficients. 

>The placement of W2?“,.., to the left or to the right of the operator (2¢ 0) is important. 
When taking matrix elements of Eq. (2.47), the left invariant operator Wes is evaluated on 
the final angular momentum label /’; a right invariant operator would be evaluated on the 


initial angular momentum label /. 
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where we have denoted the invariant operator by W223 ., (using a notation 
designed to be suggestive of the interpretation to be given below). 

The invariant operator Wy hove may be given explicitly in terms of the 
unit tensor operators themselves by using the conjugate operators defined 


by Eq. (2.31). Multiplying Eq. (2.47) from the right by 


‘Gaim iv 
DE O } . 
Galea’; 


summing over y, and using the orthogonality relation (2.33), we obtain 


See b+o | at+p eye | ' 
were= Scovel 0 }(9 vlee Ub, Oe 
: apy 2 b+ B eee Cay, 


where we have defined 


ANE = abe 
Weer = MERE ce 
Notice, however, that the right-hand side of Eq. (2.48) is zero unless the 
triple (abc) satisfies the triangle condition, and unless r=p+o. Thus, we 
may take Eq. (2.48) as the definition of W2°° without the necessity of 


pot 
including the factors e,,. and 6 We then have 


T,p+o° 


w2?<—0 unless (abc) satisfy the triangle condition and r=p+ 0. 


pot 
(2.49) 


A comment on the choice of notation W?* for the invariant operator! 
occurring in Eq. (2.47) is appropriate here. This notation has been chosen in 
analogy to the notation Cu for Wigner coefficients for the following 
reasons: Not only does the property expressed by Eq. (2.49) suggest this 
notation, but so also does the fact that the ranges of p, o, and 7 are, 


respectively, given by 


; (2.50) 


that is, these ranges are precisely the same as those of the projection 
quantum numbers in a Wigner coefficient. An even more persuasive reason 
for our choice of notation appears in Chapter 3, Section 18, AMQP, where 
it was proved that the eigenvalue W2°*( j) [see Eqs. (2.52) and (2.53) below] 


pot 


'The use of the boldface letter W is to signify that this object is an operator as opposed to a 
number. 
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of W4?* had the remarkable limit property 


pot 


aa Wes) eon: (2.51) 


pot pot 


To establish the significance of the invariant operator Wee in relation to 
the work of Racah, we evaluate its eigenvalue on an arbitrary basis vector in 


Te 


abe 
port 


Zi 0 ware 
ae = ware j a a ") (2.52) 


where, using Eqs. (2.48), (2.10), and (2.31), we find for the numerical value 
of W2'¢( 7) the explicit equation 


pot 


UAE ee OG: NGC me Coad 
apy 
Ope 2 Ga Oe 26+1)]? WA f= a On fe JG, 


(2.53) 


We have denoted by W(abcd; ef) the coefficient introduced by Racah 
[27] (in his notation) for the sum over four Wigner coefficients, which occurs 
in Eq. (2.53). The properties of these coefficients were discussed in detail in 
Chapter 3 of AMQP. 

We conclude from Eq. (2.53) that the eigenvalue of the invariant operator 
occurring in the coupling law, Eq. (2.47), is a Racah coefficient. 

We note again that the definition of the Racah invariant operator W in 
Eq. (2.47) depends very much on the placement of the operator W on the 
left. Were the operator W to be placed on the right of the operator (2c 0), 
the W operator would act on a different basis vector in XC, and would have 
a different numerical value. 

Let us turn now to a discussion of some of the general properties of the 
Racah invariant operators W2"°. 


OT 

Note first that the set of Racah invariant operators, {W,°°}, is defined by 
our considerations only for integer and half-integer triples of nonnegative 
numbers (abc) that satisfy the triangle condition |a—b|<c<a+b and for 
Po | oP ple =, tC, €—1,..., -¢. It 1s only for 
these ranges ol indices that we rn (in the eset dears) a signifi- 
cance to the symbols eee Although, by definition, W2?*=0, unless 
t=p+o, it is useful to retain the redundant third label in p, 0, 7, not only 
for symmetry, but also because it is not always 7 that one wishes to 


eliminate explicitly from the symbol. 


'It proves useful in Chapter 4 to relax this strict view of the Racah coefficients. 
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Let us consider first the characteristic null space of the invariant operator 
W2?s. This is the set of irrep spaces JC, CJC annihilated by the operator, and 
these spaces are identified by the set of values of 7 for which we have 
were j)=0. A value j will determine an KC, in the null space of W if any 
one of the three Wigner operators appearing in the right-hand side of Eq. 
(2.48) annihilates the state vector resulting from the action on 2J — . 
the Wigner operators lying to its right. Applying this result to W2?°, w 


por? 
easily see then that 


We) 0 meunlecsemcactiot | the smirinics (7 nec) aga) 
(j-tt+p, b,j), (j-7,¢, 7) consists of nonnegative in- 
tegers /half-integers that satisfy the triangle conditions. 


In Racah’s notation, the preceding result becomes the following state- 
ment: 


W(abced;ef )=0, unless the four triples of nonnegative integers /half- 
integers—(abe), (cde), (acf ), (bdf )— satisfy the trian- 
gle conditions. 


We have included the triangle conditions on the superscript labels of W in 
this statement. 

The Racah invariant operators also satisfy orthogonality relations that are 
the operator analogs to the orthogonality relations for Wigner coefficients. 
(It follows that the operators are normed invariant operators on KC.) We 
summarize now these relations both in operator form and in coefficient 
form. The proofs of the operator relations [Eqs. (2.54) below] are given in 
the Appendix, using the present algebraic formulation: 

2 Wren Woon = 5. Ale 


pot pot =U 


a Wee i ee (2.54) 


=o fI—T* 


where . and Le are invariant operators [see Eq. (2.37)] whose values on a 


state 


0 
u aces \ are zero Or one as given by the characteristic functions 


EC) eee TC sae, 
129(j)= bi+o, a, jtpto®,;, b,jt+oa: (2.55) 


The occurrence in Eqs. (2.54) of the invariant idempotent operators I (that 
is, Operators with eigenvalues zero or one) is an expression of the unit 
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normalization of Racah operators acting on those angular momentum states 
not annihilated by the operator. 


In terms of Racah coefficients, Eqs. (2.54) become 


abc a 
> We EE = 5 cd ©) ec, j- 7 


po 


2 Wee Pp. al Da To 3 il J) =8,5°8; tt+p.a,j—1®j,b, j—t+° (2736) 
Using the transcription, 


rer [@er OA Bore Apa, CID i ON, 


(2.57) 


we may write these relations in standard Racah coefficient form: 


XQetl) \(2f+1)W( abcd; ef )W( abcd; eg )=Sjg8 acy €nar: 


> (2e+1)(2f4+1)W( abcd; fe )W( abcd; ge)=5,,8.4/8qn¢- (2.58) 


e 


Note that we have omitted the factor ¢,,,. from the right-hand side of Eq. 
(2.56), since by our convention the superscripts in that equation are under- 
stood to satisfy the triangle conditions and the equation as written has index 
balance. It is less explicit in Racah’s notation as to which angular momenta 
satisfy the triangle conditions, and the two triangle factors that we have 
included explicitly on the right-hand side of Eqs. (2.58) are generally 
ignored in the physics literature. The two orthogonality relations (2.58) are, 
in fact, identical statements in consequence of a symmetry of the Racah 
coefficients. We have displayed both equations and, in particular, the two in 
Eq. (2.56) to show the similarity (and identity for infinite /) of these 
orthogonality relations to those for Wigner coefficients [cf. Eqs. (2.34) and 
(2.36) of the present chapter and also Egs. (3.178) and (3.179) of AMQP]. 

We conclude this section by noting three additional forms into which the 
basic relation, Eq. (2.47), may be cast by straightforward application (hence, 
the proofs are omitted) of the orthogonality relations for Wigner operators 
[Eqs. (2.33) and (2.35)] and Racah invariant operators [Egqs. (2.54)]. (Below 
each operator relation, we have also written the corresponding matrix 
element expression.) 
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Coupling law for two unit tensor operators to a unit tensor operator: 


+ 4p Cai 
abdcabe | 2p ue 0 ae —§ ,( 2c 0) = (259) 
» decay nae 2a ua 0 oe Cry 

ab Cae 


S [(2d+1)(27+20+1)]7 Wi, 4, j+7, bs f+ 0, d CBE 
«Bp 
KCRROM Ss Cer =) Cl (2.60) 


mt+a,B,mty~m,a,mt+a Com, yt yy" 


Open product law: 


b+o at+p at 
2b OC) ae Oe Woe ee le wa 
a+ea 


b+B C ctat+B 
(2.61) 
OE) aes Ch ean 
=> (Ge) ya 2p) | Wa, eae) 
X Ce et RCi aig ater (2.62) 


Operator pattern or Racah invariant coupling law: 


b+o ap Cami 
RP 22 ON aa OSG aa 2c ae 
po 


b+B ata ctat+B 
(2.63) 


S [(2e+1)(2j+20+ 1) Wy, a, j+7. b: j+p.c) 
p 


jtpbjtt JQP = Pane YE [APE 
a Gs Sie Ore 1s our Cog aa pC He eae eens (2.64) 


The matrix element forms of Eqs. (2.47), (2.48), (2.59), (2.61), and (2.63). 
relating Wigner and Racah coefficients, are very useful for “manipulating” 
relations between these coefficients that turn up in physical applications. 
For example, Eq. (2.64) may be viewed as a “recoupling” in which the 
coupling scheme on the right-hand side (a+b=c, j+c=j+7) is replaced by 
coefficients effecting the scheme on the left-hand side [j+a=j+p, (+p)+ 
b=j+7.] These relations have been summarized in standard notation by 
Egs. (3.266)-(3.270) in AMQP. 
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Remark. We have expressed the various product laws for Wigner opera- 
tors (Eqs. (2.47) and (2.59) are particularly important examples] in the 
language of physicists using an index notation. This mode of expression, 
though indeed having the merit of being fully explicit, is— almost certainly 
for a mathematician!—very close to a ‘“‘debauch of indices” in Cartan’s 
expressive complaint. As such, the notation itself becomes a barrier to 
understanding the genuinely interesting content of these equations. The 
present remark is intended to discuss this content. 

Let us re-express Eq. (2.47) in a more symbolic way. The Wigner 
coefficient Ce that appears in that equation simply expresses an algebraic 
coupling. Let us suppress all the indices (including the coupling coefficient 
itself) and indicate the product by @. Equation (2.47) now reads 


(2.4 0) @ (26.0) =W2"*(2¢ 0). (2.47’) 


The invariant content of this relation is now evident: The Wigner product 
@ of two unit tensor operators, here (2a 0) and (2b 0), yields a new unit 
”. 
tensor operator, here (2c 0), normalized by the Racah invariant operator 

woe 

Now let us examine Eq. (2.59) from this structural point of view. Clearly, 
the Wigner coefficient once again effects the product @ as before. It is then 


Cc 
clear that the Racah operator W2°4 effects a new type of product involving 


pot 


operator pattern labels. Let us denote this new multiplication (“Racah 
product’) by >. As before, just which multiplication is meant (that 1s, the 
particular Racah product yielding the final angular momentum d) is indi- 
cated by the index d. 

With this mode of expression, Eq. (2.59) achieves a more evident in- 
variant significance: 


(2b 0) (2a 0) =84(2c 0). (2.59’) 


[Oo Oe 


The Racah and Wigner product of two unit tensor operators yields a new unit 
tensor operator (if the products agree) or the zero operator (if not). 

The effect of the Racah product alone is given by Eq. (2.63), which now 
would read 


(2b 0) @ (2a 0) = # (2c 0), (2.63’) 


with # =C2°°, That is, the Racah product of two unit tensor operators yields a 
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new unit tensor operator multiplied by a numerical factor (a Wigner coeffi- 
cient). 

To express this even more abstractly, and more generally, one may say 
that the Wigner product for unit tensor operators is the coupling of Gel’ fand 
patterns, and the Racah product is the coupling of operator patterns. This 
mode of expressions then extends to U(n) (once the multiplicity problem is 
resolved, so that the two products are well-defined). 

This sort of global (or “Gibbsian”) symbolism is, by design, useful for 
grasping the structural significance of the various coupling laws, but we 
have made no systematic use of this elsewhere in the manuscript for two 
reasons: (a) Much is “swept under the rug” by the symbolism [the three 
possible placements of the (implied) Racah invariant operator in the Racah 
product are not equivalent but are buried in the symbolism], and (b) the 
applications of angular momentum techniques in physics are already 
surfeited with notations, and to impose still another is embarrassing. 


6. Consequences of Associativity 


We have defined the operator algebra of the unit tensor operators by 
embedding this structure in the space of linear operators acting on a 
(specific) separable Hilbert space JC. It follows that the multiplication laws 
for this structure are necessarily associative. This elementary fact has im- 
portant implications for the Racah invariant operators, as we now demon- 
Strate. 

In the previous section, we determined the explicit form of the (open) 
product of any two unit tensor operators. This result is given by Eq. (2.61). 
and using this result enables us to examine directly the question of associa- 
tivity. 

Associativity requires that the following identity exist: 


b+o at+p 
2b 0 La 0 


at+a 


Cit b+o at+p 
2¢ 0 2b 0 2a 0 (2.65) 
+a 


a 


for arbitrary unit tensor operators. Using the product law, Rael Siwvice 
to transform first the left-hand side and then the right-hand side of sap 
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(2.65) yields the relation 


ab = d 
2 en +9, ae Ge Ce a, is sen ee Te ey Ca, y,atB+y 


= “2 Wes sites ee ) Cer me es ees. ee a, Ae at+tBt+y 


Cae Date Ota 2; 0 
x (26 0 oe 3 (2.66) 
etat+B+y eit 


pvneie 7 =/:) 1-0 1-7. 

Since this result is to be an identity, we conclude that the coefficients (the 
sum over d and f ) must be the same on each side of this expression. We set 
these two coefficients equal and use Eq. (2.64) in the form 


Co Bn a eiieteey 
=D[Qa+ NOPD] Mabe: A Yrs y.arprCehlere 267) 
to eliminate the Wigner coefficients. The result is the following relation: 
Vii) 1 Wee nce ( J) 
= “2 [(2d+1)(2f+1)] W(abecs df WE, (I) Wohin proved): 
(2.68) 


where we have replaced /’ in Eq. (2.66) by 7. We conclude that associativity 
implies the identity given by Eq. (2.68). The argument clearly can be 
reversed so that the identity implies associativity. Thus, we have proved the 
fundamental proposition: The algebra of Wigner operators is an associative 
algebra if and only if the Racah coefficients satisfy the identity expressed by 
Eg. (2.68). 

When expressed in standard Racah coefficient notation, Eq. (2.68) takes 
the form 


W(a'ab’b;c’e)W(a’ed'd; b’c) 


=> (2f+1)W( abcd; ef )W(c'bd’d; b'f )W(a'ad'fyc'c). (2.69) 
vi] 


4 
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Equation (2.69) expresses a well-known identity on the Racah coeffi- 
cients, first derived by considering the coupling of four angular momenta 
(Biedenharn [28], Elliott [29]), but derived here as a consequence of the 
associativity law of multiplication for unit tensor operators.' This latter 
approach stems from Racah (unpublished work). The customary designa- 
tion in the literature for this identity (the Biedenharn— Elliott identity) is due 
to Fano and Racah [26]. We shall follow this usage by occasionally referring 
to Eq. (2.69) as the B—E identity. 

Using the orthogonality of the Racah coefficients, we may write Eq. 
(2.69) in a variety of forms, a structure we have exploited in Chapter 3, 
Section 18, of AMQP. 


7. A Characterization of Racah— Wigner Algebra’ 


The developments carried out in the preceding sections have taken for 
granted the usual Hilbert space and operator structures assumed in quan- 
tum physics; building on the results of Chapter 3 of AMQP, we have also 
taken, as presupposed, full knowledge of the Wigner coefficients, in order to 
define unit tensor operators and to determine their properties. The essential 
element being explored was, accordingly, the structure of certain invariant 
operators, the Racah operators W. Once this has been accomplished, we are 
in a good position to pause and resurvey the whole undertaking, with 
particular emphasis on elucidating the underlying structure. We wish, in 
other words, to replace the informal methods of theoretical physics by the 
more formal, and more searching, methods of mathematics. 

It is the purpose of this concluding section of Chapter 2 to state precisely 
the defining characteristics of Racah—Wigner algebra. These characteristics 
are to be considered as abstracted from the explicit model of the algebraic 
system constructed in the previous sections. (For brevity, we shall call this 
an RW-algebra, even though the definition of this term is not explicit as 
yet.) 

It follows from this explicit model that an RW-algebra is first of all a 
subalgebra of the Banach star-algebra of bounded operators on the Hilbert 
space }(—that is, a C*-algebra over the space K. 

This is a matter of checking the definitions. As operators in a Hilbert 
space (denote generic operators by x, y,...), there is a natural involution 


'This method of proof was suggested to us by our earlier work developing the multiplication 
properties of symplecton polynomial forms (see Chapter 5, Topic 3). The B~E identity is the 
analog in RW-algebras of the Jacobi bracket identity in Lie algebras, the Jacobi identity itself 
being a consequence of the associativity of multiplication of group elements. 

*We thank Professor David A. Smith for critically reading this section. 
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denoted by * that satisfies the defining properties (Loomis [30, p. 87]):! 


phe 
Cot. oy (2.70) 
(Oo) = where AEC, 
(Sp Paar. 


Since we restrict the operators to be bounded, there is a natural Banach 
algebra inherited from the Hilbert space realization. The significant fact 
here is that the Wigner operators, as unit tensor operators, are indeed 
bounded and from the Hilbert space structure admit of the usual algebraic 
operations, with bounded invariant operators playing the role of generalized 
scalars. For explicitness, we state the definition® (Gel’fand er al. [31, p. 241]) 
for the resulting normed ring R (Banach algebra): 


(a) R is a ring; that is, operations of addition and multiplication 
satisfying the usual algebraic conditions are defined in R. We also assume 
that R has a unit element e. 

(b) R is a linear vector space with multiplication by complex numbers, 
where this multiplication 1s permutable with the operation of multiplication 
of elements in R. 

(c) A norm is defined in R; that is, every element x is associated with a 
number ||.x || such that 


ete = [elie |i, lay sll ly ll, 
|| x || 0, and is equal to zero only for x=0, (224) 
| Ax I =[A] Ill, elle 
(d) The ring is complete; that is, from 
giv [les =e |) (ae) 


n1,nN-> CO 
there follows the existence of an x such that 


lie || = x ||=0- 
n> oo 


'In this section only we follow the usual custom in mathematics by denoting an involution 
by * and complex conjugation of a complex number A by A. 

> Chapter VII of Ref. [31] contains the material relevant to this discussion. That chapter was 
written by I. M. Gel’fand and N. A. Naimark and is an adaptation to the book of their earlier 
paper [32]. 
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The norm for the operator x is taken to be || x||= Ee |xwll/ll pl], where 
Ill? =(p|P) with ¢ | ) denoting the inner product in JC. 

The feature that distinguishes the Racah— Wigner algebraic structure from 
the more general C*-algebra is the existence of the tensor operator condi- 
tion, Eq. (2.5). The existence of this condition shows that an RW-algebra is a 
graded algebra, graded by the tensor operator label J. 

To define the grading, we first set up a filtration that differs slightly from 
the standard procedure given by Jacobson [8]. Let us define the subspace 
@ to be the collection of all elements of the RW-algebra @ that may be 
written in the form:! 

ae faa 
A > (u 0 }ita.s.a0 (220 ee, (7) 
J=0 M,A J+M 


where the /(A, J, M) are arbitrary scalars (invariant operators and/or 
complex numbers. } 

Then this defines a filtration, since, by construction, we have the (defi- 
ning) properties: 


a c@W) if i<j, 
U@” =@=RW-algebra (2.74) 
QO@M eat). 


To obtain the associated graded algebra, we define the elements @“, 
where 


GO =HQO/QI-Y Cas 


with @‘~) =0. The graded algebra is then 
oS =,.- 
= yg (2.76) 
=o 
A multiplication is defined component-wise by 
(a 4@o™” )( be aCe) eed aa (2.77) 


where a, €@, b, €@”. This multiplication then extends to all of @. It is 
clear that @ is a graded algebra, since it satisfies, by construction, the 


For the purpose of this general discussion, it is convenient to write invariant operators to 
the right of the unit tensor operator (2/ 0). 
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property 


QOQGY) cae), (2.78) 

It is also clear that @ is, in fact, simply the RW-algebra from which we 
started. 

The necessity for this rather involved construction is caused by the fact 
that in the original grading defined by the angular momentum the product 
of graded elements could have any grading between the sum and difference. 
This required that the grading be defined as above to avoid any complica- 
tions. 


; é : : é aia 
In terms of this grading, we can now identify the Wigner ee 0 


operators themselves. The Wigner operators are the generators of the 
elements of @? in the algebra having grade 2/, under algebraic operations 
by numerical scalars and bounded invariant operators (grade 0). 

With these preliminaries accomplished, we can now proceed to a formal 
definition of an RW-algebra. Definition: An RW-algebra is that subalgebra 
of the Banach star-algebra of bounded operators on a Hilbert space K, which 
is graded by the tensor operator condition, and which is algebraically generated 
by the fundamental Wigner operators (10) acting on XC. 


Remarks. (a) This definition is clearly abstracted from our defining 
model, and is equally clearly not vacuous, since it suffices to obtain this very 
model. On the other hand, the structure does not appear to be overly 
specific, but is, in fact, generic, since (as we shall discuss in Chapter 3, 
Section 4) there does exist at least one other (distinct) RW-algebra [incorpo- 
rating SU(3) symmetry] which uses a tensor operator condition and genera- 
tors appropriate to an SU(3) adapted Hilbert space. 

(b) Note that the Wigner operators appear in an RW-algebra as the /inear 
generators of the algebra. 

(c) The Racah operators do not explicitly appear in this characterization 
of an RW-algebra, and are not distinguished from other bounded invariant 
(grade 0) operators. 


The algebraic characterization of the Racah operators requires the con- 
struction of a new algebra, the W-algebra discussed in Chapter 4. 

We shall now complete our characterization of the [SU(2)] RW-algebra 
by constructing a set of graded maximal (left) ideals whose generators are 


A ; 
precisely the Wigner operators ( 27 a 9 ). This result will then establish a 


J+A 
canonical definition of the Wigner operator ( 2/ 0 ), whose labels are 
J+M 
determined by the grading 2/, by the transformation properties under 
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commutation with the SU(2) generators J (M label) and the graded maxi- 
mal left ideal A, the latter information being equivalent to the characteristic 
null space properties of the operator. (A structure theorem, to be developed 


in Chapter 3, will then demonstrate that this information uniquely char- 


; JSP ; ’ 
acterizes the operator ( 2/ 0 ) in such a way that the operator is 
J+M 
explicitly constructable.) 


The technique to be used in constructing the left ideals has been de- 
veloped by Gel’fand et a/. [31] and by Gel’fand and Naimark [32] in their 
classic papers on noncommutative Banach star-algebras; it involves the 
construction of a set of positive linear functionals on the RW-algebra. 

We recall first the definition of a positive linear functional: A positive 
linear functional is a function f(x) that assigns to every x ER a complex 
number f(x) such that 


(Cay) City) ion. f=: 
f(x*x)20 for every x. (2.79) 


We have defined RW-algebra in terms of bounded’ operators on the 
Hilbert space . It is quite easy to determine the desired positive linear 
functionals from this structure: The (positive) functional f is determined by 
the (unpolarized) density matrix p,=(2j+1)~'3/,__,| jm)<¢ jm| (see 
Chapter 7, Section 7, AMQP). Let x denote an arbitrary element of the 
RW-algebra. Then the functional f; associates to the element x the complex 


number given by 


xf (x)=(2j+1) | D¢jm|x| jm). (2.80) 


m 


It is clear that this defines a linear functional. To verify that it is positive, 
one observes that 


f(xtx)=(2j+ i ¢ jm|x*x| jm) 


m 


=(27+1)'D (O.%,) 20. (2.81) 


(Here ¢,, is the vector x| jm) E5IC.) 


By means of this functional we can construct a representation of the 
RW-algebra, in general distinct from the defining (self) representation. We 
represent the element x RW-algebra by x—A,, where A, is the left 
translation generated by x. It follows from a theorem of Gel’fand and 
Naimark [31, Theorem 3, p. 250] that this is a cyclic representation 
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generated by a cyclic vector ¢{/), despite the fact that in the original 
representation ¢t/) may not correspond to any vector in SC. (This remark is 
essential for understanding the maximality proof below.) 

Each of the functionals f,; determines an inner product in the associated 
representation. (See Remark below.) This inner product is given by 


§(¥*x)=O.x),5 (2.82) 


where the subscript j is a reminder that this inner product may differ from 
the original inner product in K. 

The importance of the set of functionals { f,} is that they can be used to 
define left ideals in the RW-algebra. Let us define the set §( /) to be the set 
of elements {y} whose norm vanishes in the inner product defined by Ihe 
Thus, the set 5(/) is defined by 


$(j)={yERW: f(yty)=0}. (2.83) 
Assertion: The set §(j) is a left ideal of RW. 


Proof. The Schwartz inequality shows that 
[HOY )P <h x) G(y*y). (2.84) 


Now let y€§(/) and x be an arbitrary element of the RW-algebra. The 
condition that xy belongs to §(/) is that 


8) 0) (2285) 


But by the Schwartz inequality [applied to (x*xy)* and y] this is true, since 
LO y=: . 

We must also verify that, if y, and y, €9(/), then so does the element 
y, +y2. One finds that 


i(OntnOntn)=for th Ot) th OT) +HOF)=9, 
(2.86) 


since the first and fourth terms are zero (by hypothesis) and the second and 
third terms vanish by the Schwartz inequality. taal 


Remark. The functional f, determines an equivalence relation in the 
RW-algebra. Two elements x and y@RW are called equivalent, x~y, if 
the difference x—y belongs to $(/). Modulo this equivalence relation, the 
functional f, determines an inner product. 
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This construction has, so far, been essentially a transcription of the 
general Gel’fand—Raikov procedure, but the method becomes categoric for 
RW-algebras when we apply the Wigner—Eckart theorem. Recall that the 
W-E theorem asserts that a general element of the RW-algebra having 
grade 2/ and projection M may be written in the form 


J J+A 
oe (y 0 a), (2.87) 


where /(A) is an invariant operator (grade 0). 
Now consider the functional f; applied to x74,X;,, (or, equivalently, x;y, 
applied to the cyclic vector ¢f/) of the representation generated by f;). We 


find thar ay ve 9 )f(A)-0, if 7 lies in the characteristic null space of this 


Wigner operator. Since the characteristic null space is a step function on 


ee) having zero for all ;<(J—A)/2, we see that the ideal $(/) 


becomes a condition on the label A. 

To express this somewhat differently, we see that the existence of the set 
of ideals allows one to determine, purely algebraically, some information on 
the operator shift label A. For the ideal §(j), we find that all Wigner 


A : 
Operators ae 0) having A>=—/,—J +15... J—2)/-193(7 =) ) are 


equivalent to zero [belong to §( /)]. Note that membership in the ideal §( /) 
depends only on the labels J and A of the Wigner operators. To avoid the 
complication of vanishings due to the magnetic quantum number M, it is 
essential to use an averaging (called incoherent mixing in quantum physics) 
in the density matrix operator p; (or, expressed equivalently with different 
words, on the functional f,). 

In order to sharpen this concept of “splitting” the operators by the label 
A, let us introduce an ordering in the set of functionals f,. Consider two 
positive functionals, f, and /,. The functional f, will be fenmed subordinate to 
f, —denoted by f,>f,—if, for some constant A>0, Af, —f, is a positive 
functional. 

Let us demonstrate now that the set of functionals { f f;} is simply ordered: 
ea ea) 

: : : ata 
To do this consider first the set of Wigner operators { ( 27 0) = 


df ae MM 
J,.... —J} = {w,}, and consider the set of associated norms (1, w),;. Using 


Bes. ( (2.10), (2.31), and the orthogonality and symmetry properties of the 
Wigner coefficients, one finds that 


7 2j+1+2A 
Glwrw = Ora a )s= BFE Ty arty edits (2.88) 
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where €, ;_,,, 1S the unit step function defined in Eq. (2.37) (it has the value 
ale Neer 2a atid the Valics tor A—/ —27—1,..—/ for 
ve sand the valuc el ior all A—/,j—l 7 for J=j.) Choosing A= 
(27’+1)/(2j+1) and j’>j, we obtain from Eq. (2.88) the following results: 


Nh) 
Pee i AIC oie 
(Af. -f)(wtw)=4  27’+142A 
eu J / oo A o as , 
(j+NQS41)’ B= 2 aa ey 
| 0, A=J—2;’-1,...,—J, 


where these relations apply in the case where J satisfies J>j’>j. If J 


satisfies /<j<y’, then only the top equation applies with A=J,..., —J; if J 
satisfies /’2J>j, then the top two equations apply with A=J,...,/—2/ 
and A=f— 2 f= lens, — J, respectively. These results establish that f, >f, for 


j’>y, since the invariant factors (elements of grade 0) that enter in the 
general element of the RW-algebra contribute the same numerical factor 
(positive or zero) in both f; and f,. 

Let us observe next that the associated ideals §( 7) are maximal ideals. 
(They are clearly proper ideals.) To establish that the ideals are maximal, let 
us assume, on the contrary, that there is an element g of the ideal that is of 
the form f(g*g)#0. But then all elements x € RW-algebra would belong to 
the ideal, since we may represent x by the identity 
6 * 
ee ete ae F (2.90) 


UES) 


x= 


i (g*g) 


where P, is the projection operator onto the subspace of the cyclic vector } 
of the POenienon generated by jf. Since the element belongs to the ideal 
§( j)— that is, 


Pees 
$ 

eam oS (2.91) 

Cae?) 
we see that the identity expresses x as an element of the left ideal generated 
by g and {( /). This is a contradiction, thereby proving the stated maximal- 
ity. 

The fact that the functionals /; are ordered allows one to determine the 
Wigner operator label A purely algebraically. Consider the set of elements of 
grade 2J that do not belong to the ideal §(0), 7=0. Such elements neces- 
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sarily are of the form 


eo 
x= (2s Q ) (invariant operator). (2.92) 
J+M 


By normalizing the element x, we can recover the Wigner operator 

oy ae , thereby determining the operator having A=/. To proceed 
further, one considers the set of elements of grade 2/ that do not belong to 
the ideal $(1/2) and are orthogonal to the operator ( 27 a, . This 
determines, after normalizing, the operator (2/ 0) having A=J—1. By 
iterating this procedure, the set of Wigner operators Ne 0) isin 


principle, uniquely determined (to within an overall phase), purely algebrai- 
cally, as asserted. The converse— to construct the Wigner operator from the 
transformation properties (grading) and the characteristic null space infor- 
mation (the ordered ideals)—1s carried out in the next chapter. 


8. Notes 


1. Precise definition of a tensor operator. Following the discussion of 
Michel [33], we give in this note a precise definition of a tensor operator. 

Let iC denote the Hilbert space of state vectors of a given physical system. 
Assume that we have a symmetry group G acting on ‘K with the unitary 
representation {U(g): g€G}. Let us denote by &(35C)=Hom (SC. IC) the 
vector space of linear operators on JC. [Thus, both K and & (SC) are group 
spaces (G-spaces).] Assume further that we have a finite-dimensional space 
& on which G acts with the representation { D(g): g€G}. Then we define: 
An &-tensor operator for G is an element of Hom (&.&(3C))°, that is, it is an 
equivariant linear map T, T: 6>2&(SC), which satisfies 


U(g)T(m)U(g~')=T(D(g)nr), each mEG&, each gEG. (2.93) 


In this result, 7(m) denotes the operator in £(3C) to which the element 
m€®6 is mapped by 7, that is, T: m—>T(m); the notation D( g)m denotes 
the element of & to which the element 7:€& is mapped under the action of 
the group element g€G, that is, g: m— D(g)n. 

Next, let A denote the Lie algebra of G and let {L(a):a€A} and 
{iF(a):a€A} denote, respectively, the representations of A obtained by 
differentiating the representations {U(g): g&G} and {D(g): g@G}. One 
finds 


Ea (a) aaa onter 
| F(a), F(a’)]=iF(aAa’) on KX. 


a 


Notes 41 


for all elements a, a’ GA, where a/\a' GA denotes the (Lie bracket) product 
of elements a and a’. The equivariance condition (2.93) now takes the form: 


[Ae a SCE ya). (2.94) 


where L(a)m is the element of & to which m€& is mapped by the operator 
L(a). [When specialized to G=SU(2) and { F(a): a€su(2)}=(J,, Jy, J) = 
{generators of SU(2)}, the condition (2.94) is precisely the commutation 
relation given by Eq. (2.5).] 

By definition an “&-tensor operator” is a G-morphism from & to &(SC). If 
the representation {D(g): g&G} is irreducible, then the corresponding 
G-morphism is called in physics “an irreducible tensor operator.” 

Let us remark also that one can define the sum 7,+7, of two &-tensor 
operators, T, and 7,, by 


T,+T,:m->T,(m)+T,(m), each meE&. 


Moreover, if 7, and 7, are an &,-tensor operator and an &,-tensor operator, 
respectively, then one can also define the sum 7,®7, and the product 
T,@ T, by 


TT net 1 (tA, oe to( iy), cach m1, Pt, eo, ob o., 


T,@T,: m,O@m,—>T,(m,)T,(m,), each m,O@m,€5 ,@&,. 


2. Special Wigner operators. The unit tensor operators of the type! 


J 0 
[2 0 )-(s =) (2.95) 
J+M M 


map each irrep space JC, into itself. Accordingly, these Wigner operators 
form a subalgebra of RW-algebra. Moreover, each such Wigner operator may 
be realized as a normalized element in the enveloping algebra of the Lie 
algebra of SU(2). 

In particular, one has for M=J: 


3 


lu ; 0 }=-0[ Se] | I artis) > (296) 
2g a 


dak! 
The operator (2.95) may now be generated by repeated commutation with 


'See the Note at the end of Chapter 3 for the definition of equivalent Wigner operators. 
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i = orl | (uy o}| LOY 
rn orev a7 then, OO! 


where the notation [A, B],,, denotes k-fold commutation with A; that is, 
[A, Blo =, [A, Bla) =[A, B], (A, Bla, =[ 4,14, BI], ete. 

The Wigner operators (2.97) occur often in physical applications and have 
been discussed extensively in Note 10 to Chapter 3 in AMQP. We have 
summarized their properties in Tables 1 and 2 in the Appendix of Tables. 

3. Finite-dimensional matrix representations of special Wigner operators. 
The set of Wigner operators for which the shift label A is nonpositive can be 
represented by finite-dimensional matrices; correspondingly, all relations 
between Wigner operators and Racah invariant operators that entail only 
“free” (no summation) shift labels may be realized, when restricted to cases 
of nonpositive shift labels, by finite-dimensional matrices. 

This result is a consequence of the fact that we may split the Hilbert 
space ‘K into two orthogonal subspaces, 


oa ee 
where ‘Y, is defined by 
Vi, =HyO I. OH ,B --- OK, 
for each kK=0,4,1,.... (The symbol ‘V,* denotes the orthogonal comple- 


ment of ‘VY, in JC.) It follows, then, that 


at+p 
2a ean, each a, each k, each p<0. 
ata 


Furthermore, it follows from the characteristic null space of a Wigner 
operator that on the space ‘Y, we have 
a+p 
a eh Os for a— p=2k+1 and pO. 


ata 


Thus, all but a finite number of Wigner operators having a nonpositive shift 
label annihilate ‘VY, (and hence are represented on ‘V, by the zero matrix). 
One may further split the space ‘VY, into two subspaces, 


—arOaard 
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where V° and ‘V denote, respectively, the sum of subspaces in ‘Y, 
corresponding to integral and half-integral values of j. Then each subspace, 
“V and ‘V,, is invariant under the action of the Wigner operators having 
integral a and p=0,-—1,...,-—a. An example of this latter structure is 
provided by the geometric action of the dot and cross product of vectors as 
discussed in AMQP [see Eqs. (6.117)}], where the space is ‘V,. 


9. Appendix 
Orthogonality of the Racah Invariant Operators 


In this appendix, we prove the orthogonality relations, Eqs. (2.54), for the 
Racah invariant operators, using the definition (2.48) and the orthog- 
onality relations, Eqs. (2.33) and (2.35), for the unit tensor operators. 

Consider the proof of the first orthogonality relation of Eqs. (2.54). We 
proceed directly from the definition (2.48), using the fact that a Racah 
invariant operator is Hermitian: 
> (wes )' ward = DS woee waee 


pot "'pot 
po po 


crT 
= CHG ane 0 
2 B’y’~aBy ety’ 
a’B’y’ 


1y 
— d+ 
= >») Cabecabd 5 "F Dal 
aBy~aBy ct+y 


aBy dy 


Gain Gani t 
=) oe DG - OF ol (A.1) 
a 


Cary 


To prove the second orthogonality relation, Eq. (2.54), for the Racah 
invariants, we start with Eq. (2.47). Taking the Hermitian conjugate of this 
equation, forming the product with the original equation, and summing over 
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y and c yields the following result: 


C+T Gale if a 
SW . > OG 0 ao. 0 Wee 


ji 5 Galahy; ry 
as b ¢ abe abe abe 
—_ Were, pW G0 oT = 20s, Gale Woe poe st 


parr a+p 
ay Pree ee * 5 2b O}\2% 0 


yaa’ G Dry C: es! 
, t 
ap j (arar 0) 
™\ 2a 2b 0 
at+a’ [Bays 
ei) at+p aap 
=> | 20 O) | See ON 2a 0 
: ay Y Cae) ey ae 
get — yee i 
K | BE 0 
bay 
birt) b+7—p ' 
0 eee QE op 0 
Y b+y’ b+y’ 
barre ee Ge 70) ‘ 
28 EOS | ob Oni 26 0 
ee b+y' bt+y’ 
=O, (19, ioe 0s ee (A.2) 
where 
LEN ee ie = eee ae). 
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CARTER 3 


Null Space Properties and 
Structure Theorems for 
RW-Algebra 


1. The Pattern Calculus 


The term “pattern calculus” is an informal designation given to the 
technique of evaluating explicitly matrix elements of tensor operators by 
means of symbolic diagrams and rules (associating diagrams to numerical 
matrix elements). The utility of such techniques cannot be fully appreciated 
in a structure as simple as that of angular momentum theory; rather, one 
must consider the whole family of unitary groups [U(n)]—for which the 
pattern calculus was in fact designed—before it becomes apparent just how 
great the simplifications achieved by the pattern calculus really are. 

The need for such techniques is quickly apparent in U() and can already 
be seen in the introduction of the Gel’fand pattern [see Appendix A to 
Chapter 5, AMQP]. The great merit of the Gel’fand pattern lies in the 
replacement of the many complicated inequalities among the state vector 
labels by “obvious” geometric constraints (betweenness); this replacement, 
in fact, makes explicit the freedom of independent (but globally con- 
strained) “small motions” of the various labels. The pattern calculus at- 
tempts to extend such considerations to the tensor operators in U(n). 

One achieves great simplifications by formally extending the SU(2) states 
of Chapter 2 to U(2) states denoted by a Gel’fand pattern: 


Dil 0 m m me 
ee el al (3.1) 
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Since the angular momentum j=(m,,—m),,)/2 and the projection 
m=m,,—(m,, +m,)/2 are invariant to an arbitrary constant shift of all 
Gelfand labels, 


(aap = al oes. (a2) 


t 


this formal extension to U(2) changes nothing whatsoever in SU(2), and we 
may simply regard this formal change as defining an equivalence class of 
patterns for SU(2) (see the Note at the end of this chapter for further 
discussion). 

Consider, then, the U(2) unit tensor operator 


Mp M,, : ( 


The action (see the Note) of this operator on the generic U(2) basis vector 
|(m)) is to map this vector to (a scalar multiple of) a new vector |(™’)) 
whose labels are shifted: 


(m)=("™ ee es My TA, 
ay 


=("" ae a >|, (3.4) 


The shift pattern 
= A, A, 
re ere 


introduced in Eq. (3.4) is defined in terms of the unit tensor operator (3.3) 
itself by two rules: 
(a) The operator pattern 


specifies the shift in the U(2) representation labels m,, and m,,: 11,, > 
ip Oy ANd iat See Wilete “ 


Sy. Ma oe te (3.5) 
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(b) The Gel’ fand pattern 
| M) My, | 
M, 


specifies the shift in the U(1) representation label m,,: m,,>m,,+W,, 
where 


W,=M,,. (3.6) 


It should be noted explicitly that the labels appearing in a shift pattern do 
not, in general, satisfy the betweenness conditions. 

The relevant idea of the pattern calculus rules is to associate an algebraic 
factor with the shift pattern 


A A 
| : W, | (3.7) 
and the initial basis vector labels 
m m 
| ie my, Ze (3.8) 


and then to relate this algebraic factor to the nonvanishing matrix elements 
of the unit tensor operator (3.3) itself. 

The first part of the pattern calculus rules associates a pattern of dots and 
arrows (called an arrow pattern) with the shift pattern (3.7), and is a 
symbolic diagram representing the shift pattern; the second part of the rules 
assigns to the arrow pattern an algebraic factor depending on the basis 
vectors labels (3.8) [this algebraic factor is called the pattern calculus factor 
of the operator (3.3)]. 

We shall first state the pattern calculus rules for the four fundamental 
Wigner operators (10), since these rules will imply the more general rules to 
be stated later.! 


Pattern Calculus Rules for Fundamental Operators 


1. The arrow pattern 

The arrow pattern is obtained from a shift pattern by represent- 
ing each position in the shift pattern by a dot (node) and then 
drawing an arrow from each dot where a 1 occurs to each dot 
where a 0 occurs. 


'The general pattern calculus rules are stated fully on pp. 58-59, 65-66. 


50 Null Space Properties and Structure Theorems for RW-Algebra 
The association of the fundamental Wigner operators to shift 
patterns to arrow patterns is thus given by 


Fundamental Wigner Shift pattern Arrow pattern 
operator 


— or 
_—s —_—k 
(a) — —_—k ok 
i=) i=) 
ee ee 
l I 
—— =] 
—k —k 
oO —k 
i>) i=) 
1 ! 
ae 
e ‘ ° st 


(1% | = (cou 2 a (3.9) 


2. The labeled arrow pattern 

A labeled arrow pattern is obtained from an arrow pattern by 
assigning the partial hooks p;=m,+j—i to the corresponding 
dots in the arrow pattern, where the dots are labeled 


i ee 
11 i 


For example, the labeled arrow pattern for 


Pin Poo 


*—>e js e—-e 


3. The pattern calculus factor 

An algebraic factor, called the pattern calculus factor, is ob- 
tained from a labeled arrow pattern by applying the following 
three rules: 

(a) Assign to each arrow the factor 


Ptait — Pheaa WD (3.10) 
where 


ae =|° if tail is in top row, 
uel 1 if tailis in bottom row. 
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(The symbols p,,;, ANd P,reag denote, respectively, the partial hook 
assigned to the dot at the tail and head of an arrow.) 
(b) Write out the algebraic factor: 


factor for arrow going between rows |? 
factor for arrow going within top row 


This is called the pattern calculus factor for the Wigner opera- 
tor represented by the arrow diagram. 


Using these rules, we find the following pattern calculus factors for the 
fundamental Wigner operators: 


Wigner operator Labeled arrow pattern Pattern calculus factor 
Pip wap 
] “—e es +] : 
[ | z a |e we | 
] ° ale mie 
Py 
Dia jean 
( 0] Ee os eae 
0 ° Pi2~ P22 
Pi 
Pi2 Px 
7 hoo = eal 
1 ° P22 Pi2 ; 
Pi 
Pi2 P22 
9) o<ce —_ ; 
1 0 ‘ = = a > ea 
0 ° P22 Pi2 
Pi 


If we put these results in terms of standard (jm)-notation, we find, for 


example, that 
= Np, Woe \ aie 2a 2 jam 
0 wen) jg ee ees | 


In each case the pattern calculus factor is, to within sign (+), the matrix 
element (Wigner coefficient) of the corresponding fundamental Wigner opera- 
1OP 


Dit | M9 
mM), 
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The sign of the Wigner coefficient corresponding to the Wigner operator 


- 
12082 i,7=0,1 
i 


sign—sien( a=) )s 


is given by the rule 


where sign a=+1 for a=0 and sign a=—1 for a<0. We shall generally 
consider the pattern calculus factor itself to have a + sign, leaving the 
problem of the sign of a Wigner coefficient as a separate issue. 


Remarks. (a) At this point, no doubt, one may be inclined to feel that the 
pattern calculus is an overly complicated and elaborate way to calculate [for 
SU(2)| merely four matrix elements! Let us try to dispel this feeling: The 
rules have a natural extension to the general unitary group U(n), the shift 
pattern' having now two rows of n and n—| entries, respectively, and this 
extension yields directly all matrix elements of all elementary Wigner operators 
(operators whose irrep labels are 1’s and 0’s). These rules thus yield the 
matrix elements (up to phase) of a denumerably infinite set of operators 
(n=2,3,4,...). 

(6) Probably more important, however, is the fact that one achieves by 
means of the pattern calculus a fully explicit algebra of operators, for which 
the product of an arbitrary number of elementary operators is fully defined. 
In other words, the pattern calculus can implement for the general unitary 
group a significant generalization of the RW-algebra of angular momentum 
theory (see Ref. [1]). 


2. Structural Results for the General [SU(2)] Wigner 
Operator 


Wigner operators as forms on the fundamental operators. As a first applica- 
tion of the pattern calculus, we shall give a form for the general Wigner 
operator as a structure based on the fundamental Wigner operators. This 
general structure can be specialized to yield either Wigner’s or Racah’s 
series defining the general Wigner coefficient. 

To begin, let us recall the result obtained in Chapter 5 of AMQP for the 
rotation matrices expressed abstractly in terms of an arbitrary 2X2 matrix 


'These shift patterns are those of the so-called U(n): U(n—1) projective operators. The 
extension of the U(2) pattern calculus rules requires only that one now multiply together all 
factors associated with arrows going between rows to obtain the numerator, and all factors 


associated with arrows going within rows to obtain the denominator, of the pattern calculus 
factor. 
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V. This result reads 


Dh (V)=[(jtm)\( fom) jtm’)( pom’)! 
Omen. mt 

eh EN Pra ee 
(ai)i(a?)i(ab)(a3)1 


where the sum is over all nonnegative integers (a/) satisfying the row and 
column sum constraints indicated by the array 


(3.12) 


a, a; | j+m 


a a5 he 
it f= 


Thus, the (a/) are to satisfy aj +a, =j/+m’, a? t+a5=j—n’, al +02 =j+m, 
a hae =e 

The defining property of these rotation matrices is that they satisfy the 
multiplicative identity 


DU )D(V)=Di(UV). Ge) 


We have seen in Chapter 5 of AMQP that there is a connection (umbral 
transformation) between the Wigner coefficients and the rotation matrices. 
This connection will now be given in a new form, as an operator relation. 

Let us simply replace, in Eq. (3.12), the four complex numbers v;; by the 
four fundamental Wigner operators: 


v..> | ] (ae (3.14) 


(The particular labels, 2—i and 2—/, are chosen to replace the numerals 1, 2 
by the 1, 0 of the pattern notation.) This replacement clearly defines a new 
operator, explicitly determined by the pattern calculus. We now.seek to 
interpret this operator. 

There is, however, a slight problem to be disposed of first. The fundamen- 
tal operators do not all commute, so that in the substitution V> (10), given 
by Eq. (3.14), one must pay attention to the order of the factors.’ One easily 
verifies (directly) that fundamental operators having the same operator pattern 


'Since the underlying operator structure is associative, there are no problems of bracketing 
any sequence of operators, all bracketings being the same. 
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commute; that is, 


T T 
( 0). (1 0 ||-0 for 7.1, 7=0) (3.15) 
i J 


We shall choose two particular orderings for the terms in the series, and 
show that both orderings lead—to within an overall invariant factor—to 
the same Wigner operator 


These two orderings are! 


2 
aaa }sp00= fle 


Jo! 


a 
rico) a 1) (een 


(3.16) 
(2) oe )see=] cay] 
J+M i= 
<r(1'o) (1 ro) (1°o}” (°o) / i (a/)!, 
(a) 1 0 1 0 iia 
(onl 


In these equations, we have used the following labels: [A,A,]=[/+A 
J—A], [W,W,J=[J+M J-—M)]; the symbol [a] designates [see Eq. (3.12)] 
that the summation is over all nonnegative meets satisfying the fixed row 
and column sum constraints a} +e5=A,, a?+a3=A,, alt+a?=W,. 
a +a5 = W,. We indicate this by writing 


2 
a) a 


W, 
a, as | oe (3.18) 
A, A, 
'Note that, by using the correspondences given by Eq. (2.25), we obtain from Eqs. (3.16) and 


(3.17) two explicit boson realizations of the general SU(2) Wigner operator acting on the boson 
space JC defined in Chapter 2. 
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In order to prove that the operator defined by the right-hand side of each 
oe : J+A 
of Eqs. (3.16) and (3.17) is, in fact, a multiple of ( 27 ~ 0 ), let us note 


: DTP, J+M 
first that the shift induced by any product of fundamental operators is 
additive. Thus, using the [a] constraints, we find for the two operators in 
Eqs. (3.16) and (3.17) precisely the shift pattern 
ee a 
J+M 


This verifies the operator pattern labels for the operator 


Next consider the behavior of the fundamental operators under an SU(2) 
transformation U=(u;,). To each U there corresponds a transformation 0,, 
of the basis states |(m)). [In the boson realization, ©,, is the operator Ty 
defined by Eq. (2.26); see also Appendix E to Chapter 5, AMQP.] Since the 
(10) are unit tensor operators, we find 


T ti T 
U: eS =o), a Cy IO ae (3.19) 
i I 


Note that commuting sets of fundamental operators are transformed by Eq. 
(3.19) into commuting sets. 

Thus, under the similarity transformation of fundamental Wigner opera- 
tors given by the middle part of Eq. (3.19), the right-hand side (denoted 
RHS) of either Eq. (3.16) or (3.17) undergoes the transformation 


U: (RHS)—©,,(RHS)0,,-1. 


On the other hand, the summation in the RHS of Eq. (3.16) or (3.17) is 
designed so that it transforms under the substitution 


in the same way as the representation function (3.12) under the substitution 
Oi, > » OU; 
i 


Since D?(UV)=D/(U)D“(V ), we find that the RHS of Eq. (3.16) or (3.17) 
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undergoes the transformation that is characteristic of a tensor operator ieee 


Ue 0 tema), Dac tae 
7 


These two properties (the shift and transformation properties) together 
imply that the right-hand side of Eq. (3.16) or (3.17) can differ from a 
Wigner operator having the labels of the left-hand side of these equations by 
at most a multiplicative invariant operator. 

The eigenvalues of the invariant operators may be found from a special 
case—namely, by setting M=J. Equations (3.16) and (3.17) then reduce to 


monomials: 
Teeas 
0 ; 


J+A 
(2) 0 }sp0= 
2J 
(3.20) 


Fao i. (Qu)! 1 1 GEN 0 J-A 
fa to la =| goa [110] (1° | 3 
Con 


Operating with Eqs. (3.20) and (3.21) on an arbitrary basis vector, using the 
pattern calculus rules repeatedly, and using the value of the special Wigner 
coefficient, which arises on the left-hand side, we obtain! 


(27)! 
aso 


Nu 
—a 
— 
= = 
— 
a 
ow 
| 
cb 
a 
_ 
— = 


iS 


ui 
2 


(m2 —mMy —A, + sy, 


' a2 
(my —My + 1)a, ( ) 


Ce (ine mn)=| 


(m2 ~My +A, —A, +2) 
PCa ey nme eee, lle ee |” 323 
12 ( 12 22) (m2 My, —A, +2), ( 


(AA, A 
where ${°1°2(m,, m2) and ${°2)(m,, m3) denote the eigenvalues of the 


corresponding invariant operators on the state |(77)). 

These results, together with Eqs. (3.16) and (3.17), may now be used to 
obtain explicit expressions for the general SU(2) Wigner coefficient. The 
evaluation of the matrix elements in Eqs. (3.16) and (3.17) is not difficult 
when the pattern calculus techniques to be developed in the next section are 
used.” 


"We use the Pochhammer notation (x), to denote a rising factorial: (x), =x(x+]1)... 


°The results expressed by Eqs. (3.16)—(3.23) generalize directly to the ¢p0...0) tensor 
operators in U(1) (see Ref. [{2)). 
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It is interesting to observe that the form (3.17) produces the van der 
Waerden (or Racah) form?’ of the coefficients, whereas the form (3.16) 
produces the Wigner form of the coefficients [see Eqs. (3.170) and (3.171) of 
AMOQP]. 


Further development of the pattern calculus. The general Wigner operator 
has been expressed above as a form defined on the fundamental operators. 
We should like to demonstrate now that the pattern calculus when applied 
to this result leads to significant insights into the structure of this otherwise 
rather formal result. 

Let us consider first a product of any number of fundamental Wigner 
operators. The operators in this product may be represented by a sequence 
of arrow patterns by using the correspondences (3.9). Furthermore, the 
action of this product of Wigner operators on a basis vector |(m)) may 
itself be represented symbolically as the action of the corresponding se- 
quence of arrow patterns on the basis vector labels (m). In this latter case, 
we write, for example, the symbolic equation 


Ej ps iey: 


: apo |! 


where we regard the labeled arrow pattern as “numerical.” The action of a 
second arrow pattern on this relation then gives, for example, 


oo—e eo— ¢ 


m m 
, 12 a 
2 é ( my, 
Pi2 P2 
* — es . — « +] m 
=a. , ie ; #| 
° ° myt 
Pu 


Pi2tl Pin Pir Pr 


= oa 5 Waa M9 
7 ‘ pias | 


oy! Pu 


3The van der Waerden form of the coefficients was rediscovered by Racah; see Chapter 3, 
Section 12, AMQP, for a discussion of the various forms in which the Wigner coefficient may 
be written. 
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The matrix element of the product of Wigner operators 


] ] “—7e «© ee 
10 lee) see Z 
0 ] ° ° 


is now obtained by making the mappings (3.11) on the labeled arrow 
patterns: 


Pratl Px» Pi2 P2 


o—-e o—e 


\ — 


(Pio See 
(Piz =p a) 


Pit! Py 


The preceding method implements symbolically the use of the pattern 
calculus rules for evaluating matrix elements (accounting for phases) of 
products of fundamental Wigner operators. Although useful for this pur- 
pose, it does not alone lead to the desired generalization of the pattern 
calculus rules, since an arbitrary product of fundamental Wigner operators 
is not, in general, again a Wigner operator. 

The exception to this result is seen from Eqs. (3.16) and (3.17) to occur 
when all the fundamental Wigner operators in a product commute: Any 
product of commuting fundamental Wigner operators is again a Wigner 
operator (up to a multiplicative invariant). This result, when interpreted in 
terms of arrow patterns, will lead to the desired generalization of the pattern 
calculus rules. 

The first significant result is as follows: The two arrow patterns for two 
commuting fundamental Wigner operators contain no opposing arrows. (Two 
arrow patterns are said to contain no opposing arrows if there are no arrows 
going in opposite directions between corresponding pairs of points. In this 
case we say that the two Wigner operators have the “no-opposing-arrow”’ 
property.) 

An example will now indicate the generalization of the pattern calculus 
rules implied by the no-opposing-arrow property. Consider the following 
product: 


Pirt2 Py Prt] Py» Pir Px 


° _—> «¢ _—- —-e 
i %, \ 
Pu Pu Puy 


(Pio Sn Pit aU Day =e!) 2 
(Pp —Pr2)( Pio aD) +1)( py Pap 12) , 
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This result is just that obtained from the combined shift pattern 


SU] ey ot 
eat Geraci 
in the following way: We first form the arrow pattern with multiple arrows 
given by 
«pe 
Nee 


P 


We then assign the partial hooks (”” hs 2 to the corresponding points 


and interpret the partial hook differences factorially: 


Pi2 P22 1 
Oe (Dis Pii))| Pie Oe 
\7 (Pi —Px), , 
Pit 


This result leads to the following rule for associating an arrow pattern 
with a general shift pattern, and a pattern calculus factor with a labeled 
arrow pattern: : 

1. The arrow pattern 

The arrow pattern is obtained from the shift pattern 


Ay NS 
W, 

by representing (as before) each position in the shift pattern by a 
dot and then drawing arrows between pairs of dots. The number 
of arrows going between each pair of dots is equal to the dif- 
ference between the numerical shift values corresponding to the 
respective dots, and the direction of each arrow is from the dot 
having the larger shift, A,,,,, to the dot having the smaller shift, 
ead 
2. The labeled arrow pattern 

The labeled arrow pattern is obtained from the arrow pattern by 
assigning the partial hooks appearing in the pattern 


( Pr2 Poo 
Py 


to the corresponding dot. 
3. The pattern calculus factor 
The pattern calculus factor is obtained from the labeled arrow 


pattern by assigning the rising factorial 


(ya — aoe 
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to each pair of labeled dots, where A denotes the number of 
arrows going between the pair of dots. The pattern calculus 
factor is defined by 


(3.24) 


product of the two rising factorials for arrows going between rows 
rising factorial for arrows in top row 


It is to be emphasized that the rule obtained above is a consequence of the 
original pattern calculus rules for fundamental operators and is not an 
arbitrary new rule. 

This generalization of the pattern calculus rules applies to products of 
fundamental Wigner operators (no opposing arrows), but we still must 
interpret the relationship of these rules to the evaluation of the matrix 
elements of the general Wigner operator itself. Equations (3.16) and (3.17) 
are the key to this interpretation. 

Recalling that two fundamental Wigner operators with no opposing 
arrows commute, we see from Eqs. (3.16) and (3.17) that there are just two 
general Wigner operators that may be composed of products of fundamen- 
tal operators having no opposing arrows: 


; ee (2J)! 2 
Ja | || COIS 
1 J+M 1 J—M 
x ( a) ( 0 , (325) 
] 0 
; 0 _ (2J)! 2 
Saye Ga = 
0 J+M 0 J—M 
0 1 0 (3.26) 
1 0 
From these results, we conclude: The pattern calculus rules, as gener- 
alized above and applied to the shift patterns, 


ee 22] 


0 0 
J+M | aud | J+M 


yield, respectively, the matrix elements of the Wigner operators 


oe 0 
ial 0 and 2d 0 
J+M Yasui 


Structural Results for the General [SU(2)] Wigner Operator 61 


having extremal operator patterns,' but only up to a sign and the multiplica- 
tive factor (2)! /(J+M)(J-—M)Ip. It is the geometric property of no 
opposing arrows that underlies this result. 

We may now use this result for extremal patterns to obtain the signifi- 
cance of the pattern calculus factor for the general Wigner operator, 
obtaining at the same time the most general form of the pattern calculus 
rules. 

Using the results given by Eqs. (3.25) and (3.26), we can express the forms 
for (2/ 0) given in Eqs. (3.16) and (3.17) in terms of two extremal Wigner 
operators: 


tgs 
(2) 0 arr— for ony 


J+M 


0 AG 5 1 
— A, 0 An 0 /| II (a)! 
[a] as ay oe 
(3.27) 
dee ae 
2J OFS ae 
J+M 
A, 0 2 ; 
<> oO A, 0 /| II (of 
[a] ay ar A) 
(3.28) 


In these equations, we have [A,A,J=[J+A J—A], [W,W,]J=[J+MJ—M], 
and the symbol’ [@] designates, as earlier, the constraints indicated by 
(3.18). 

Let us turn now to the problem posed by the existence of opposing arrows 
in the evaluation of the matrix element associated with the general operator 
(2J 0), using the representation given by Eq. (3.28) above. 

For a generic term in the sum over , we have the operator product 
associated with the pair of shift patterns (using (3.28)]: 


ir 
‘An extremal operator pattern is one in which I), in M - M reaches a boundary; 
12 2 
that is, T};= Mj, or T);=M 2. This same terminology is applied also to Gel’fand patterns. If 
either pattern (operator or Gel’fand) in a Wigner operator is extremal, then the Wigner 
operator is a monomial in the fundamental operators [see Eqs. (3.20)-(3.21)}. 
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This, in turn, implies the pair of arrow patterns given by 


A 


o ~~ —— « 


A, 2 
A, — Wi a at vy) A, ay, 


in which the label placed near an arrow designates the number of arrows 
going between the two points in the indicated direction. Note that the 
constraints imposed by the [a] matrix imply that A, =a} and A, 2a;; this 
illustrates that the entries in a shift pattern need not obey betweenness. 

It is the great merit of the pattern calculus that it suggests an approach to 
the desired answer. First one notes that attention can be confined to the 
arrows between any pair of dots in the sequence of arrow patterns. This line 
of reasoning further suggests that one may consider the numerator and 
denominator patterns separately. 

Consider then the numerator pattern, and confine attention to one pair of 
dots, the pair indexed by (12) and (11). We necessarily have one of two 
cases: Either aj =A, —aj, which implies the patterns 


SPS = \ 
a f 
a ee eee ee a? +a} —A, unpaired 
arrows arrows 1 paired arrows arrows 
in opposition 


(3.29) 


or a7 <A, —aj, which implies the patterns 


NN SB NG eee 


ne 
a a Bo =a 5 ee 
arrows arrows unpaired arrows |, Paired arrows 
in opposition 


In obtaining these symbolic results, we have used the associativity of the 
pattern calculus to regroup the arrows. 
Observe now that each of the composite arrow patterns of the type 


so or ees 
a pairs of arrows a pairs of arrows 
In opposition In Opposition 
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effects the same shift, 
(Dp Ban) Ape oe) 


on the partial hooks of a generic Gel’fand pattern. Since only differences 
enter into the algebraic factor associated with an arrow pattern, the presence 
of the paired arrow patterns in the diagrams (3.29) and (3.30) has no effect 
whatsoever on the algebraic factor associated with the unpaired arrow 
patterns. Indeed, using the constraint aj +a; =W,=J+M, we see that the 
algebraic factors corresponding to the arrow patterns 


x and x 


W, ae A, A, va W, 
arrows arrows 


in the diagrams (3.29) and (3.30), respectively, factor out of the [a] sum. 
These factors are precisely those obtained by applying the pattern calculus rules 
for multiple arrows directly to the arrow pattern for the (12) and (11) dots in 
the shift pattern 


A, ay Jae 
W of the operator \ 2J 0 
U J+M 


To evaluate the algebraic factor associated with the opposing arrows in 
diagrams (3.29) and (3.30), we again use the pattern calculus rules. One 
finds the remarkable result that each of the algebraic factors is a perfect 
square (opposing arrows always yield squared factors in the partial hook 
differences). The square root is thus a product of linear factors. Explicitly, 
for the two possibilities, one finds, respectively, the following (positive) 
factors:! 


a! 
Pn Pret =) Api ehie 4) 1) 


lente ela UC 


ahs 


(We have made use of the constraint a =A, —a}.) 


"Careful attention must be paid to the verification that each factor in the rising factorial in 
these results is negative (or zero) for all values of the initial labels (m) and of the final labels 
(m)+{A] for which the Gelfand patterns are lexical, One may, of course, use the relation 
(x), =(—1)“(—x—-at]), to write the rising factorials in various equivalent forms. 
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The pattern calculus rules, when applied to the arrow patterns for dots 
(11) and (22), 


“a a 


al arrows A, —aj arrows 


lead to a similar result. 
The situation is even simpler for the denominator. The pattern calculus 
rules, when applied to the arrow patterns for dots (12) and (22), 


ote 9 Onde 9 


3 
A, arrows A, arrows 


give a factor! that is independent of the summation indices, and, hence, this 
factor appears as an overall multiplicative factor in the matrix element of 
the operator (3.28). This factor combines with the value of the invariant 


operator GlarAa) given by Eq. (3.23) to yield a term that we denote by D: 


nie 


Dra ay) Pir> Px)=|l(P2 ~ Px —A,)a, (Px ~ P12 a sll ae) 


This denominator factor agrees with that given in the denominator of 
(3.24) only for the extremal cases A, =2/, A, =0, and A, =0, A, =2J, in 
which case the invariant factor §{>'42) is unity. We give below the interpreta- 
tion of D itself directly in terms of the pattern calculus. 

Let us summarize.” The evaluation of the general Wigner operator as 
represented by Eq. (3.17), when acting on a generic state vector |(m)), has 
led us to a result that may be written symbolically in the form 


Tame Hy, ks a J+A 0 Top M59 
my,+W, yaeiy EN 
= # X (PCF) x (polynomial) = # x (NPCF) X D ~' X (polynomial). 


(3.32) 


We next describe in detail each factor, number (#), pattern calculus 
factor (PCF), numerator pattern calculus factor (NPCF), denominator (D), 
and (polynomial) in this result. Before doing so, let us remark that this 


'The squaring property, typical of the factors associated with opposing arrows going beneen 
rows, docs not occur for opposing arrows going within a row. 

*The results given in the remaining part of this section, in Section 3, and in Appendices A 
and B have been adapted from Ref. {3}. 
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form, Eq. (3.32), is, in fact, a canonical form for the general Wigner 
opperator in which the individual factors play decisive structural roles, as 
discussed in the Remarks on pp. 68-69. 

The symbol # denotes a number (independent of the m,,) that could be 
combined with the polynomial factor, but which has been ‘factored out to 
simplify the properties of the polynomial described below [see, in particular, 
Eqs. (3.39), which show that the polynomial has value 1 for extremal 
patterns]: 


k\(2J-k)! 


#=(~1)' 
[()!(42)1(%,)109) 1] 


(3.33) 


where 
k=min(A,,4,,W,,W,), i, =max(0,W, —A,). (3.34) 


The factor denoted by PCF is the pattern calculus factor determined by 
the pattern calculus rules, which we state now in full generality, noting that 
this factor is the ratio of a numerator pattern calculus factor (NPCF) and a 
denominator pattern calculus factor D; that is, PCF=NPCF/D. 

The rules refer to the shift pattern 


A, A, =a 
W, J+M 


of the Wigner operator 


The Pattern Calculus Rules for the General Wigner 
Operator 


1. The arrow pattern and the labeled arrow pattern 

The arrow pattern and the labeled arrow pattern are obtained 
as previously described by rules (1) and (2) on p. 59. 
2. The numerator pattern calculus factor 

The NPCF is obtained from the labeled arrow pattern as previ- 
ously described by rule (3) on p. 59, using now only the numera- 
tor of that result. Thus, 


NPCF =[|product of the two rising factorials 


‘ ul 
for arrows going between rows|]?. 
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3. The denominator pattern calculus factor 

The complete denominator D is obtained by a variation of the 
pattern calculus rules as previously given. The shift pattern [A,A,] 
(coming from the operator pattern alone) is first split into a sum of 
extremal shift patterns, 


[4,4,]=[4, O]+[0A,], 


and arrow patterns are associated to these shift patterns in the 
standard way: 


coh Oo oa 


A, arrows A, arrows 


Each of these two arrow patterns is now labeled by the partial 
hooks (P45, P22) shifted by the shift pattern of the other pattern: 


Pre PootAn Pt A, Poo 


9 eee O ° 


A, arrows A, arrows 


The denominator pattern calculus factor is obtained now by 
applying the factorial rule to multiple arrows in the standard way, 
thus yielding Eq. (3.31). 


Note that this rule for obtaining the denominator pattern calculus factor 
reduces to the denominator factor in (3.24) whenever the operator pattern is 
extremal. 

The relationship between the pattern calculus rules as applied to the shift 
pattern of a general Wigner operator is seen now to be the following: The 
pattern calculus rules give the multiplicative “square-root part” of the 
coefficient, the remaining part being a polynomial in the differences of the 
partial hooks ( 7; ,). 

For all Wigner operators having extremal operator patterns, the pattern 
calculus rules give (up to a numerical factor) the matrix elements of the 
Wigner operator itself. 

The numerator pattern calculus factor may be written out explicitly with 
the aid of the step functions u,, v5, /,, and /, defined by! 


t= TAKA OA el) 1 =max(0, Wi) 12, 


'The nonnegative integer u, denotes the number of arrows going from dot (/2) to dot (11) in 
the arrow pattern: similarly, /, denotes the number of arrows going from dot (11) to dot (2). 
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The result is 


= 


2 
NPCF= th (Pr me ae at Nah Bay Sete 1), (3,35) 


The polynomial in Eq. (3.32) is explicitly given by 
P,(A,,4,,W,,Wy; py —Pi2> Pir —P2) 
We COLCWUALUA! 

far ee 

a? (Pu-PrtW,—A, a ea eae ls. 

(ai) !(az)! 
( P22 —Pyrt+A,-W,),,( Px =P, 

(a! )!(a3)! (3.36) 


in which k=min(A,, A,,W,,W,), and the rising factorials are determined 
from the step functions o,, which are 


x 2 (-1) 
a 


={t ifd,<W, 


0 ifd,>W,, 
o . 
Beep 7 
°2 ti ifA,<W,, eal 


aor! al ifA,2>W, 
20 niAS =. 


co as ifA,<W, 
Oma Ay Wy. 


The degree of the polynomial P, in the partial hook differences is given by 
the integer k, since one sees that & may also be written as k=o, +6, +0; +04. 

The polynomial given by Eq. (3.36) has been stated in a form that 
resulted directly from the pattern calculus rules for the fundamental Wigner 
operators. In particular, the curious occurrence of step functions has its 
origin in these rules. 

There are four forms of the polynomial (3.36), depending on the relative 
magnitudes of A,, A,, W,, and W, and corresponding to the following arrow 


, aw WP \/ WY (3.38) 


case | case2 case3  case4 
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A single arrow in these diagrams represents zero, one, or more arrows. For 
determining the properties of the polynomials (3.36), it 1s convenient to 
express all four cases in more conventional notation: 


A A 
Pod gaa alos Bo) = » Galan 
ki tk, =W, \ | . 


Dg oa) 


W, W. 
Pr Bi 855 ¥), WG; 21.25) — » Ol les Cae, 
ees a 2 


W. W. 
PCG), Boa, 29) y Ce Nett, 
ki +k, =A, l 2 


X (zy +W,-A,—ky +1),,, (3.39) 


A A 
Py fy, 42,3 21, 22)= » faleaicuan 
ki +k ,=W, : 2 


A(z, 05 ko ae 
In stating these results, we have introduced the notations 
BS ip = ee Z2=P\)—Pyn=jitm. (3.40) 


[The relations A, +A, =W, + W, and (x), =(—1)*°(—x—a+]), have been 
used in obtaining Eqs. (3.39) from Eq. (3.36).] 


Remarks. The results expressed by Eqs. (3.31)—(3.40) no doubt appear 
quite complicated. Some complication is, of course, to be expected for the 
general Wigner operator, but it is our claim that the situation is actually the 
reverse: The form expressed by Eq. (3.32) has a significant and simple 
structure, and the complication is largely superficial (and notational). To 
substantiate this claim, let us note the following: 

(a) The denominator D? is a product of linear factors such that D7( 7)=0 
if and only if the angular momentum / is such that ae belongs to the 
characteristic null space of the operator 


dais 
dim”? \ 27 0 )dim:, 


where dim denotes the invariant dimension operator defined on each 
angular momentum space K, by dim: K, > J, and dim| jm) =(2 j+1)| jm). 
(It is given on the space of bosons by Eq. (2.24): din=N+1). [The fact that 
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it is the characteristic null space of the operator dim? )dim?, rather than 
of the Wigner operator ¢ ) itself, that determines the zeros of the de- 
nominator function D is due to the particular way in which we normalize a 
Wigner operator, using Eq. (2.33). This aspect of the denominator function 
is discussed in detail in the next section.] 

(b) The factor NPCF is a product of linear factors such that the matrix 
elements of the operator vanish if and only if the lexicality constraints on the 
final state vector are violated. 

(c) The polynomial is uniquely determined by the remaining characteris- 
tic null space zeros. 

It is the merit of the pattern calculus that it has implemented these 
features. The properties (a), (6), and (c) are demonstrated in detail in 
Section 3 below. 


A symmetry relation and generalized Wigner coefficients. Before concluding 
this section, let us give an important symmetry property of the canonical 
Wigner coefficients (3.32) and show how this leads to a generalization of 
these coefficients. Recall that the polynomial (3.36) was obtained by starting 
from Eq. (3.17). If, instead, we had started from Eq. (3.16), we would have 
obtained precisely the same two factors, D and NPCF, but a different 
polynomial. Comparing these two polynomials leads to a new symmetry (an 
alternative proof of this symmetry relation is given in Appendix B): 


P,(4,,4,,W,,W; imme aes Pisa) 


=P,(4,,4,,W,.Wo; Pi, — Pars Pi ee) 
(3.41) 


In other words, the polynomial part of Eq. (3.32) is invariant under the 
substitution 


Pin Pape A, oA). (3.42) 


The denominator factor D given by Eq. (3.31) is also invariant under the 
substitution p,, ps, A, eA). Indeed, in terms of the notation (3.40), we 


have 
Dia,a,) Pir Pp =O" Ap 2,)=D'(s) 
=[|(2, =z, — A, )a,(41—22 —A,)a,|} 
a1 Tl 65) 


since z, —z,=2j+1. Thus, D is defined for all complex j. 
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Similarly, one finds that NPCF given by Eq. (3.35) is invariant under the 
substitution Pp} @Po, 4; A, and is defined for all complex (m,,)—that 
is. 2) and z,. 

If one considers now the pattern calculus rules, it is clear that the 
substitution (3.42) is necessarily a symmetry of the coefficient (2:32) 7simeent 
does not change in any way the actual numerical factors given by the rules, 
except for the sign convention. 

It is useful to note that the substitution p,,@p., 4,;<4,, implies the 
following substitutions of the variables z,,z,,4,,4,, and of the angular 
momentum variables ( jm) and (j’m’): 


Ga 29) A,, A,)o(z, 21; A), a 
Cem yo ( 7 ln le) (3.44) 


Here ( jm) and (j’m’) denote, respectively, the angular momentum labels of 
the initial and shifted Gel’fand patterns, (m) and (m’)=(m)+[A]. 

The substitution p,, Ps), A, eA, does not leave the lexicality conditions 
(betweenness) of the initial and shifted Gel’fand patterns invariant; accord- 
ingly, it is not really a symmetry of the Wigner coefficient, but defines what 
may be called a continuation or generalization of the coefficient. 

Thus, we may use the right-hand side of Eq. (3.32) to define a generalized 
Wigner coefficient for all complex values (m,;) (with no betweenness). We 
define 


Cie 4m = # X(NPCF) X D7! X (polynomial). (3.45) 


In this definition the (m,;) are arbitrary complex numbers, or, equivalently, 
j and m are arbitrary complex numbers with no relations between them, 
where we recall that 


j=(my—m,)/2, m=m,— (my +my)/2, 
A, =/ +4, Ao —J A, (3.46) 


The labels J, M, and A, however, are still required to assume standard 
values J=0,4,1,..., with M,A=J, J—1,..., —J. Equation (3.45) defines a 
generalized Wigner coefficient for all complex (jn), except for those real 
values of 7 for which the denom;nator vanishes, namely, those values of 7 
given by 


2j+1==A,, A, 4 lh. A, A, 1 ee 
(3.47) 


By convention the coefficient (3.45) is taken to be zero for values of j given 
by Eq. (3.47). 
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The generalized Wigner coefficients defined above then satisfy the sym- 
metry relation 


ee eG |) (Cay (3.48) 
where 
/,=max(0, M—A), 1, =max(0,M+A). 


This generalization of the Wigner coefficients has important applications 
to physical problems; the properties of these coefficients are developed 
further in Chapter 5, Topic 6. 


Remark. The involutory (reflection) symmetry expressed by the substitu- 
tion Pj7 Pr, 4, A, [or, equivalently, ;+4--—(j+1), Ao —A] is the 
generator of the discrete symmetry group S, (=Z,). For the general unitary 
group U(n), the pattern calculus implies the existence of the discrete 
symmetry group S, for the (squares of the) Wigner operators. This symme- 
try is the operator pattern analog of the Weyl group of U(n). 

Let us note that the use of the partial hooks (p;;), aS opposed to the (m;;) 
themselves, is motivated by the desire to put this symmetry explicitly in 
evidence. 


3. Null Space Aspects of Wigner Coefficients 


A motivating example. In order to make clear the essential ideas in the 
null space concept, it is convenient to discuss first an elementary example, 
which will lead us directly to the more abstract general formulation. (For 
clarity we have chosen an example that is independent of the detailed 
discussion of the previous sections.) 

Let us suppose that we want to determine explicitly the set of (multipole') 
operators defined by 


J 
r= (a4 0}. J=0,1,.... (3.49) 
J 


Each of these operators is diagonal on the space” S,: 


T!| jm) =Ci4,,| jm). (3.50) 


20m 


'These tensor operators enter into the description of the (M=0) electromagnetic multipole 
moments of a quantal system (see Chapter 7, Section 6, AMQP). 
?For this initial discussion, we use the standard ket vector notation for the basis of i. 
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The scalar operator (./=0) is the identity operator; the operator for J/=1 1s 
the M=0 component of a vector operator and is therefore (by the Wigner~ 
Eckart theorem) proportional to the angular momentum component J, as 
verified by 


Chim =m/Vi(jt+1). Cal) 


How could one determine these operators, including the normalization, 
using the minimal technical assumptions? To determine the normalization, 
the answer is to use multiplet averaging, a method well-known and fre- 
quently applied in the early days of quantum mechanics. Thus, one has 


(dimension of multiplet) 


SIU (ol es ieee ro seal oie Wea a 4 
») CridmCmom — Ons’ X (dimension of operator) ° (Se) 
multiplet 
or, equivalently, 
igre JI i ae I) A OWae MN), (353) 
where the trace of an arbitrary operator ©: KH, = is defined by 
J 
traceO= S) ¢jm|O| jm). (3.54) 


m=] 
Applying this method to the case /=1, using T7~'=NJ;, one finds 


A J 
Nee =). (CUR Sat). 


m=—J n=) 


Since = 
51): 

One now sees that the complete set of diagonal multipole operators (3.49) 
may be determined in this way. One recognizes that one is simply using the 
Schmidt orthonormalization process on the ordered set 1, J;. Jz.... of 
operators and using multiplet averaging as the inner product. 

To see how null space concepts can fit into this problem, let us consider 
the quadrupole operator (J=2). This operator has the general form 


_jm? =j(j+1)\2j+1)/3, one obtains the familiar result, Eq. 


T’ = (normalization) ( a, Jy +b,J, +c; ) 
so that 


C6), = (normalization) ( aym* +bm+c; ) , 
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where aj, b,, and c, are polynomials in 2j+1 of degrees 0, 1, and 2, 
respectively. 

We now introduce structural information: (a) the knowledge that the 
matrix element of a quadrupole operator vanishes when connecting j/=0 to 
j=0 or j=4 to j=4; that is, the characteristic null space of the diagonal 
quadrupole operator is JCo® Sa; and (b) the knowledge that aj;m* +bhmtc¢; 
is invariant under the reflection symmetry > —/—1. [Note that this trans- 
formation leaves the dimension |2 j+ 1| invariant, as well as the eigenvalue 
j(j+1) of J*.] This information determines the quadratic form in m up to a 
multiplicative constant: 


CJ2J_ = (normalization) [3m? —j(j+ 1)] 


Instead of normalizing by multiplet averaging—a tedious method 
really!—let us apply the characteristic null space idea once again, using also 
the reflection symmetry: 

i 

> [3m? = er = fifth-degree polynomial in j, which vanishes for 
a) j=0,4,—1,—3, and contains the dimension of 

the multiplet, 27+1, as a factor. 


This information implies that up to a multiplicative constant the sum is 
given by 


(27+ 1)(2/)(2/—1)(2j4+2)25+ 3), 
so that 


Cy, = # [3m J+ DI/[2/- YA 2I+22I+3)]', 


where # denotes a numerical constant. Thus, the normalization of the 
quadrupole operator is reduced to evaluating a numerical special case, and, 
evaluating the sum (3.52) for /=1, we find # = =. 

We conclude from this example the following fact: Knowledge of the 
characteristic null space of the diagonal multipole operator, T’, completely 
determined the explicit functional form of this operator, using only abstract 
properties of the SU(2) structure. 


Remark. The examples we have discussed above have one simplifying 
feature, which deserves comment. This feature is that for operators of 
the form 7’ given by Eq. (3.49) the numerator pattern calculus factor 
(NPCF)—using the canonical form, Eq. (3.32), for the general Wigner 
coefficient— happens to be unity. This simplifies the construction of the 
polynomial, since it is determined by the characteristic null space zeros 
alone. 
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We shall show in the following section that the more general result is also 
true: A Wigner operator is completely characterized by its null space 
properties, but in this determination the zeros from the NPCF (lexicality 
zeros), in addition to the zeros from the characteristic null space, are 
required. 

Detailed investigation of null space. We turn now to a discussion of the 
null space properties of the general operator as determined by the form 
given in Eq. (3.32). We have noted earlier (Chapter 2, Section 2) that the 
characteristic null space of the Wigner operator (see the Note at the end of 


this chapter) 
Ba N 
Pash 0 /; 


where the lower pattern is arbitrary, is the space 
JGy@ I: BIC |® ca OK yar 


for an SU(2) Wigner operator. For a U(2) Wigner operator, the null space is 
correspondingly given by 


2 BIC(m 7, mM), (OS) 


EG gay 
where the summation is over all irrep labels (m,,, m>,) such that 
His 0a (Onl lhe (3.56) 


Consider now the canonical form (3.32) of a Wigner operator. Recogniz- 
ing that the term D is a normalizing factor, we may rewrite an unnormalized 
Wigner coefficient in the form 


(NPCF) x (polynomial in the two variables p,,—p 2, P1; —P)- 


This form implies that the polynomial part of this expression must vanish 
for each vector |(m)) — or, equivalently, for each point specified by the two 
variables Zz; =p ; —P 2 and z, =p,, —pz, — which belongs to the characteris- 
tic null space and for which the numerator pattern calculus factor is non- 
vanishing. Let us give an explicit determination of these points. 

We can easily enumerate the set of points Z={(z,, z,)} belonging to the 
characteristic null space of the operator. These points are conveniently 
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tabulated in a triangular array: 


10) 
(151) (S20) 
Z={{z,,z,)}= ae) (a) 


[ (i, ay -1) (-2,4,-2) «++ (—8y,0)| 
(3.57) 


On the other hand, the set of points for which the numerator pattern 
calculus factor (NPCF) vanishes may be read off directly from the pattern 
calculus rules [see Eq. (3.35)]. Denoting this set by Z’, one may express it 
generally by 


(2,) citlichz, =A), 
De (2), 22): either z, >A, pee (3.58) 
Let us remark again that this set of points Z’ is also completely char- 
acterized by the following property: Z’ is the set of points such that the 
final labels 


(ont (3.59) 


My +A, 
m+ W, 


appearing in the Wigner coefficient, Eq. (3.32), fail to satisfy the between- 
ness conditions. 

It is now apparent that the polynomial P, must vanish on the subset of 
points Z” CZ of the characteristic null space given by Z”=Z—(Z’NZ): 


Pe ee.) 2 ee 2 A, = WY lees =, — WW) (3.60) 


A structure theorem based on null space. The purpose of this section is to 
demonstrate that the null space properties of the generic unit tensor 
operator (2J 0) are categoric; that is, from the null space conditions— 
together with the symmetry relation, Eq. (3.41)— the explicit generic matrix 
elements can be deduced. This uniquely determines the operator (after 
normalization) to within the phase factor, +1. 

To demonstrate this result we recall the canonical form given by Eq. 
(oar 


JAR P 
a7 0 )}>#(NPCF)XD~!X (polynomial). (3-61) 
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The first remark is as follows: Up to a multiplicative factor that is 
independent of Z,=p,,—pj2 and 23=P,,—Py, the polynomial (NPCF)? is 
the unique polynomial of smallest degree that is invariant under the substitution 
given by Eq. (3.42) and vanishes on the point set Z’. 

The proof is by direct construction. 

The second remark concerns the denominator function, D. We can 
deduce this function from the requirement that #(NPCF)(polynomial) be 
normalized. Let us carry out this procedure with the specific intention of 
determining how the zeros of D? are related to the characteristic null space 


of the operator 
J A 
ag, coe (3.62) 


How is this Wigner operator to be normalized? This question appears 
trivial, since surely the normalization is determined from the basic relation, 
Eq. (2.33). But observe that this equation does not have the operator (3.62) on 
the right (that is, acting first) but rather its conjugate! 

In order to relate the normalization condition (2.33) to the characteristic 
null space of the operator (3.62), we must rewrite this condition in a form in 
which the operator (3.62), and not its conjugate, acts first on the generic 
basis vector |(7)). 

[Before proceeding, let us remark that the normalization condition, Eq. 
(2.33), as written, is due not to perversity, but to the desire to preserve (as 
far as is practical) standard results in the physics literature.] 

Consider now the basic orthonormality relation, Eqv@.33), setting A’ — Ay 
If we take matrix elements of the left-hand side of this relation, we obtain 


faa F : 
2) com) -13) by 0 Km | . (3.63) 
M J+M 


The conjugate operator in this expression is defined by Eq. 2731) and 
may be given in the form: 


J+a \t ra ae Sati | 

Del 0) = (See dine oy. 0 })dim?, (3.64) 
J+M J—M 

where dim is the “dimension operator” defined by 


My> 


dim 


m 
oo \ ma 
my, )=(ms My) +1) 


ML)> Mo 
ae ) (3.65) 
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[The proof of Eq. (3.64) uses the symmetry relation 


= id Me ie. 
CTA = (Se ee eee 
m—M,M,m ( ) 2j7-2A+1 Cees M 


of the Wigner coefficients. ] 


With these results we can now put the expression (3.63) in the desired 
form by replacing A by —A and M lee 


| J+A : ; 
» [compan 0 Jamin) ' (3.66) 
M da 

To apply this result, let us recall that the unnormalized Wigner operator 
can be expressed as a polynomial over boson operators; that is, there exists 
an explicit polynomial boson operator whose action on basis vectors yields 
precisely the matrix element #(NPCF)(polynomial). We denote this unnor- 


malized operator as 
ek 
ay 0 : 
unnormalized 


To define the norm D? of this boson operator, we must, in order to agree 
with convention, use the form given by (3.66): 


Drie ops Pr) 


; J+A 2 
=D [((m)+[A]ldim— 2 ( 27 0 dim?\(m)) | , 
M J+M unnormalized 


or, equivalently, 


Piz P22 tA, —Ay 


Pio —Pxr Di ties Do) 


J+A ; 
=>) [coma] y | Kom | Beni .07 ) 
M J+M 


unnormalized 


Since the expression on the right-hand side in this result is an SU(2) 
invariant and is the square of a matrix element of a boson operator defined 
on all basis vectors of SC, the right-hand side, and hence the left-hand side, 
must be a nonnegative number that is zero on all vectors in the characteristic 
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null space of the Wigner operator (3.62). Where the number is nonzero, we 
may normalize the Wigner operator, that is, 


J+A J+A - 
Dal 0 }=| 2s 0 ina Ea) 
unnormalized 


to accord with the (conventional) orthonormality relation (2.33). 

This discussion has been rather lengthy, but without this detail it would 
be very difficult to understand (a) why the characteristic null space of the 
Wigner operator (3.62) is given by 


Piz P22 tA,—A, 


De F =. 
Pin Poo (a,a,)( Pir Pr) 


or (b) why the normalization relation is written in the form 


yeah yA 
yoy Nae Ga) —lae 


tlemiie 


where the characteristic function I/_, with values 


J _ 
IZ4(m), Ms) = Ga eee an 
=| form), —m,, =0,1,..., J+A-—1 


l Morn); 7, =/ --A (3.69) 


is essential on the right-hand side (to avoid meaningless division by zero in 
normalizing the operator ¢ )*), [It is reassuring to note that, for A=M=0, 
the normalization given by Eq. (3.67) agrees with that given by the multiplet 
averaging method, Eq. (3.52).] 

Let us summarize the results obtained above for the denominator func- 
tion D. We have determined that the function 


Pi2—Py tA, =a 


De ; 310 
Pis Po (a,a5)4 Pio Po) ( ) 


is Zero for all points (p,5, py) such that 


Dip Do See ae G7) 


Utilizing the invariance under the substitution (3.42), we find that the 
function (3.70) must also vanish on the points ( p;5, p>) such that 


presen (= Wy ns, by), (3.72) 
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Thus, Déa,a,)( P\2> P22) itself must vanish on precisely the points given by 


eee = ae eee ee Ag | An A, 1, A, — Il, A, }, 
(3.73) 


in which only A, —A, is missing from the sequence. 

It is not difficult to see that, to within a multiplicative factor independent 
of (Pj. —P2), this categorizes D* as the polynomial of least degree in 
P12 — P22 With these zeros. 

We remark that it is precisely the polynomial in p,, —p,, with the zeros 
(3.73) that is constructed from the pattern calculus rules, and from the 
discussion above, we see that D? itself does not define the characteristic null 
space, as might otherwise be assumed. 

Let us turn now to the polynomial term in Eq. (3.32); this term is given 
explicitly by Eq. (3.36) or, equivalently, by the four equations in (3.39). The 
expression (3.36) is quite complicated in appearance and would be most 
unhandy to attempt to deduce from its zeros. The relations given in the 
form of Eqs. (3.39) are much more amenable and may, in fact, be rewritten 
in a common form that is somewhat simpler than Eq. (3.36) by using the 
step functions introduced in Eqs. (3.35): 


LIN Ni Us 2, 5) 


ee ae ea 
(3.74) 


In this expression we have chosen to use (in place of rising factorials) the 
binomial functions defined for arbitrary x by 


ere (cent ae) a! (x a1) fa: (3.75) 


We now assert: Up to a multiplicative factor independent of z, and z,, the 
polynomial P,(A,, 4,,W,, Ws; 2), 22) is the unique polynomial of degree k= 
min(A,, 4,,W,,W,) in z, and z,, which has the symmetry, Eq. (3.41), and 
which vanishes on the point set Z”. 

The proof of this assertion is given in Appendix A. 

These results suffice to demonstrate the structure theorem stated at the 
beginning of this section—that the operator (2J 0) is uniquely determined 
(to within +1) by the null space zeros, the abstract reflection symmetry (Eq. 
(3.41)) and the requirement of normalization. 


Remarks. It is known that the Wigner coefficients possess two further 
classes of zeros. The first class of zeros may be called “symmetry” zeros, 
since the Wigner coefficient vanishes because of a symmetry. (These symme- 
tries are discussed in detail in Chapter 3, Section 12, AMQP.) For example, 
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we have C;4/ =0 for /=1,3,.... Consequently, the vector | /0) is in the null 
J : : 
space of the operator (27 0 ) whenever J is an odd integer. The second 


class of zeros are e eedenialy zeros— that is, zeros that occur despite the 
fact that all triangle conditions (betweenness conditions) are satisfied, and 
these zeros are not implied by any (known) general symmetry. 

The existence of these “extra” zeros points up very clearly the distinction 
between structural zeros [lexicality zeros (or “trivial null space” zeros) and 
the zeros from the characteristic null space] and all other zeros in the null 
space of a given unit tensor operator. As shown earlier, the structural zeros 
are essential in determining the Wigner coefficient itself. 

The distinction may be better understood in this way: The invariant 
information on the Wigner operation is contained in the characteristic null 
space such that, if any vector in an irrep space is annihilated, then all 
vectors in the irrep space are annihilated by the operator. Now, all lexicality 
constraints are encoded in the NPCF, so that, if a vector in the characteris- 
tic null space fails to give a zero of the NPCF, then it must be a zero of the 
polynomial (this is the structural information). 

By contrast, the “symmetry” or the “accidental” zeros necessarily require 
that the polynomial itself vanish (since the NPCF and the denominator do 
not vanish). The resulting zero occurs for a particular value of j and m and is 
“special” in that other vectors in the irrep space specified by j do not vanish. 
Clearly, these special zeros are not invariant under the group action and, 
hence, are not of structural significance for the Wigner operator. [It is easily 
seen that a symmetry zero or an accidental zero ( jm) cannot belong to a 
characteristic set of zeros— that is, a set of zeros m= —j, —j+1,..., j— since 
this would contradict the orthogonality relations.] 

Accidental zeros are of intrinsic interest, however; we tabulate and 
discuss this further in Chapter 5, Topic 10 (along with a similar class of 
zeros of the Racah coefficients). 


4. The Possibility of Defining RW-Algebras for Symmetries 
Other Than Angular Momentum 


The question as to whether or not one can define an RW-algebra for a 
symmetry other than that of angular momentum reduces to the equivalent 
question as to the possibility of defining the analog to Wigner coefficients 
for the irreps of the underlying group structure for the symmetry at issue. 
Such questions were first considered by E. P. Wigner around 1940, but the 
results of his far-reaching investigations [which defined the 6-7 symbols 
(““Racah coefficients”)] were only partly published at the time! (Wigner [4]). 


'The unpublished second part of this investigation was later published in the collection of 
fundamental papers on the quantum theory of angular momentum (Biedenharn and van Dam 


[5]). 
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In this paper, Wigner singled out two characteristics of a group that are 
sufficient to guarantee the existence of (what we now call) Wigner coeffi- 
cients. Let us restrict the symmetry groups under consideration to be 
compact.! 

The two characteristics are these: 

(a) Every group element g is equivalent to its inverse g~'; expressed in 
different words, all classes are ambivalent. 

(b) The Kronecker (or “direct”) product of any two irreps contains no 
irrep more than once. A group possessing this property is said to be 
multiplicity-free. 

The investigations of Wigner, and later those of Sharp [6], showed that 
for every ambivalent multiplicity-free compact group—termed a simply- 
reducible (SR) group by Wigner—the appropriate analog to the Wigner 
coefficients could be constructed. Using the algebraic approach of the 
previous chapter, one then obtains the equivalent conclusion: An RW-algebra 
can be constructed for every simply-reducible group. 

This result should not be considered as completely satisfactory, however, 
on two grounds: (a) Many (if not most) of the symmetries important to 
physics belong to groups that are not simply-reducible; (b) the property of 
being simply-reducible is sufficient to guarantee an RW-algebra, but the 
necessity has not been shown. 

Mackey [7] showed that the requirement of ambivalence could be 
weakened considerably. The ambivalence requirement is the same as assert- 
ing that the group correspondence 


R:g>g! 


preserves classes. The correspondence R has the properties that it is (a) an 
involution: R*=E£ (identity), and (6) an antiautomorphism: g,-g)-> 
R(g,)-R(g,), reversing the order of multiplication. Mackey’s proposal was 
to replace the correspondence g— g | (for ambivalence) by an arbitrary 
involutory antiautomorphism, which preserves classes. A group that admits 
of such an antiautomorphism 1s called quasi-ambivalent (denoted QA). 

Sharp [6] investigated the properties of (compact) quasi-ambivalent groups 
that are multiplicity-free and showed that Wigner coefficients can be 
satisfactorily defined. The changes are, in fact, quite minimal and are 
connected only with defining a suitable analog to various (+) phase factors 
in the angular momentum case. 

The replacement of ambivalence by quasi-ambivalence is eminently satis- 
factory for physical applications, since most physically important symme- 
tries admit this property. In particular, the unitary groups U(7) are all QA, 


‘In Wigner [4] the more restrictive condition that the group be finite was imposed; the more 
general compact case was treated in the unpublished manuscript (see footnote p. 80). 
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but ambivalent only for n=2. (A list of QA groups is given in Sharp et al. 
[8].) 

The restriction to compactness also appears to be inessential. For the 
noncompact form of SU(2)—the group SU(1,1) or SL(2,R)—one can 
define some of the Wigner coefficients by analytic continuation from the 
explicit functional forms obtained in SU(2) (see Chapter 5, Topic 5, Section 
6). The procedure can be generalized to yield all Wigner coefficients in the 
double covering of SU(1,1) (Holman and Biedenharn [9]). The lack of 
compactness for the symmetry group is accordingly not an essential require- 
ment for the existence of an RW-algebra. 

The single, most difficult requirement to eliminate has been the multiplic- 
ity-free condition. This requirement is the key to the existence of the 
Wigner-Eckart theorem (cf. Wigner’s article in Ref. [5]) and thus to the 
construction of the associated RW-algebra. The essential difficulty posed by 
the existence of multiplicity is the lack of a canonical’ procedure to 
distinguish among these multiple occurrences (there exist distinct unit tensor 
operators having the same transformation and shift properties). 

The concept of null space as a way to characterize Wigner operators 
intrinsically (as discussed in this chapter) has considerable promise as a 
general procedure to resolve the “multiplicity problem.” It has been shown 
in Refs. [11-14] that this concept allows a canonical resolution of the 
multiplicity problem for the unitary symmetry (which is fundamental to 
particle physics) SU(3), and hence allows of the construction of an SU(3) 
RW-algebra. [Partial results have been obtained for general U(n) (see Ref. 
[15]), and there are good indications that further progress can be achieved.] 
It is our belief that the concepts of null space and of an RW-algebra offer 
the appropriate techniques for the general analysis of symmetry in quantum 
physics, far beyond the original restrictive requirements of simple- 
reducibility. (Recent surveys appear by Butler [18] and by Kibler and 
Grenet [19].) 


5. Note 


Mapping of U(2) Wigner operators onto SU(2) Wigner operators. We have 
seen in Appendices B and E to Chapter 5, AMQP, that the Wigner 
coefficients of the group U(2) may be chosen to be numerically equal to the 
Wigner coefficients of SU(2). This property allows one to establish a 
mapping of the set of U(2) Wigner operators onto the set of SU(2) Wigner 
operators. 


'We use canonical in the sense discussed by Artin [10]; that is, canonical applies to a 
mathematical construction that is unique in as much as no free choices of objects are used in it, 
to within equivalence. 
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A U(2) Wigner operator 
M) M, (3.76) 


is defined by giving its action on the separable Hilbert space JC’ defined by 


yD SG CLEP ore B it) 


m2 M7 


where 3C(m), 7m.) denotes the vector space of dimension m,,—m, +1 
spanned by the set of orthonormal vectors 


My) 7a fe 
{ my ) a =a, Mag + Lene (eof) 


Explicitly, this action is defined by 


Py 
Hae UG = ays my, +A, mz, +A, 
ae My | my), ) Cee Minne ls , 

1k 

(3.79) 

where the shift pattern 
A A 
| M,, | (3.80) 


is defined in Eqs. (3.5) and (3.6), and the angular momentum labels ( jm), 
(JM), and (j+A,m+M) are defined by 


G= (np its )/2, m=m,,—(m,.+my )/2; 
J=(M,.—-M,)/2, M=M,,—(M,.+My)/2,. 
A=T\,—(My + M2 )/2. (3.81) 


With each U(2) Wigner operator (3.76) acting on the space JC’, we now 
associate an SU(2) Wigner operator acting on the subspace 


H=> ©X(2/,0) (3.82) 
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by using the rule 


(a) J Spi ' a | 
ial SU(2) pd: 
Pi 
_ | M2 tA, my tA, M M ap) Lo?) 
= 2 2 
mi My, M,, Ma 
BI paris) 0 
; Sites) 
‘ it se a ( ) 
Thus, each U(2) Wigner operator (acting in SC’) in the set 
Min tae Nejc ie |e ee? a Ol Ora mnt 3 84) 
Wie aes 
is mapped to the single SU(2) Wigner operator (acting in SH): 
Jak 
2d 0 (3.85) 
Save SU(2) 
In particular, note that 
k 0 
k k}-\0 0 =identity operator (3.86) 
k 0 SU(2) 


for all integral k. 
One should distinguish in the notation (as above) between the U(2) 
Wigner operator 


J atk 
ag 0 with shift pattern ae va (3.87) 
J+M Ms 
acting in SC’ and the SU(2) Wigner operator 
gee 
. : 2A 0 
(2) Pay. with shift pattern Wek | (3.88) 


acting in JC. It is usually clear from the context which interpretation is being 
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used {SU(2) in Chapter 2; U(2) in Chapter 3], and no notational distinctions 
are introduced. Note that either interpretation will lead to the same numeri- 
cal results for the Wigner coefficients themselves. The U(2) interpretation is 
simpler to implement in terms of the pattern calculus rules. 


6. Appendices 
A. DETERMINATION OF P, FROM ITS CHARACTERISTIC ZEROS 


The purpose of this appendix is to prove that the polynomial (3.36) is 
uniquely determined up to a multiplicative factor that is independent of z, 
and z, by the zeros in the point set Z” [{Eq. (3.60)] and the symmetry 
property (3.41). We give the (constructive) proof only for the case u, =u, =0, 
so that A, <W,, 4, <W,, and k=W,,. [A similar procedure applies to the 
other three cases given in Eqs. (3.39).] In this case the polynomial in 
question becomes [see the first of Eqs. (3.39); also, Eq. (3.74)] 


Pil€. to Mi Wazra)= 2 dated mel A") (2) 


kK, +k,=k ky ky j 
(A.1) 


where k= W, and €;=A, (the proof below is valid for arbitrary parameters 
g;). 

Our task is to prove that the polynomial (A.1) is determined up to a 
multiplicative factor independent of z, and z, by the zeros of the point set 
Z” (specialized to the case at hand) and the symmetry property (3.41). 

We shall show here that the polynomial (A.1) is determined up to an 
arbitrary multiplicative factor in €, and €, by the sets of zeros {(2,, z,)} 
given by 


Labo 6.0): Bal 22k a), (A.2) 
winere io—Ulle ke 
S,=((a, k-§ -B): B=1,2,....k-a}, (A.3) 


where a=0,1,...,k—1. Under the identifications ;, =A, and k=W,, the 
sets Ty, T),..-,7,—, contain precisely the points of Z” given by Eq. (3.60) 
[for case 1 in the arrow patterns (3.38)]; the sets Sp, S;,...,S,—, contain the 
points obtained from the 7, by the substitution (3.42). 

Let P,(z,, >) denote a polynomial of (total) degree & in z, and z,, which 
vanishes on the sets T,, S,, a=0,1,...,k—1. The vanishing of h) z,) on 


the set of points of Ty yields the result P,(z,,0)=ao(&,, €>) (oe , where 
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a,(&,,€>) is arbitrary. Putting P,(z,, 2.)=P,(z,,0)+2,0,_ (4, 22), where 
Q,_, is a polynomial of degree not greater than k—1, we obtain P,(z,,1)= 
O, (2 |)=0 on thie “set “iy and™ therciore 30 (2 i 
acer é)( ee I Putting PF, (255 25) =P 00) 25 a ee 
1)Q,-—>(2;, 22), where Q,_, is of degree not greater than k— 2, We obtain 
Piz. 2) = 20; 25( 2.2) =0 om ‘the Sete=7,) thats, 3 20; 
TCS. ee . Continuing this procedure in an obvious manner, we 


k=2 ; : 
come to the conclusion that the most general polynomial of degree k, which 


vanishes on the points in the sets 7p, 7,..., 7,1, 18 
e Pipa oe a 
Here = alee), i) 
s=0 


in which the a,(&,, €,) are arbitrary. 
We now repeat the argument using the points of the sets Sp, S),..., S,—) 
to come to the conclusion that 


Ha = Da Gai ie 2 h (A.5) 


in which the 5,(€,, €,) are arbitrary. 


The two expressions (A.4) and (A.5) must agree identically in z, and z5. 
Setting z, =0 and equating the expressions gives 


BaEE(§77)(4)=ale(7 fF). As 


We now set z, =0,1,2,...,in turn, in Eq. (A.6) to obtain a triangular system 
of equations, which uniquely yields 


ao(€,,6)= a(E,.2)) § I (A.7) 


lent )=a(ere)sik-s(8)(% }, (as) 


in which a(§,, €,) is arbitrary. Using this result in Eq. (A.5), we obtain 


eva )=alk ga) SZ CaeGeay( |C2 |e (7B). 


ky tk, =k ky 1 
(A.9) 
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We now apply the substitution £, €,, z, oz, to obtain the desired result: 


Px (2), 24) =a(€,, £5) P(E), 8, W,, W; Bie (A.10) 


B. SYMBOLIC FORMS OF THE WIGNER COEFFICIENTS 


Symbolic methods for generating the Wigner coefficients have been noted 
by several authors (Sato and Kaguei [16], Gel’fand er al. [17]). The existence 
of such symbolic forms may be traced to the “discretized rotation matrices” 
discussed in Chapter 5, Section 8, AMQP, or to the expansions of the types 
(3.16) and (3.17), although there is no (known) theory of such symbolic 
techniques. 

The polynomial P, has a simple symbolic interpretation that we find 
useful to discuss as typical of symbolic methods of this type; this symbolic 
form exhibits the symmetries of P, in a particularly nice way. 

Consider the following expression, in which the €, and z; are inde- 
terminates: 


$612, +652, +8600 Jkt (B.1) 


The ®- --$ bracket around the enclosed linear form in z, and z, symbolizes 
the following operations: Expand the form by the usual trinomial theorem, 
collect together the powers of each variable, and map each power {? into 


a} ( $ ). Thus, the explicit definition of the expression (B.1) is 


eerie) JE 
=p eee 8 Wea MEE) 


© Ca Fe Sela A ley ae nas 


where the summation is over all nonnegative integers (k)=(k,k,k,) such 
that k, +k, +k,=k. 
The symmetry property 


ff ,2, +6525 +E ,8 >" =bb 2) $812, +H P (B.3) 


under the substitution , o£ , zz, is an obvious property of the expansion 
(B.2). 

One of the internal summations occurring in the right-hand side of Eq. 
(B.2) can be carried out by using the binomial addition theorem. There are 
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two ways of doing this, leading to the following forms: 


£12, +£92. thE. /k! 
= concen Ee is) 


(B.4) 


= 3 concer (ele)? 


Notice that, whereas the symmetry relation (B.3) is transparent in the 
expression (B.2), it is lost in the individual expressions occurring in the 
right-hand side of Eq. (B.4), but is regained through the equality of the two 
summation expressions in the right-hand side of Eq. (B.4). 

We have thus proved [see Eq. (A.1)] that 


Py A, £5,W,,Wo; 21, 22 )=PE 12) $222 sian) We (B.5) 


Noticing that the general polynomial, Eq. (3.36), may be expressed as 


Py (,, 45,W,, W,; La) 


P(A), 42,W,, Wy; 2, 22) = a (B.6) 
Iu! ( | 
(the denominator polynomial always divides the numerator), we find 
A,z, +42, +4,4,9/W,! 
P,(A,,4,,W,,%; ee ee eatin SE ls (B.7) 


ae 
He,t ‘i 
preg 


The symmetry relation (3.41) follows immediately from expression (B.7). 


Remarks. (a) Equation (B.4) expresses the equivalence of the Wigner and 
Racah forms of the Wigner coefficients; Eq. (B.7) also shows that these two 
forms are different reductions of a common form (B.2), which exhibits 
termwise not only the 72 symmetries of the Wigner coefficient discussed in 
Appendix C to Chapter 5, AMQP but also the (nonlexical) symmetry (3.48). 
(b) The division of the numerator of (B.7) by the denominator is the 
discrete analog for Wigner coefficients of the properties of Jacobi polynomi- 
als expressed by Eqs. (3.71), Chapter 3, AMQP. (c) A uniform generation 
[one that does not single out the case k=W,; see Eq. (B.7)] of the 
polynomials P, by symbolic expansions is given in Appendix D to Chapter 
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where symbolic forms of the Racah coefficients are discussed, the limiting 
lation (2.51), Chapter 2, being the origin of these relations. 
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CHAPTER 4 


W-Algebra: An Algebra of 
Invariant Operators 


1. Introduction 


In the previous two chapters we have discussed the algebra, called the 
RW-algebra, generated by algebraic operations on the fundamental Wigner 
operators [realized as normed linear operators in the specific Hilbert space 
JC having as a basis the (equivalence classes of) angular momentum ket 


vectors tie j a \, The Racah operators appeared in this algebra as 


merely one type of invariant operator. The existence of several fundamental 
identities for the Racah invariants, however, clearly suggests that the Racah 
invariants realize on their own an interesting algebraic structure, but it was 
not clear at that point in the development how to exploit this suggested 
structure further. 

We shall demonstrate in this chapter an algebraic structure realized by 
the Racah invariants, denoted as W-algebra, which parallels in a remarkable 
way the RW-algebra discussed earlier. It will be shown, in fact, that the 
RW-algebra is a well-defined limit for W-algebra, and thus W-algebra is, in 
this sense, the more fundamental structure. 

In order to develop the concepts of the W-algebra, we must first enlarge 
the scope of the investigation to include the Wigner coefficients of the direct 
product group SU(2) SU(2). This straightforward generalization leads to 
the 9-7 symbols, and the Racah coefficients reappear as the subset of 
“Wigner operators” in SU(2)X SU(2), which are invariant operators in the 
diagonal subgroup. 

These developments are ancillary to our main purpose, and, even though 
the 9-7 symbols play an interesting role in LS-coupling problems physically 
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(see Chapter 3, Section 19, and Chapter 7, Sections 5 and 9, of AMQP), we 
do not pursue this topic further. The real purpose for considering the group 
SU(2)XSU(2) is to obtain a well-defined Hilbert space on which the 
fundamental Racah invariant operators generate a graded Banach star- 
algebra— called W-algebra— which closely parallels the earlier construction 
of RW-algebra. 

It is remarkable, we feel, that it proves possible to construct a pattern 
calculus for this new structure. This calculus is a generalization of the 
previous pattern calculus, but it is based on precisely the same arrow 
pattern rules. [Even more remarkable is the fact that this generalization was 
found earlier in connection with SU(3) operator structures (see Refs. [1—3]) 
and had originally no connection with Racah invariants in any way.] 

By means of this pattern calculus realization for W-algebra, we are able to 
prove a structure theorem for the Racah invariants (in terms of the null 
space properties) that parallels the earlier structural results for the Wigner 
operators in the RW-algebra. 

The realization achieved here for the W-algebra acts in a Hilbert space 
whose basis vectors are labeled by discrete triangles (triangles whose sides 
are integral multiples of an elementary unit length). This geometric structure 
iS quite suggestive; for example, by letting one point of the triangle go to 
infinity, we recover the earlier RW-algebra; a second limit (taking one of the 
two remaining points to infinity) would recover an algebra based on the 
Jacobi polynomials. These limit properties are briefly discussed in Section 4. 


2. Wigner Operators for the Direct Product 
Group SU(2) X SU(2) 


Let us recall that the group SU(2)X SU(2) is the set of ordered pairs 
{(U,V): UE SUQ) and VESU(2)} with the multiplication rule 
(U,V)\U',V)=(UU, VV’). 

Let 


(U,V) Ou, (4.1) 


denote a realization of SU(2)XSU(2) by unitary operators acting in a 
separable Hilbert space KC having the orthonormal direct product basis 


RUE etn = (Ti) Sata) Oa alee 
TE hs ge) pcs a Mes (4.2) 


Alternatively, we may span the same space by the coupled vectors 


(neo =S > ous inane inl) (4.3) 


mymy 
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where the coefficient denotes the Wigner coefficient of SU(2). The action of 
Quy) on these two types of basis vectors is given by the following expres- 
sions: 


Ouvy| Aim J2M2)= > DAO )D 2 an this), (4) 


mim 
Ou nlrb m= Z Div (UV Ni )sm’), CE) 
jm 
where the correspondence 
U-D(U) (4.6) 


is the standard unitary matrix irreducible representation (irrep) of SU(2). 
The relation of the elements of the unitary matrix irrep of SU(2)X SU(2), 


(U,V )>DY2(U,V), (4.7) 


to the equivalent unitary matrix direct product irrep, 


(U,V)>DA(U )@D2(V), (4.8) 
is given by 
Da || U, Ud ) = Dh Ce oe Dee, WA V ) 7 (4.9) 
mim 
niymy 


Observe that the diagonal subgroup representation satisfies the relation 


Dy (ei, U)= 8; Ci eh DIU): (4.10) 
where 
_(1 ifJ=|A—ALATAI+ Ath. 
Heed (6 otherwise. oa 


Using Eq. (4.9), the multiplication property of the SU(2) representation 
functions given by Eq. (2.29), and the definition of Wigner’s 9-7 symbol [in 
the form given by Eq. (3.252) of AMQP], we now derive the fundamental 
result for the SU(2) X SU(2) representation matrix DVY»(U,V): 


7 ) kyk 
Dib (UV DEER W.V)= FE f(A, \(ake |, J 


= ? 
I, Evily kp ly 


(2)(82)(0 Jomo 


(4.12) 
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where the C-coefficient is defined by 


alata tel] 


[(21, +1) (25 + 1)(2 741) Qk+1)]? 


Ai Aa J 
eT TILS arg Orie (4.13) 
Li 


The structure of Eq. (4.12) allows us to identify the coefficients (4.13) as 
the “Wigner coefficients” of the group SU(2)< SU(2) (coefficients of the 
real orthogonal matrix that reduces the direct product of two irreps into a 
direct sum of irreps). 

We have introduced a notation for these SU(2)X SU(2) Wigner coeffi- 
cients that is analogous to the C/¥2/,, notation for SU(2) Wigner coeffi- 
cients—superscripts denote irrep labels and subscripts denote subgroup 
labels. These coefficients satisfy orthogonality relations of the same type as 
SU(2) coefficients: 

Orthogonality of rows: 


Ue) eel [83] Sidr \{ kik, al = 
7 q / m | [ pb | ly c f ni k p I'p’ 8) 7 101 Oyy"3 
(4.14) 


Orthogonality of columns: 


de ff ean | Jit eal = ae 
2 Ati Vice ly : J’m' J\ kw J\ lp if mm! kk On’ 
fe 
(4.15) 


These orthogonality relations are proved directly from the definition, Eq. 
(4.13), and the orthogonality relations for the Wigner coefficients and 9-/ 
coefficients [see Eqs. (3.175)-(3.179) and (3.321) of AMQP]. Similarly, the 
range of summation is determined from the right-hand side of Eq. (4.13)— 
standard triangle conditions and projection quantum number ranges are to 
be observed. Note that the C-coefficient (4.13) is zero unless the condition 
v=m-+up is satisfied. Correspondingly, the summations in Eqs. (4.14) and 
(4.15) may be simplified [cf. Eqs. (3.175)—(3.179) in AMQP]. 

One may now use the orthogonality relations (4.14) and (4.15) to give 
various equivalent forms of Eq. (4.12) in complete analogy to the results 
obtained in Chapter 3 of AMQP. 

We now come to the definition of a tensor operator. An SU(2}* SU(2) 
tensor operator is a set of operators (each operator mapping JC into itself) 
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that is transformed linearly into itself under the similarity action of the 
operators ©... The coefficients of this linear transformation form a 
unitary matrix representation of SU(2)X SU(2). This representation may 
then be reduced into a direct sum of irreps. 

Correspondingly, each such general tensor operator splits into a family of 
tensor operators, each tensor operator in the family being itself a set of 
operators that is transformed into itself under the similarity action of 0,,, ,,, 
the matrix of the transformation being now an irrep of SU(2)XSU(2). In 
this manner one arrives at the concept of an irreducible tensor operator in 
SU(2)X SU(2): An irreducible tensor operator in SU(2) X SU(2) is a set of 
operators denoted by 


Ta), (4.16) 


where the labels (J,J,) designate that the set of operators T'’'”2) is trans- 
formed linearly into itself according to the irrep D7?) of SU(2)X SU(2). 

It is customary to label the components of the irreducible tensor (4.16) by 
the same scheme as that used for the basis vectors of 1. Thus, correspond- 
ing to the two standard bases (4.2) and (4.3), the irreducible tensor (4.16) is 
represented by the components 


i Mi Gal =H an 
and 
Hho lpeces hol 
(iJ)ps - 1 2\> paca 2 
ree 6) net 
respectively. 


The relationship between these two ways of describing the components of 
one and the same irreducible tensor (4.16) is given by the orthogonal 
transformation 


Cry = Y ChaluTibfty (4.19) 
MM, 


The transformation properties of the sets (4.17) and (4.18) are expressed 
by 


el ae 
Qu wy TMU, = 2. Dita ( U )Dy}em,( V TR 
eee 


3) iJ 7J 0 = Tdi = , 
Quy TM Quy = DL Di y (UV ery, (4.20) 
JM’ 
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Consider next the specialization of the second of Eqs. (4.20) to the 
diagonal subgroup. The correspondence 


U>(U,U) > uu) (4.21) 


is a unitary operator realization of the diagonal subgroup SU(2) CSU(2)x 
SU(2). Furthermore, in consequence of relation (4.10), we have the result 


Oy 2 i Ue = » Diy) eae (4.22) 
M’ 


which expresses the fact that the SU(2) X SU(2) irreducible tensor operator 
T‘442) with components given by Eq. (4.18) splits into the SU(2) irreducible 
tensor operators T’ for J=|J, —Jy|,..-. 4) +42. 

We consider next two sets of unit tensor operators: first, we consider the 
operators 


JM, 
acting in a Hilbert space, JC,, spanned by 
{lam): 0 Seer ae le le 
second, we consider the operators 


Teak; 
Bab 0 


acting in a Hilbert space, 3C,, spanned by 
{| jm) ‘ = 0, les My =)2, jo —l..-s hie 
(Thus, we have two copies of abstractly identical Hilbert spaces and Wigner 


operators.) By definition these operators act in the product space i ,® I= 
3C according to the rule 


(0,80 )(h®A)=(Of)@OA) 


for each f,EIC,, f, EIC,, and for each operator ©,:3C, -9C, and each 
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operator 0,: IC, > IC,. In particular, one has 


Very J, +A, 
2 0} @\ 24 0 4171) @| pm) 
eee J,+M, 
J+A, J+A 
= ou 0 }|j,m,) |® 2J, 0 || m2) 
J, +M, J, +M) 


=p fyta in Jo jy t+ . ; 
= Opp Te a CP te, ay | fy td, 1m +My ®| j, +4,, mz, +My). 


(4.23) 
If we now make the identification 
J, ah J, a AD 
Tih, = 2g; 0 }@\ 2/, Gomi (4.24) 
J, +M, Jo +M, 


then it is easily verified from the transformation pioperty of unit Wigner 
operators that {7jj7#,,: M,=J,, J;—1,...,—-J;} is an SU(2)XSU(2) tensor 
operator. Thus, the operators defined by 


I ahs, J a 
URN GHEE | Dl 0} ils, 0 } (4.25) 
MM), es J, +M, 


for J=|J, —J)],..., J, +4; M=J,..., —J, constitute the components of an 
SU(2)X SU(2) irreducible tensor operator that has been split into an irre- 
ducible tensor (the components are M=J, J—1,..., —J) with respect to the 
diagonal subgroup SU(2) C SU(2)X SU(2). 

Applying the Wigner—Eckart theorem [where the relevant SU(2) group is 


the diagonal subgroup of SU(2) SU(2)] to the tensor operator (4.25), we 
obtain 


(Gio +A, Dye eae )jm) 


; JS | ee 
8 jr abarmor At Bn a ds HA S04 is) 


. J+A 
x (j+A,m+M]{ 27 0 )| jm), (4.26) 
J+M 
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where 


: . : Jee 
(iB abbas HAA | ad) 
=(j, +A), bo tAg, JF As? (4.27) 


denotes the reduced matrix element of Ty\24,. Notice that we have observed 
the Condon-Shortley rule of shifting to/ + A in the definition (4.27) (see p. 
97 of AMQP for a discussion of this rule). 

Using the definition (4.25) of Ty¥24, and the definition 


: Ja N ut 
(j+d,m+M|\ 25 0) im) = Cee mt a (4.28) 
J+M 


together with the orthogonality of the Wigner coefficients, we may now 
evaluate the reduced matrix element (4.27). The result is 


Lodbadl 
1 teins Pee ne (RES es Wivnl 
Ch 1 J2 ae dl eae \Fi dot) 


= 3 Ch, CHI Cp tay Sees CR ml M CHEM mate MC Mm 
MM, 
mm, 
mM 

Ji Ja J 

=[(2j+1)(2IF 1) (2H, +20) + QA +242 +0) hy ee. 

fi +A) jy tanith 


(4.29) 


We next combine Eqs. (4.26), (4.28), (4.29), and (4.13) to obtain the 
following basic result: The irreducible tensor operator Te Weg, is an SU(2)X 
SU(2) Wigner operator, that is, it has the action on the Hilbert space 
=H OH, given by 


J we : P 
RV NaN Jae a Fi +Ay jy +A, 
TS 8244\(Ai i) 3m) Sale ee jt+Aa,m+M 


SOC are Fe tea yar ae el (4.30) 


where the C-coefficient is an SU(2)* SU(2) Wigner coefficient. 

Let us summarize. Since the direct product of SR groups is itself an SR 
group (see Chapter 3, Section 4), the developments obtained in this section 
can be considered as a particular example of the standard procedure for 
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determining unit tensor operators in an SR group [here SU(2) X SU(2)]. One 
could now proceed to develop the algebra generated by the fundamental 
operators, following the procedure developed in Chapter 3. We shall defer 
this development to Notes 1 and 2, since it is peripheral to our main 
purpose in the present chapter. 

From the point of view of physics, there is a special reason for interest in 
the SU(2) X SU(2) group; this group has the same Lie algebra as the SO(4) 
[or R(4)] group, which, in turn, is the underlying symmetry group of 
hydrogen-like atoms. This subject is discussed in Chapter 7, Section 4, of 
AMOQP. (Racah algebra for the group R(4) has been discussed by Ponzano 


[4].) 
3. Construction of the W-Algebra 


Invariant operators in the diagonal subgroup. Let us recall some results 
found in the previous section. We are dealing with a particular Hilbert space 
whose basis is the set of vectors 


(Av )Im): je h=04,1,..05 th 27214, —/|; F=m>—j}. 


The unit tensor operators on this space whose actions leave invariant the 
carrier space of the irreps of the diagonal subgroup are just the invariant 
SU(2) X SU(2) Wigner operators, as we see from Eq. (4.30). These invariant 
Wigner operators are 


Ts ol di d2 im) = [ (27+ 1)(2f, +24, +1)(2 f, +24, +1)]? 
yi D a] 
a 0 CA +A), ip +A, ) jm) 
Tare Ire 
_[ (224,424,412, +24, +1) ]? 
r (2J+1) 


x Wj, Ti ee aoe ree) Ghee hs jot A,) jm), 


(4.31) 
where in obtaining this result we have used the identity 
are (ener ae) 
e W( cafd;: be 
|a4o}=-— Ade} Mee) (4.32) 
aie (Ce@aeen)||: (Ze) (2a aay 
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Equation (4.31) is the basic relation that we need to introduce the notion 
of a unit Racah operator. We find, however, that, by modifying this relation 
slightly, the resulting unit Racah operators will satisfy relationships that are 
in complete analogy to those of SU(2) unit tensor operators (Wigner 
operators) as developed in Chapters 2 and 3. [Were we to use Eq. (4.31) 
directly, unwanted phase factors and dimension factors would appear.] The 
appropriate definition of a unit Racah operator in terms of the invariant 
SU(2)X SU(2) Wigner operator given by Eq. (4.31) is 


Drs 
On| OG = (C0Gn) a @dim?)TEL(1 @dim: ) 
dap ay 


, JHA ae 
(13 (24 ojo (a 0} 
M JtM J+M 
(4.33) 


In obtaining this result, we have used Eq. (4.25), the special Wigner 
Cocificient Ce oy 5 Gal) 0 2d 1)?, and Eq. (3.64) for the conjugate 
Wigner operator. The form of right-hand side of Eq. (4.33) shows clearly the 
SU(2)X SU(2) transformation properties of a unit Racah operator, and, in 
particular, that it is an invariant under the transformations Ow, yy corre- 
sponding to the diagonal subgroup (see Chapter 3, Section 20, AMQP). 

The following two orthogonality relations for unit Racah operators are an 
immediate consequence of the orthogonality relations (2.33) and (2.35) for 
Wigner operators: 


J+A yee! 
De 28 Oh 2a Oe One ko), 


A’ J+Al J+A 

ieee EIN 
dl os OE =O oe, (4.34) 
A J+A J+A” 


[It was to obtain these two relations as analogs to Eqs. (2.33) and (2.35) that 
the phase and dimension factors were introduced into the definition (4.33).] 

Combining Eqs. (4.33) and (4.31), we find that a unit Racah operator has 
the following shift action on an arbitrary basis vector (/ij2)jm> of the 
tensor product space KH=IC,@ IC, : 


{24 oe of adim=[2 428+ NRF] 
Se 


x Wi, ue Poe; Dp Fare i es ae yt) 
(4.35) 
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Observe that in the generic unit Racah operator 
a 
ad 0 (4.36) 


2J may assume all integer values 0,1,2,..., whereas for each specified value 
of 2J/, the values that A and A’ may assume are 


A, A’=J,I~1,...,—J. (4.37) 


It is important to note that, although the notation for unit Racah operators 
is, by design, in one-to-one correspondence with that of unit SU(2) Wigner 
operators, neither the upper pattern J+ \ nor the lower pattern 


Bef 0 
(2a a has a subgroup significance, and each will be called an operator 


pattern. [An extension of a unit Racah operator to “U(2) patterns” is 
considered in Note 3.] 

Unit Racah operators are clearly bounded operators on J, since they are 
defined by the elements of an orthogonal matrix. Moreover, since the 
property of being an invariant operator is preserved under sums and 
products, we may consider the subalgebra (of the Banach star-algebra) 
generated by the set of all unit Racah operators. This algebra we term 
“W-algebra.” 

It is essential to note that in this construction the quantum number m plays 
no role; accordingly, we may replace the individual vectors labeled by 
different m-values by an equivalence class of vectors whose representative, 
say, is the vector having m=j. 

Let us now adapt the notation to this situation. The basis vectors of the 
new Hilbert space (equivalence classes of vectors) will be labeled as the set 
of ket vectors 


Quives> With je) Ono Ath SIS|/ =i} (4.38) 


The operators we consider in this space will be the operators given in Eq. 
(4.35). The action of the operators is to produce a new basis vector 
multiplied by a Racah coefficient as the relevant matrix element (aside from 
normalizing factors). 

Since the basis vectors of the new Hilbert space are specified by three 
quantum numbers, j,, /,, and /, which are constrained to form a triangle of 
angular momenta, we see that we have an algebra of invariant operators that 
act on discrete (integral) triangles in the literal geometric sense. 

A calculus of extended patterns. In order to make the algebra completely 
explicit, we shall now demonstrate that there exists a pattern calculus for 
this structure, realized by precisely the same pattern calculus rules as those 
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employed in Chapter 3. The sole difference is that the Gel’fand pattern 
m5 n : ‘ : : 

(m)= ( Eke i) which occurs in the ket |()) in the earlier case, is 

replaced by an extended pattern, 


Migs Way 


in which the betweenness conditions are considered operative; that is, to be 
explicit, these conditions are 


My 2M 2=My =m, (4.40) 


with all (m;;) being integers. 

Before proceeding further, it is useful to verify that these extended 
patterns do indeed include the vectors | j, j,/) of the previous section. The 
vectors map in this way: 


oa 0 
ee cee 4.4] 
Ache) haa z ied? oy 
The m,, in this extended pattern are m,,=2),, My, =0, my, =/, +h TS, 
mM ,=J, —j2 —J, and these are clearly integral for all integral and half-integral 
jis jy» J that satisfy the triangle condition j=j, +), i ee i ak 
Conversely, the betweenness conditions imply 


2h z)y +), eV Jy ihe (4.42) 


which, in turn, imply j=/,+/, J) +i.— 1..-.+| 4, |; this recovers the trian- 
gle condition for j,, Jy, J. 


The relationship between a general pattern (4.39) and the special pattern! 


2a 0 
ee eee 4.43 
Diba oa el es 2) 


is obtained [in analogy to SU(2) versus U(2) patterns—see the Note at the 


| There is a feature in pattern (4.43) that deserves comment: the specialization of the label /, 
versus j>. The betweenness conditions, Eq. (4.42), are, in fact, invariant to permutations of 
j\. jax j- The specific form chosen in Eq. (4.41) is adapted to the notation (4.36) for a unit 
Racah operator in which the upper pattern specifies the shift in /, in the upper row of the basis 
vector labels, and the lower pattern specifies the shift in j, in the lower row of basis vector 
labels. 
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end of Chapter 3] by considering all patterns in the set 


ia ak Mz, +k oan 7 
{ mk m,,+k eae Melina (eLceh) 


to be equivalent. This equivalence then determines (choose k= —m),) the 
relations between j,, j), 7 and the (m,,): 


II 


Ji (m,.—My )/2, 
jg =(™, — M2, )/2, (4.45) 


J (m)) +M 7. —M), SM Ne: 


We now apply this equivalence relation to the initial and final extended 
patterns in the following matrix element: 


J+A 
Ded 0 
J SPiN 

2) 0 
Jith of cg Na NO ease 


aes 
al 0 
Ja! 


J+A 
= (jb AW js OF sil 
J+A’ 


Wig eit A 
my, +O, m,+A, 


Miz M9 
mM, mM) 


Daly 0 
Vobet Viana 


=((25, 7 282 2 We eto 


(4.46) 
where we have defined the shift labels A,, A,, A}, A, by 
Upper pattern: A, =J+A, A,=J—A, 
Lower pattern: Aj=J+A’, A, =J—A’. (4.47) 


It is in the sense of this equivalence relation, Eq. (4.44), on patterns that 
we interpret the following expression for the operator form of the unit 
Racah operator: 


My tik el, 


Wig +d te A ai ae 


(4.48) 
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where the numerical value, #, is the Racah coefficient defined by 


q 
# = [Cm — my +284 1)(my mg, +1)? 


My FM. — MyM, MyQ— Mg) My — My, 


x w{ , AB Ain Hil ge 
2 2 2 , 


Pay dle +A). 


(4.49) 


Since this result is very complicated in appearance, let us discuss it 
further in order to bring out the essential simplicity, and even naturalness, 
concealed under the thicket of indices. The assertion of Eq. (4.48) is that 
there exists an operator—denoted {2J 0} and carrying the angular 
momentum label J—which acts on a state vector |(m)), labeled by a 
triangle whose three sides are 4(7m,, —713)),3(,, — 91), 30M 2 FM — 
M,,—M>,); the action of the operator produces a new vector whose triangle 
has its sides shifted by the lengths (A, A’,0). This is, of course, just the action 
already found for the unit Racah operators in SU(2)XSU(2), but the 
interesting point at issue is the way in which the extended pattern structure 
encodes this information in an optimal way. 

To give content to the use of extended patterns, let us now verify that the 
pattern calculus rules yield precisely the correct values for the four funda- 
mental Racah operators. 


l 
Consider first the operator denoted by {1 0 }. The shifts induced by 
1 


this operator when acting on an extended pattern are 


{ , 0} ae my, ae J=(m)—(m)+|! 1 orl 


where the shift pattern 


_{4: 42, |_[y+a J-& 
[s1=| a wll Jean Ja Ca) 


for this operator is 


P1°o) 

Oy 

We next construct the arrow pattern in exactly the same way as was 
discussed in Chapter 3: 


Shift pattern Arrow pattern 


an ie ss 


e—— « 


104 W-Algebra: An Algebra of Invariant Operators 


We then assign to the dots in this arrow pattern the values of the partial 
hooks p,;=m,; +j—i. The values of these labels (which denote the underly- 
ing Hilbert space vector) are given by 


Py2=My.Tt1 P22 —™22 


(4.51) 


(2) 4) ee ta, — | 
(Note in particular the —1 in p,.) Thus, we obtain a labeled arrow pattern 


Pi2) P22 


Oe 


oe (4.52) 


e_5e 


Pu P21 


In this manner, we associate a labeled arrow pattern to each fundamental 
Racah operator (the operators {1 0}). 

The pattern calculus rules now define an algebraic factor, denoted PCF 
(pattern calculus factor), for each labeled arrow pattern in the following 
manner (just as in Chapter 3): To each arrow in the labeled arrow pattern, 
we assign the factor 


_ {1 if tailin bottom row, 
Didone P weagiecnant e | (4.53) 


0 if tailin top row. 


Then 


product of all factors for arrows going between rows 
product of all factors for arrows going within rows 


rcr-| . 


(4.54) 


The PCF assigned to the pattern (4.52) is thus found to be 


x 
2 


(b> =P +1)( Py a) 
(Pp =P) Pine rl) 


Por=| 


Using the relation of partial hooks to the m,; given by (4.51) and the map to 
angular momentum labels /,, j,, j given by Eqs. (4.45), we obtain the result 


PCF= 


(fj) ti ti+2)( 4 +, +1-/) 2? 
(27,4) Qh +2) 
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which is precisely the value of the Racah coefficient: 


ECE [es ie) (Ona zt URW. Jio Ja ee oe +4), 
We conclude: The pattern calculus rules have evaluated exactly the matrix 


1 
element of the fundamental Racah operator | 1 0 |: 
1 


1 
Pen Ge iH! of sald =Com) +18] . 0} Km 


For completeness we tabulate the results obtained from the pattern 
calculus for the four fundamental operators {10} in Table 4.1, where we 
note that the sign of the matrix element of the fundamental Racah operator 


p 
{1 of. po — Onl (4.55) 
is given by (see p. 52) 


sign(p—o). (4.56) 


In all four cases the pattern calculus rules evaluate exactly the matrix elements 
of the corresponding operator as defined by Eq. (4.35) or (4.48). 


Null space of a unit Racah operator. To determine the characteristic null 
space of a unit Racah operator, we use the defining relation, Eq. (4.33). We 
see from this equation that both a Wigner operator and a conjugate Wigner 
operator enter into the ®-product defining the Racah operator. The char- 
acteristic null space of each of these operators is known from Eqs. (2.42) 
and (3.64). It follows that the desired characteristic null space is given by 


Characteristic null space of {20 a o} = EO Gia) Co) 
Haye jh 
where the space 9Uz ,.( j;j2) is defined to be 
Mi futr)=| Moa 22%,,| © [H,@Ny—a—vyal- (4.58) 
The summation symbol >’ denotes that the subspace NMr-a—1) 22 


Sih 
Ny-a—1/2 18 to be included only once in carrying out the summation 
. Gc epenes i 
Te Uy eee 


2/(z-eatla_etay tay = cf (Pou uM eye tw) =f 


Ce de ody = z/(tem-" tw) ay Ge 


C/o eee a) = 7 oma jee Te 
oe a en eta 
uoT3eI30N 


aa: WE ale GC 
ae d elo? “Gl 
G ae “ae + Seis Gym (1+ Fe) (C2) J 7 te ai = } fo i} 
z d-¢% gy (tet a_ lea) 
i a 
T 
Meee les eee eG T 
( -T¢ Sees Ska Te Cy, Lt+° £2) (TC2)] a Le SN CT = a 0 
T 2 él El) (( GlaT > cl) 0 
a 
lee 0 
(1 0%cs8 £ -c te Cy, ( (+262) (2+! C2) ] 2 | Tt Le = = fot 
& £ d-°*d) (°*d-T+°°d) Tl 
T i 
(te TT AG ial i 
d- d Glo” Vel 
Gahe eoee Ben Me Crm, £ (t+ Ez) (2402) , A r. _ — 0 tf 
U I & & 6lo© bel}) (© %elo7 4° Fel} i 
i T 
UOTFeEION TeuoTtzUSAUOD QZUuUSUS TA XTIZEW uzr9n7Ied MOAAY zojze739do 


{o [} sioresadg yeory peyuewepuny ay} Jo syuaMTATY XINVW “Tb qe 
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The null space of a unit Racah operator is, however, larger than the 
characteristic null space given in Eq. (4.57). The unit Racah operator shifts 
the labels of the initial vector |(m)) to produce a final vector \(m)+[A]). If 
the latter pattern 


(m)+[A]= miytA, My +A, 

Py ay ley 
is nonlexical, then the initial vector |(m)) must belong to the null space of 
the operator. Basis vectors belonging to the null space because of lexicality 
constraints, although possibly infinite in number, can be systematically, and 
easily, treated by means of the pattern calculus. (This will be developed in 
Section 4.) For this reason (and, moreover, because such vectors are not of 
invariant importance), we shall call the set of vectors belonging to the null 
space because of lexicality constraints the “trivial null space.” Zeros of the 
operator associated with this subset of null space are called “trivial zeros.” 
Vectors in the trivial null space may, or may not, belong to the characteristic 
null space. 

We shall show in Section 4 that the unit Racah operator may be 
constructed from knowledge of the trivial and characteristic null space 
(together with symmetry information). This construction is quite analogous 
to the structural theorem stated in Chapter 3 for Wigner operators. 

The lexicality constraints (betweenness conditions) on the initial and final 
patterns 


M2 Mo 
my, My, 


and 


Mt A, My tA, 
my, +A} my +A, 


are equivalent to two of the four triangle conditions on the Racah coeffi- 
cient. Expressed in terms of the (m,,), the triangle determined by the initial 
vector 1S 


My +Mz7 ~My, —M7, My — My ae 4.59 
( 2 ‘ o i 2 Cee) 

Similarly, the final pattern determines the triangle 
{Au oy m1 ae aL on — +0’ }. (4.60) 
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The remaining two triangles associated with the Racah coefficient are 
determined by the action of the Racah operator: 


J+A A=i(mpe— my) =F (mp2 — My )+A, 
0 6 es] Sime | = +A’ : 
f=3(my,—my) =F, m>,) 


Thus, we obtain the two triangles 


(7a ony, "une +a}, (4.61) 
2 2 

(Pao, y, Muar a’), (4.62) 
2 2 

The triangle condition applied to the triple given in (4.61) implies that 
M, —~mM, 2J—A. Similarly, for the triple (4.62), we find that m,,—m,,> 
J— A’. These two conditions are precisely the requirement that the initial 
vector |(m)) not belong to the characteristic null space of the unit Racah 
operator. 

Since the initial basis vectors necessarily have a lexical pattern, the 
constraints expressed by the triangle condition on the triple (4.59) are not 
operative. The trivial zeros accordingly all come from the triangle condition 
on the triple (4.60) or, equivalently, from lexicality constraints on the labels 
of the final vector. 

It is known that there are additional zeros of the Racah coefficient for 
which all triangle constraints are satisfied; that is, the associated basis 
vectors do not belong to either the trivial or characteristic null space.! It is 
the merit of the pattern calculus approach that one can understand why 
these otherwise mysterious “accidental” zeros are not of any structural 
importance. We discuss this in Remark (a), p. 122, in the context of the 
structural theorem developed there. 

The accidental zeros are of intrinsic importance both mathematically and 
physically; this is discussed in Topic 10 of Chapter 5. 

Let us summarize: The null space of the Racah operator 


J+A 
{20 o} (4.63) 


consists of three sets of vectors: (a) the trivial null space (based on lexicality 
constraints); (b) the characteristic null space [given by Eq. (4.57)]; and (c) 


'Unlike a Wigner coefficient, there are no symmetry vanishings of a Racah coefficient. This 
is most readily seen from the fact that there are no sign changes in the 6-/ symbol under any of 
the 144 symmetries (see Chapter 3, Section 18, AMQP). 
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the accidental null space (Topic 10, Chapter 5). The two spaces described in 
(a) and (b) are not necessarily disjoint, whereas the space described in (c) is 
disjoint from that of (a) and (b). The dimension of the trivial null space is 
either 1 (the zero vector) or denumerably infinite, and this same property 
holds for the characteristic null space. It is not known whether the acciden- 
tal null space is finite or not. (Over 1400 of these accidental zeros have been 
tabulated in Ref. [5], as we discuss in Topic 10, Chapter 5.) 
Basis property of the unit Racah operators. The set of SU(2)*SU(2) 
Wigner operators [see Eq. (4.30)] 
INES INT N iano — he (4.64) 


i 


constitute a basis for all SU(2)X SU(2) Wigner operators of the type 
C2 11) oie (2) (4.65) 


(See pp. 99-102, AMQP.) Correspondingly, the set of Racah operators 
Jame 
Dy Ore NN oe (4.66) 


constitute a basis for the SU(2) x SU(2) Wigner operators that are invariant 
with respect to the diagonal SU(2) subgroup. They are a basis in the sense 
that one may write 


[rayxM@))= Beja 0} (4.67) 


where Cz,, denotes an SU(2)XSU(2) invariant operator. Its eigenvalues 
may be found by taking matrix elements ((a’)j,; +A fj. +AU | °° - (MAAS) 
using Eq. (4.46), and comparing the result with Eq. (3.260) of AMQP: 


al 
2 


(2 j, +2A’+1) Ce eral (Carlin 


alte b+ AI=) 7 FQIFN 


x ((a4) jp FAITH(2)II(ag)j2)- (4.68) 


Again using the definition (4.33), expressing unit Racah operators in 
terms of SU(2) Wigner operators, we also derive the trace orthogonality 
relation for unit Racah operators directly from that for unit Wigner 
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operators [see Eqs. (2.44) and (3.64)}: 


J+A" | 
ea ay!) Zu 0 ord 0 LAs J) 
j J+A’ 


Ti+ A” 
a ga Aen . 
= 2 Amys Am|) 20’ OF, 27 o} |jymys fom) 
mymy, J’+A”" Joe 
(Oeil (2 fee cal) 
= arty rsa Sar 08h tds 8a tsa" (4.69) 


Using this orthogonality relation, one can express the eigenvalues 
CE ACj,, jr) of the invariants Cz,, on a state vector | jj. /) in the form 


2J+1 
J : =o \ a ee ee 
Ciral ie a)= Gi) (2y, 20+ 1) 


eee ea 
F nary 
(4.70) 
(The eigenvalues (4.68) are obtained from this result by making the shifts 
HATA Arta) 

Algebra of unit Racah operators. In this section we present a number of 
relations between Racah operators. These relations are in complete analogy 
to relations already given for Wigner operators in Chapter 3. We shall 
therefore be very brief. 


The conjugate to a unit Racah operator is related to another unit Racah 
operator by 


ae ee im \3 
{2s | =(-1)' “(= | {20 0 (| . (4.71) 


where the dimension operators dim and dim’ are defined by 


dim| AHA=QAtD AAS): 
dim | \hp=2ht MAAS: (4.72) 
Equation (4.71) is a direct consequence of the definition (4.33) and the 


conjugation property (3.64) of SU(2) Wigner operators. It is equivalent to 
the symmetry relation 


W( abcd; ef =(—1)°* ° /W(afed; cb). (4.73) 


We consider next the coupling laws for unit Racah operators. 
It is the B—E identity, Eq. (2.69), that provides the general product law. Its 
interpretation in terms of the unit Racah operators and the Racah invariant 
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operators' W23° is 


b+o a+p Pe Cae Ooi 
; 2b 0 2a 0 = Wo ee 2G 0 ry 


c Calne) 
(4.74) 


where Wis and Wan denote Racah invariant operators of the type intro- 
duced in Chapter 2, Section 5, and here have the following actions on a 
generic basis vector | j, jj): 


Wee {T= We (A )Ab> 
Woe bd) =WE (i Abs): (4.75) 


Thus, when we operate on a generic state with Eq. (4.74), we obtain the 
B—E relation between Racah coefficients. 

Using the orthogonality of the Racah invariant operators [expressed by 
Eq. (2.54)] and the orthogonality of the Racah operators [expressed by Eq. 
(4.34)], we obtain from Eq. (4.74) the following three relations: 

Lower pattern coupling: 


5 wh 2 et 0} a 0} =e {2 a | (4.76) 
—aBy 4g p,o,p+o , : 


ct+y 


Upper pattern coupling: 


Lower and upper pattern coupling: 


= b+o at+p Cory 
DOW Wee 0+, 2a 0+ =6,45 2¢ 0}. (4.78) 
ee b ery 


aBpo +B 


These operator relations are, of course, fully equivalent to the various forms 
into which the B—E identity may be cast by using the orthogonality of the 
Racah coefficients. Equation (4.78), in particular, is the operator analog of 
Eq. (3.296) of AMQP and correspondingly may be used to determine the 
general Racah operator from the fundamental (spin-;) Racah operators. 


'Recall from our definition, Eg. (4.33), that a unit Racah operator is a sum of SU(2)X SU(2) 
tensor operators, which is invariant with respect to the diagonal SU(2) subgroup, whereas a 
Racah invariant operator is now to be interpreted as an SU(2)X SU(2) invariant. 
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Remarks. (a) The associativity of multiplication of unit Racah operators 
implies (and is implied by) the B-E identity. 

(b) There are no commuting pairs of fundamental Racah operators [each 
pair of operators has at least one opposing arrow (see Table 4.1)]. Moreover, 
there is no group transformation property analogous to Eq. (3.19) for the 
fundamental Wigner operators. It is, accordingly, more difficult to derive an 
expression for the general unit Racah operator in terms of the fundamental 
operators, although such expressions clearly exist, since the iteration of Eq. 
(4.78) yields such forms. This iteration method is feasible for obtaining the 
unit Racah operators in which one pattern is extremal (four cases). Carrying 
out this procedure, we find that these operators are, up to an S UQy\xXSUCQ) 
invariant, monomials in the fundamental Racah operators. Indeed, one sees 
that the monomial property is characterized by the fact that there are no 
opposing arrows going between rows (see the arrow diagrams in Table 4.1) of 
the pair of fundamental operators— the numerator pattern calculus factor is 
independent of the order of the operators. [This characterization of mono- 
mials is also valid for SU(2) Wigner operators.] These monomial Racah 
operators are 


{2770 | ee 
a7 ae oT 
1 SEA 0 J-A 
fi | [ | | 
l l 
J (2J)! : 
Bee (as Gieay | 


l aes 0 J—-A 
| | ( 0 (4.79) 
0 0 


(Qa | 


Del 
DA] la eee eee 
peu) [2888 | GAH 


0 
Dd 0) I AL — OC OOOO 
Fou ee (J+A)1(J—-A’)! 


Quy | 
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The SU(2)X SU(2) invariants appearing in the left-hand side of these 
relations have the following values on a generic state |(m)): 


Ta Pio Px»)=|(Pio Pa + A,—A,+ I)a,/(P2 —Prm— A, Sole lee 
T yal Piss Pud=((Pi —Pat Va/(Pu —Pr—A4 eel (4.80) 


The first of these invariants is the same as Cae occurring in Egs. (3.21) 
and (3.23). The second invariant in Eq. (4.80) is similar to the first one, 
except that it is defined on the irrep label 2 j, =m,, —m. 

(c) We may apply the pattern calculus rules developed in Chapter 3, 
Sections | and 2, directly to the general shift pattern 


— || #ar& =D _|4n Ax 
=| ere | A, in (4.81) 


of the unit Racah operator 


J+A 
[2s 0). (4.82) 


JA 


For clarity, we restate briefly these rules in this somewhat more general 
context (a preliminary discussion is on p. 103). 

The associations are shift pattern— arrow pattern — labeled arrow pattern 
+ PCF. The arrow pattern now contains four dots located at positions 
labeled 


(12) (22) 
with multiple arrows going from dot (ij) to dot (i’j’) if A;; >A,;,, im which 
case the number of arrows is A;;—Aj;;. The labeled arrow pattern is 
obtained from the arrow pattern by assigning the partial hook p;,; to point 
(ij). The rising factorial, 


( Prait ~ Phead Caio) ap (4.84) 


is then assigned to each pair of points, where A is the number of arrows 
going between the pair of points. The numerator pattern calculus factor, 
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denoted NPCF, is defined as follows: 
NPCF= [|product of all rising factorials for arrows going 


between rows|]?. (4.85) 


The denominator pattern calculus factor, denoted DPCF, is defined as 
follows: 


DPCF = [|product of all rising factorials for arrows 
going within rows||?. (4.86) 


The DPCF has, however, a significant generalization (see Ref. [6]), as 
described earlier in Chapter 3, pp. 65, 66. We now consider two denomina- 
tor functions, D and D’, which are associated, respectively, with the top row 
[A, A,] and the bottom row [A;A‘] of the shift pattern (4.81). The shift 
pattern [A,A,] is split into the two extremal parts: 


[4,4,]=[4, 0 ]+[04,]. (4.87) 
The labeled arrow patterns associated with each of these shift patterns are 


Pi2 Py tA, Pit A, Px 
‘ (top row). (4.88) 


A, arrows A, arrows 


One now defines the denominator function D by applying the factorial rule 
(4.84) (€,,; =0, since the tail is in the top row) to each pattern and forming 
the product: 


Dias Pi2> ia )= eae ~ P22 —A,)a, (Px my ao) Sole (4.89) 


This general rule for the denominator function D is a direct consequence of the 
(extended) pattern calculus rules for the fundamental operators. This result 
follows from either of the top two equations in (4.79), just as it did for SU(2) 
Wigner operators. 

To calculate the denominator D’, we must account for the fact that the 
pattern calculus rules assign a shift e,,,=+1 to arrows with tails in 
the bottom row of the arrow pattern. Thus, we cannot assume a priori that 
the general rule for determining the denominator function D applies also to 
D’. 

To determine D’, we apply the pattern calculus rules for the fundamental 
operators to either of the last two equations in Eqs. (4.79) and combine the 
resulting factors with the invariant given by the second of Eqs. (4.80). 
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The result is as follows: to calculate the denominator function D’, we split 
the shift pattern [A‘,A‘4,] into two extremal parts, 


[4,45 ]=[44 0] +[0 45], (4.90) 


and associate with each of these two shift patterns the labeled arrow 
patterns 


jp 
2 i a eo (bottom row) (4.91) 
A‘, arrows A’, arrows 


with no shifts of labels. Applying the factorial rule (e,,;, = +1, since the tail 
is in the bottom row) to each pattern and forming the product yields the 
desired denominator function: 


Dias) Pu Pud=([lCrn 931 +1)a.( Pay Pi soe e (4.92) 


We can now state the pattern calculus factor, PCF, which we obtain from 
the pattern calculus rules as applied to the shift pattern (4.81). We have 


PCF=(NPCF)/DD’. (4.93) 


Note that, if the upper operator pattern e y = 0 and the lower operator 


pattern lea are extremal, then Eq. (4.93) reduces to 


°) 
J+Q’ 


PCF =(NPCF) /(DPCF). (4.94) 


We must, of course, justify the applicability of these pattern calculus rules 
to the general unit Racah operator—that is, demonstrate the relationship of 
PCF, defined by Eq. (4.93), to the structure of a Racah coefficient. This is 
carried out in detail in Section 4. 

It is essential to note again that the preceding two rules for obtaining 
denominator functions are consequences of the pattern calculus rules for 
fundamental operators and the special monomial Racah operators (4.79); 
they have in no way been tailored to the general unit Racah operator. 

(d) Despite the fact that D and D’ as defined by Eqs. (4.89) and (4.92) 
have a genuine structural significance in the general unit Racah operator 
(see Section 4), one is still inclined to ask: Why are there two denominator 
functions and two general rules? We may answer this question by appealing 
directly to the relationship between these two denominators in the case of 
the fundamental Racah operators. We recognize from Table 4.1 that Dj, 
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and Dj; are related by the dimension operator dim’: 
Dio, =(dim’)? Diio (dim’) 
Dior =(dim’)’Dio(dim') *. (4.95) 


For example, the value Diio}( Pir Poi) Of Dio; at the point (74), Ps) 1s 
given by 


iil 


Digi pan): 
Pu Pai | uot De 


spawn | 


where Djio)( Pir Pai) 1S the value of Dio; at the point (Piis Pai) [set 
Pio =P; and pr =P, in Eq. (4.89)}. Note that the dimension operator on 
the left in Eq. (4.95) is to be evaluated on the shifted labels: 


(p+, Pn + 4o)=(Pip Par) t+[di42], 


that is, on (piy +1, Px) =(Pia» P22) + [1,0] in our example. 

It is a consequence of relation (4.95) between the fundamental denomina- 
tor functions that the general denominator function also satisfies this same 
relation: 


Dinyny = (dim)? Drain, (dim) *. (4.96) 


This relationship may, of course, be verified directly from Eqs. (4.89) and 
(4.92). Thus, despite the superficial distinction in the pattern calculus rules 
for denominator functions, these two rules serve only to distinguish the two 
functions by a ratio of final to initial dimension factors: 


Pu Pare 8 8 7 
Pir” P21 


It would not serve any useful purpose here to give a detailed proof that 
Eq. (4.96) is a consequence of the same relation, Eq. (4.95), for the 
fundamental operators. It is nonetheless significant that this result gener- 
alizes to U(n), and, in particular, that the denominator functions given by 
Eqs. (4.89) and (4.92) (using the associated pattern calculus rules) generalize 
directly to the ¢ p0...0) tensor operators. The structure of the proof is, 
however, easily appreciated without any detail (see Ref. [6]): When applied 
to the case at hand, one finds that (D,,, a) 8 is the same polynomial over 
ordered products of the fundamental denominator functions (Djj9;)_' and 
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(Dion) | a8 (Diaia,y)* is over (Dio) ' and (Dfo,,)~'. Thus, the similar- 
ity transformation (4.95) between fundamental denominators extends to the 
general denominator functions themselves. 

Finally, let us remark that the appearance of the dimension factors in Eq. 
(4.96) is closely related to the normalization of the unit Racah operators, as 
discussed further in Section 4. 

(e) It is, we believe, quite interesting—even surprising— that the curious 
insertion of +1 for arrow pattern factors having their tails in the bottom 
row is actually successful in yielding correct matrix elements [as was already 
demonstrated for SU(2) Wigner operators, and below for Racah operators]. 
Despite the fact that the “e,,;, rule,” which governs this insertion, appears 
quite bizarre at first, it is the essential element of the calculus that accounts 
for the “squaring phenomenon” associated with opposing arrows in prod- 
ucts of operators. The origin of these rules is clearly buried in the boson 
calculus, which more and more appears to us as the key to a general calculus 
of patterns. (In this regard, it is of interest to recall the original use of the 
concept of “hook” in the Hall-Robinson formula for the symmetric group, 
and the use of “hooks” in the pattern measure discussed in Appendix A to 
Chapter 5, of AMQP.) 

(f) The betweenness relation for extended patterns, (m)= 
Gis a 7S Oe ), is fully consistent with the formal operation m,, > — oo. 
By means of this formal limit one recovers from the extended pattern a 
standard Gelfand pattern: 


My Mo. a fae a) 
us| re 5 i ; 


This formal operation becomes significant when applied to explicit matrix 
elements, since the pattern calculus rules ensure that the limit exists. 

If we apply this limit to the fundamental Racah operators, given above, 
we obtain the following result: /n the limit m,, > — 0 the matrix elements of 
the fundamental Racah operators limit to the matrix elements of the fundamen- 
tal Wigner operators. 

If one examines the limit more closely, one finds that the state vectors 


have the limit 
Zi 0 . 2h 0 
Wiel a) See ad. jitm 


OF jy > ©, j> 0, Jo —f=m (fixed). It is in this precise sense that one can 
assert: Under the limit above, the W-algebra generated by the Racah opera- 
tors {2J 0} limits to the RW-algebra generated by the Wigner operators 
Qi: 
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4. Null Space Properties and Structure Theorems for 
W-Algebra! 


Structure of the general Racah operator. The pattern calculus was invented 
as a tool for writing out the matrix elements of certain Wigner operators. 
Remarkably, these same methods allow one to write out a class of Racah 
coefficients, as demonstrated in Remark (b) in Section 3. Moreover, as we 
shall see, these rules have a significant role for the general Racah coefficient. 

Polynomial forms expressing the general Racah operator in terms of the 
fundamental Racah operators such that one obtains directly the symmetric 
expression of the Racah coefficients [Eq. (3.292) of AMQP] do not appear 
in the literature. As noted in Remark (b) above, one can develop poly- 
nomial forms from Eq. (4.78), but they do not yield the Racah coefficient in 
the desired form (given below). We therefore appeal directly to the symmet- 
ric form to obtain an expression for a Racah coefficient that exhibits the 
pattern calculus features and null space properties in a form analogous to 
Eq. (3.32) for a Wigner coefficient (for convenience, Racah’s form of the 
coefficient is repeated in Appendix A). 

The appropriate notational changes for making the desired transforma- 
tion of the standard Racah coefficient W(abcd; ef ) are given in Eqs. (4.45), 
(4.47), and (4.49): 


BD sre yy 2) 

D(a on Uy 

C= yr ay 1) 2 

d=J=(A,+A,)/2=(A} +45) /2, 

2) 2 = Wy 

fa 0 on NO, (4.97) 
One now substitutes these definitions of a, b, c, d, e, and f into Racah’s 
expression for W(abcd; ef) to obtain the desired result. This calculation is 
quite tedious, however, and we have given the principal steps in Appendix 


A. 
The canonical form obtained for a Racah coefficient is 


J+A Mi M5) 
a 4 0 my, My, 
J+A 


—+ (NPCE) Dae aloe (Ace (4.98) 


m,, +A, My, +A, 
my, +a) my, +4 


"This section is adapted from Ref. [7]. 
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where (a) NPCF is the numerator pattern calculus factor wmtten out 
directly from the stated rules; (6) # is a numerical factor independent of 
the m,;; (c) D and D’ are the SU(2)X SU(2) invariant denominator func- 
tions obtained from the pattern calculus rules and given explicitly by Eqs. 
(4.89) and (4.92); and (d) P,(A; p) is a polynomial form of degree k= 
min(A,,4,, Aj, 45) in the variables p,,, which is discussed in detail in 
Appendix A. 

Aside from the null space features (discussed below) that the form (4.98) 
exhibits, it is interesting for several additional reasons: 

(a) The limit relation 


(4.99) 
is verified in a particularly simple way in consequence of the asymptotic 
properties (see Appendices A and D): 

k yor 
P(A; p)~(—my,) P(A), Az, 44,453 215 Z5), 
; k 
CNPC) eeaeye ce 2 e(NPCHI7/ (Garey). (4.100) 


where NPCF on the right refers to the SU(2) rules. 
(b) The denominator functions D and D’ are, respectively, invariant 
under the substitutions ? and &’ defined by 


Ay Oka Pin = Poo 
BA ao Pie Po. (4.101) 


whereas NPCF is invariant to each of these operations. It is also true that 
the polynomial P,(A; p) is invariant under the substitutions (4.101): 


eA Aan A‘, 433 Pia» Dons ge ne EES Nome noite 24) 
=P,(A,,4,,45, AY3Pi2> P22» Pars Dan) 
(4.102) 


Thus, one may extend the domain of definition of a Racah coefficient so as 
to include the symmetry under the substitutions (4.101). [Observe that the 
first substitution in (4.101) survives the limit (4.99) and implies the corre- 
sponding symmetry of the (generalized) Wigner coefficient.] 
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No simple method of proof of the symmetry (4.102) has been found, and 
since its validity is essential to the construction of a Racah coefficient from 
its null space, we have sketched a proof in Appendix B. 

Null space properties . We have identified the set of null space vectors of a 
Racah operator in Section 3. Consider now the characterization by null 
space of the various factors—NPCF, polynomial, and denominators— 
appearing in the Racah coefficient (4.98). We assert that the following 
properties are true: 

(a) Define the set of points Z’={(m), m9, ,, M,)} to be the set of 
values of the m,, such that the final pattern 


Wop eM Mo +A, 
m+ Fg EA (4.103) 
violates the betweenness conditions 
Tit Ay ety te = yy AG ia . (4.104) 


the initial pattern (m) being lexical. The set of vectors {|(m)) EC} corre- 
sponding to the points of Z’ constitute a basis of the trivial null space. 

We assert: The pattern calculus factor, (NPCF )’, is the unique! polynomial 
of smallest degree in the variables 


24; =Pa — Pj Eyal (4.105) 


that is invariant under the substitutions P and &' and that vanishes on the 
point set Z’. 

(b) Define the set of points Z={(m),, m7, m,,,>,)} to be the set of 
values of the m,; such that one or both of the following conditions obtain: 


My = iy Se eee ae le 
May diay Selsey di VS (4.106) 


(if A=J in the first set or A’=J in the second set, there is no condition on 
the corresponding variable.) The set of vectors {|(m)) €3C} corresponding 
to the points of Z constitute a basis of the characteristic null space given by 
Eq. (4.57). 

Now consider the set Z~(ZNZ')=Z”". The polynomial P,(A; p) must 
then vanish on the points of Z”, since the Racah coefficient must vanish on 
all points Z associated with the characteristic null space. 


'In the discussion to follow, we use the word unique somewhat loosely to mean “unique up 
to a numerical factor” independent of the variables p,, — Pj2- 
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We assert: P,(A; p) is uniquely determined by the requirement that it be the 
polynomial of smallest degree in the z; j that is invariant under the substitutions 
P and °’ and that vanishes on the point set Z’’. 

(c) Consider the first set of points in Eq. (4.106). These are just the points 
corresponding to the basis vectors of the factor 2U,;_4— yy. occurring in the 
characteristic null space given by Eqs. (4.57) and (4.58). The denominator D 
is associated with these points. In order to determine the zeros of the 
denominator function in terms of the associated points of the characteristic 
null space, we must examine the precise form of the normalizing conditions 
on the Racah operator, Eq. (4.34). These conditions show that the de- 
nominator function D is related to the characteristic null space factor 
My—s—1/2 im precisely the same way as is the denominator function of the 
SU(2) Wigner coefficient. (This relationship is complicated; it is discussed 
in detail on pp. 76-79.) Accordingly, we find that 


Pi2_ P2 oreo 


oy oe Disa.) Pi2> Px) (4.107) 
must vanish on all points such that 
Pio — Pr € {1,2,..., Ap}. (4.108) 


We assert: Din, 45) Piz» P22) is uniquely determined by the requirement that 
it be the polynomial of smallest degree in p\, —P2 that is invariant under the 
substitution P, such that the expression (4.107) is a polynomial that vanishes 
on the point set (4.108) 

(d) Consider the second set of points in Eq. (4.106). These are just the 
points corresponding to the basis vectors of the factor MN, J-A'—1)/2 Occur- 
ring in the characteristic null space given by Eqs. (4.57) and (4.58). The 
denominator D’ is associated with these points. Just as before, to determine 
the zeros of this denominator function, we must examine the normalizing 
condition, Eq. (4.34). We find that D’ is determined differently than D is: 
Because the Wigner operator associated with D’ enters the Racah operator 
as the conjugate [see Eq. (4.33)], the points on which [Dia.a,)( Pip Bale 
must vanish are those such that 


Di 10s =e eRe (4.109) 


[To be explicit, we note that using the conjugate Wigner operator removes 
the dimension factors that appear in Eq. (4.107) for D as opposed to D’.] 

We assert: Disa’ ( Pirs Par) #5 uniquely determined by the requirement that 
it be the polynomial of smallest degree in p\,—P2 that is invariant under the 
substitution P’, such that it vanishes on the point set (4.109). 
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The proof of each of the italicized statements in (a), (c), and (@) is by 
direct construction of the polynomials in question and then comparison 
with the known answers (see Appendix A). The proof of the italicized 
statement in (b) is, however, a nontrivial construction and is sketched in 
Appendix C, 

These results suffice to demonstrate the structure theorem for W-algebra: 
The Racah operator 


is uniquely determined (to within +1) by the zeros associated with both the 
trivial and characteristic null spaces, by the reflection symmetry | Eq. (4.101)], 
and by the requirement of normalization. 


Remarks. (a) The structure theorem for the Racah coefficients makes 
clear the distinction between the trivial null space and the characteristic null 
space; moreover, this theorem shows in what sense any additional zeros of 
the Racah coefficient are “accidental,” or “isolated.” The key point is that, 
for any additional zeros to constitute structural information, then these 
zeros— to be invariant under the symmetry structure SU(2)x SU(2)— must 
occur as characteristic sets of zeros [ j varying over all values allowed by the 
triangle condition on (j, j,/)]. It is easily seen that a given accidental zero 
cannot belong to a characteristic set of zeros. (To do so would contradict the 
orthonormality relations of the Racah coefficient.) 

The structure theorem makes it clear that an accidental zero must be a 
zero of the polynomial. (This follows from the fact that the NPCF and the 
denominator do not vanish.) 

Very little is known about these isolated zeros of the Racah function; 
whether or not there are even finitely many such zeros is not known. (Topic 
10 of Chapter 5 tabulates some of these zeros.) 

(b) In view of the emphasis [in (c) and (d@), p. 121] on the distinction in 
normalization between the two denominator functions, D and D’, one might 
wonder as to how the pattern calculus rules can apply uniformly. It is quite 
remarkable that the rule—“‘add unity to factors for arrows beginning on the 
bottom row”’—precisely takes care of the distinction between D and D’. 
Since this rule was inherited from the original calculus, it was in no sense 
tailored a priori to the normalization problem. 

(c) The canonical form given by Eq. (4.98) may be used to define a 
continuation or generalization’ of the Racah coefficient for all complex 
values of the (m;;) (no betweenness) for which the denominator functions 
are not zero. Thus, using the notation (2.53) for the Racah coefficient, we 


‘Generalized 6-j coefficients have been introduced by Regge [8] and discussed by Raynal [9], 
among others. 
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find 
WT (jp +4) =(# )(NPCF)(polynomial)/DD’. (4.110) 


Uo Siew 


In this definition the (m,;) may be arbitrary complex numbers, or, equiva- 
lently, j,, j/., and j may be arbitrary complex numbers with no relations 
between them, where we recall that 


j=(m2—my )/2, jy = (my, — m7, )/2, 
J= (my +my—m,,—my,)/2, 
A,=J+A, A,=J—A, 
NG Srey =I A. (4.111) 


The labels J, A, and A’ are, however, still required to assume standard 
values: J=0,4,1,..., with A, A’=J, J—1,..., —J/. Equation (4.110) defines 
a generalized Racah coefficient for all complex (j,, j., /), except for those 
real values of j, and j, given by 


De oe Ne er Abeer Aer Arc Ay eA 
Df SIM Ec gy Tyce By (4.112) 


[By convention, we define the coefficient to be zero for the values of j, and 
Jy given by Eqs. (4.112).] 

These generalized Racah coefficients then satisfy the following symmetry 
relations in consequence of the symmetry relation (4.102) for the polynomial 
and a similar symmetry relation for NPCF and the denominator functions: 


(<1) nts (td) 


92) i, 4", jo 


=(=)" Wise (at 8) 

(1) Sa ae eere fa eG WA) 

(1 Pi i eG a 
(4.113) 


where [see Eq. (A.8) of Appendix A] 


fe —imax(0, A’ —A ), 

imax (Ona Ga), 

[y= wiax(e— A’ ae), 

yy =tmax(0, —A’ +A). (4.114) 
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5. The Matrix Boson Realization of Unit Racah Operators 


In this section we give explicitly the boson operator realization of the unit 
Racah operators and the Hilbert space on which they act. The resulting 
theory of unit Racah operators is an elegant application of boson operator 
techniques, leading to a new characterization of a unit Racah operator: A 
unit Racah operator is a normalized element in the enveloping algebra of the 
Lie algebra of the group SU(2)X SU(1, 1). (We shall make this result explicit 
in this section.) 

It is well-known from Schwinger’s [10] classic monograph that the cou- 
pling of two angular momenta may be developed by using three sets of 
angular momentum operators: Two sets are ordinary angular momenta 
[SU(2)], the third set is a hyperbolic angular momentum [SU(], 1)], and the 
angular momenta from different sets commute. It is the purpose of this 
section to relate the unit Racah operators to the Lie algebra of these groups, 
using the boson operator realization of the generators. 

The explicit boson realization of the fundamental Racah invariants may 
be found from the defining relation (4.33) and the maps (2.25) between 
boson operators and fundamental Wigner operators. Letting (a},a}) and 
(a?,a3) denote the boson pairs corresponding to the first and second 
fundamental Wigner operator factors in Eq. (4.33), we find 


] 1 
1 OF © (aja3—aha7)N;°, 


l 


0 1 
|! | @ (ala? +a)a3)N7?, 


0 1 
( | © (aa3-a3a7 )No?, (4.115) 
0 


where Np and N, are the invariant operators defined by 


NolAAA= 2h +1)(24 Ai); 
Nil jib) =A Dee ie (4.116) 


Observe that this boson realization of the fundamental Racah operators 
shows explicitly their invariance under the SU(2) diagonal subgroup: The 
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generators of the diagonal subgroup are 
i=—a)a, 40-0, , 
Jaa) a,0-. 
One may verify directly that J commutes with the fundamental Racah 


operators. Alternatively, one may demonstrate the invariance of these 
Racah operators to the unitary transformation 


a a — 
at > Su ,,a%, a=1,2. 
J 


Let us now remove the normalizing factors from Eqs. (4.115) and calcu- 
late all multiple commutators of the four invariants. Carrying this out, we 
obtain the following closed angular momentum algebras: 

Angular momentum commutation rules: 


[Ache a hee 
Ew as ee (4.118) 
Hyperbolic angular momentum commutation rules: 
(Hee |e ee 
(Hees |\—==2 He (4.119) 
Mutual commutivity of K and H: 
(Ko, | Orca 128. (4.120) 


The operators K=(K,, K,, K,) and H=(H,, 43, H;) with K.=K,+/K, 
and H..=H, £iH, are defined by 


= ile lea 2 
K ,=a,a; +a 43, 
K_=aja,} +434}, 


K,=4( ala} + ala} —afa? —a3a3): (4.121) 


H,=4(ala! +a\a +a?a? +4343 +2). (122) 
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Observe that the generators given by Eqs. (4.121) and (4.122) are all 
invariants with respect to the generators J given by Eqs. (4.117). Moreover, 
the fundamental Racah operators are a subset of the generators (4.121) and 
(4.122). Explicitly, one has the relations given by 


l ; 
[ Of Nh mH, 
1 


0 
[ o}n oH. (4.123) 


It is a remarkable result that the three Casimir operators constructed from 
J, K, and H are all equal (Schwinger [10)]): 


Uo adp dy ye ey Ne Hy eH tle) 
Moreover, we see from the definitions of H, and K, that these operators are 


related to the angular momentum operators J? and J} by [see Eqs. (2.23) 
and (2.24)] 


WRK S(Ap HP RSs. IP. (elias) 

These latter results may now be used to determine the relations between 

the eigenvalue » of K, and the eigenvalue x of H, and the angular 
momentum quantum numbers j, and /,: 

ctp=2j,+1, k= 2 ae le (4.126) 


In terms of the new quantum numbers p and x, the basis vectors (4.41) 
are denoted by 


ol 0 


where the range of the labels » and « is determined from the betweenness 
conditions to be 


L=], ee k=J tft 2 (4.128) 
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Consider next the explicit construction of the basis vectors (4.127) in 
terms of bosons, using the boson realization of the basis vectors | j,;m,) and 
| j2m,) in Eq. (4.3) given by 


djtm, i \i:7™, 
0 
| jim ee vier Oka ; =e (4.129) 


[i +m,)!(j—m,)!]? 


This construction was carried out in detail in Chapter 5 of AMQP [see Eq. 
(5.80)]. In terms of the present notation, the result may be written 


| impr) = (SSE 5) im =I jd.) 
=| x+y)! | (det 4)" 7" 'DJ,(A)|0), (4.130) 


where D/ »(A) are the standard SU(2) representation functions [Eq. (3.12)] 
in which the 2X2 unitary matrix V is replaced by the 22 matrix boson A. 
(It is convenient in the present discussion to restore quantum number m to 
the basis vector—the ket vector (4.127) then denotes the equivalence class 
of vectors (4.130) for different m.] 

The actions of the three sets of generators given by Eqs. (4.117), (4.121), 
and (4.122) on the basis (4.130) are 


J.|jmpx)=[(G=m)(jemt1)] "| jm lw), 


J,| jmp) =m| jmp); (4.131) 
K..| jmpx) =[(j+p)( Jeet 1)]?[j.m, +16), 

K,| jmpx)=p| jmpx); (4.132) 
H,| jmpx)y=[(«—j)(w +/+ D] Li mn +1), 
H_|jmpx)y=[(e+j)(x—j-D]'|imnee—1), (4.133) 


H,| jmpx)=k| jmp). 


(Note that H, =det A.) 
We may now express the general unit Racah operator (see Appendix =) 
in terms of the generators K and H of the Lie algebra of the group! 


'We use the symbol » in place of the usual X in the direct product of groups to designate 
that the Casimir invariants are the same. 
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SU(2)* SUC, 1): 


{24 cox 0} = 1yhes(Qs Kyra) Ia) IAA] 


= =i 
X Nuia(K,H) Pia(J?, K3, Hy )[ Di (Hy +K3)Di(Hy—K;)] 


(4.134) 
where 
See, AN), 
k=min(J+4,J—A, J+’, J—-A’). 
The denominator factors in Eq. (4.134) are operator versions of the 
denominator functions given by Eqs. (4.89) and (4.92): 
BEE PI [RG Pe SIN ea (Rare a IP 
FOR 2 6, I) ER ey perl EES Ne 0 (ERED) 
The factor Ny.,(K,H) is an operator version of the numerator pattern 
calculus factor (NPCF), and Py,,(J*, K,, H,) is an operator version of the 
(polynomial) in the canonical form (4.98) of a Racah coefficient. There are 
four cases to consider, depending on the relative magnitudes of J+A, J—A, 
Yak wand A" (see Appendix A): 


Case 1. A’—A20 and A’+A20. 
Pattern calculus operator: 


Ii Ke) (Rea) (4.136) 
Polynomial operator: 


( jmpx | Pxi(S?, Ky, H;)| impr) 


—A’ Pie i ee eae : : ; 
=(-1y" (FEA 8 ita), (ie, 
eeu y - 
=s—A 


Case 2. A—A’>0 and A+A’2>0. 
Pattern calculus operator: 


Nia(K,H)=(K,)° ° (HL) ™. (4.138) 
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Polynomial operator: 
( jmpx | Pz’ ,(J?, K3, H)| jmp) 


eee: PON Ta . 
=) >, | Ie \{ k (wat dA), 
ky +k, : 2 
=s-A 


aed cae Nt) oe (4.139) 


Case 3. A’—A20 and —A’—A=20. 
Pattern calculus operator: 


7 ,(K,H) (se) ee ae (4.140) 
Polynomial operator: 
(jm | Pi(J?, K3, Hy )| jmp) 


A A oN ae 
= I ere ore, 

ky +k, : 2 

=J+A 


x (e-f- SAW’) (Ika Day (4.141) 


Case 4. A—A’=0 and —A—A’=0. 
Pattern calculus operator: 


A-A’ —A-A’ 

Niig(K,H)=(K,) ” (H_) (4.142) 
Polynomial operator: 
¢ jm | Pda(3?, Ky. Hs)| inn) 


A’ i I ees : : : 
Sn ea ee lei ann (itary 
ky +k 


Kk jeed CAPA ey ka ee (4.143) 


Observe that we have defined the polynomial operators Py,(J7, K;, H3) 
by giving their matrix elements. To obtain the operators Pj’,(J°, K3, H3) 
themselves as polynomials in J*, K;, and H;, one replaces p by K; and x by 
H, in the right-hand sides of Eqs. (4.137), (4.139), (4.141), and (4.143). This 
still leaves the angular momentum label j appearing in the polynomials. To 
eliminate j in favor of J?, one must rewrite each polynomial in j in terms of 
a new polynomial in j( j+ 1), which is then replaced by J a 
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It is not obvious that these polynomials in j can, in fact, be rewritten as 
polynomials in j( j+1). It may be shown, however, that the polynomials in j 
given by Eqs. (4.137), (4.139), (4.141), and (4.143) are invariant to the 
substitution j-- —j—1. Since the polynomials are also of even degree in j, an 
elementary proof shows that they may be written as polynomials in j( j+ 1). 
Thus, the matrix element expressions given above define uniquely the opera- 
tors Pi. (3°, K3, H,) as polynomials in J?, K,, and H,. 

Equation (4.134), expressing a unit Racah operator as a normalized 
polynomial in the generators K and H of SU(2)+SU(1, 1), establishes the 
italicized statement made at the beginning of this section (p. 124). 

It is also useful to give the symmetry relations for the operators 
Pi (S°, K3, H,) that are implied by Eq. (4.102), the conjugation operation 
(4.71), and the symmetry of the 6-7 symbol: 


PRE? BG TES SI A 8 SG) 
=P! s(J?, Hy, K3) 
nee, 1G, ak) 
=(-1)° “PL, _4(J?, Ky +A—-A’, H, +A+d/) 
=(-1)9°* Py, (J2, —K,, H,). (4.144) 


Remarks. (a) The explicit form of the polynomial operator 
Pi (J*, K;, H;) given in terms of J*, K,, and H; is quite difficult to obtain. 
Special cases have been tabulated in Table A3 in the Appendix of Tables. 

(b) The unit Racah operators of the type 


ey 


are expressible as polynomials in the invariants J’, J7, and J,-J, (see Table 
A3). Schwinger [10] has developed various algebraic properties of these 
special Racah operators. Many of his results are special cases of the general 
coupling laws given by Eqs. (4.74)—(4.78). 

(c) The fact that the Racah operator given by Eq. (4.134) splits into four 
types is not arbitrary. These operators are analogs of the Jacobi polynomials 
(more precisely of the representation functions e'“dz,,( B)e~‘47), and the 
Jacobi polynomials also split into four types when written explicitly as 
polynomials [see Eq. (3.74) in AMQP]. 

(d) Weyl’s theorem (Weyl [11], p. 45) on the basic invariants of the 
to. ceerete linear group is applicable to bosons. Applied to the bosons 
a! =(a}, a) and a” =(a?, a3), the theorem implies: Every SU(2) polynomial 
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invariant is a polynomial in the basic invariants: 


2 
at-aF = Si ata, a, B=1,2, 
al} =det A, ae —det A. 


Thus, the Weyl theorem itself implies that an unnormalized unit Racah 
operator (in the boson realization) must be expressible in terms of these 
basic invariants. What is surprising, perhaps, is that the basic invariants 
themselves define a basis of the Lie algebra of SU(2)*SU(1, 1). 


6. Notes 


1. Algebra of SU(2)X SU(2) Wigner operators. In this chapter, we have 
developed in detail the algebra of unit Racah operators starting from the 
concept of an SU(2) X SU(2) Wigner operator. Since the group SU(2) x SU(2) 
is SR, one may also develop RW-algebra for the SU(2)XSU(2) Wigner 
operators themselves. These are the operators Ty'¥24, defined by Eq. (4.25). 
In this note we summarize several of the relations in this algebra and 
identify the Racah coefficients for the group SU(2) X SU(2). 

Using the defining relation Eq. (4.25) [or, equivalently, Eq. (4.26)}, 
together with the definition, Eq. (4.13), of the SU(2) SU(2) Wigner coeffi- 
cients, we obtain the open product of two SU(2)X SU(2) Wigner operators: 


'b'c! abe — pe ac ame 
Ls Te be 2 re (ae alike yty’ ] 
a C 


x Wee” Wel ye (4.145) 


p.p’.pt+p'9,0',a+0'*ptp’,ato'.yt+y"’ 


Using the orthogonality relations (4.14) for the SU(2)x SU(2) Wigner 
coefficients, we may also write Eq. (4.145) as a coupling law for two 
SU(2)X SU(2) Wigner operators: 


a b Gs bh’ ar” b” tp! ; I 
» al Cy ] ( Coy, \( Cy ee dom 
cyc’y’ 


=Wweea won” (7a be (4.146) 


p.p'.ptp'-9,0',0ta'*ptp’,oto’,y”° 


This last result allows us to identify the SU(2)*SU(2) Racah invariant 
operators: 


w/|( a | a’ bY (ee bF ) = Wes'a" woe (4.147) 
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The eigenvalue of this operator on a generic basis vector |( /) j2) jm) is thus 
a product of two SU(2) Racah coefficients: 


/ b’ at ia? . ; 2 
w\(32 WG oo {4 al |i dam) 
= Wine (i )Woo'e” (i Ie im). (4.148) 
The SU(2)XSU(2) Wigner operators and Racah invariant operators 
satisfy, of course, orthogonality relations that are the analogs of Eqs. (2.33), 


(2.35), and (2.54): 


D785 (Teor) =6,, 6. I¢ @Qy? 


Dg oe, (4.149) 
5% 
SMe) Fe) e)]m[(88)(6 «(oe or 
= 8 iq O yup By g Ogg lH OEE gn, 
nu Gra ee alee Cea ees er) 
= oe ee (4.150) 


The invariant operators I¢, etc., appearing in these results are the char- 
acteristic functions defined by Eq. (2.55) when acting on the space JC, @KC,.. 

Note also that the SU(2)X SU(2) Racah invariant (4.147) is zero unless 
pe’ =pt+ o’ and o”=o0+0’, so that the orthogonality relations (4.150) may be 
simplified by removing the 0=0 cases. 

It is apparent from Eqs. (4.145)-(4.150) that the RW-algebra for the SR 
group SU(2)XSU(2) parallels closely that for SU(2) itself. The identity 
implied by the associativity of this algebra is given in Note 2 below. 

2. Algebra of SU(2)XSU(2): SU(2) projective functions. The 9-j coeffi- 
cients occur as the reduced matrix elements in the matrix elements of an 
SU(2)* SU(2) Wigner operator [see Eqs. (4.26)—(4.29)]. One can give a 
(bounded) operator formulation of the properties of the 9-j coefficients 
themselves by associating an operator with the coefficient in the following 
manner: We define the operator 


GG —— 


ree (4.151) 


by giving its action on each basis vector | j, /, 7) (recall that this notation 
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denotes an equivalence class of basis vectors): 


b ee : : ; i 
1b AA =[2i+ Ret 2420+ QA +20+1)]} 
ho ef 
Ay eel CP ere oye e452) 
Jar) 1 1% 


The operators (4.151) are thus defined for all nonnegative integers and 
half-integers (a, b,c) that satisfy the triangle conditions. The labels (p, 6, 7) 
may range independently over the values given by 


OG, @= igccon — Ee 
G=b),0— lisa — 0b, (4.153) 
T=C, C= llacwsg —G 


The operators (4.151) are called SU(2)X SU(2): SU(2) unit projective 
functions, since they are defined [Eq. (4.152)] in terms of the reduced matrix 
elements of a unit SU(2) X SU(2) tensor operator that has been reduced with 
respect to the diagonal SU(2) subgroup. 

The conjugate to the operator (4.151) is denoted by 


+ 
E 2 | (4.154) 
and is defined by the action 


eee ins =[2s-27+ NRct DQAtDAL+D] 


Ui Oe On) a 
x a b c eel ie Ue 


(4.155) 


The properties of SU(2)XSU(2): SU(2) projective functions have not 
been worked out to the same extent as those given for SU(2) unit tensor 
operators in Chapters 2 and 3 and for unit Racah operators in the present 
chapter. We summarize in this Note several of their basic properties, which 
may be proved directly from the corresponding properties of the 9-/ 
coefficients: 

(a) Null space. The trivial null space is defined to be the space spanned 
by the basis vectors in the set {|/,j./)}} such that the triple (Jj, +p, 
jo to, j+7) contains a negative entry or contains nonnegative integers or 
half-integers that do not satisfy the triangle condition. 
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The characteristic null space is defined to be the space spanned by the 
basis vectors in the set {| j,j,)} such that at least one of the following 
conditions holds: 


a WM aces 5 PN 
2G ae etl 2 Oe (4.156) 

27 VEN 2 Camas 
(Note that the null space vectors enumerated above are all due to violations 
of triangle conditions in the 9-7 symbol. Vectors in the null space of a 
particular operator because of symmetry vanishings of the 9-7 symbol have 
not been enumerated; little is known about accidental zeros, except that 


they exist.) 
(b) Orthogonality relations. 


abcitabec in 
3|g aa SO Oe) = CME) 


abc’ lilabc %s 
sB2o) [e2e]= deers le 3): (4.157) 
po 
in which IX(i) (k=a, b,c,....A\=p,o6,7,---) is the characteristic function 
defined by 
XC) Aes) =&,.4.5,4al Abd) (4.158) 


fori —1,2, 3:7, =7)). 
(c) Coupling laws. In stating the coupling laws it is convenient to 
introduce the bracket coefficient defined by 


Cc 


ape co . eee 
ie (Cer eo Wa? YON ae Be 
a” b” cc’ ep 1 BY o” 

(4.159) 


These coefficients then satisfy the orthogonality relation [see Eq. (3.321) of 
AMQP]:! 


abc abc 
DC) de ficl de f' | =8, 8. (4.160) 
he hij 


"In applying the orthogonality relations in this form, it is to be understood that all entries in 
the 9-/ coefficient are taken to satisfy the required triangle conditions. The more general form 
of these relations may be obtained by taking matrix elements of Eqs. (4.157). 
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We now state a number of relations that exist between SU(2)X 
SU(2): SU(2) projective functions, 9-7 coefficients, and Racah invariant 
operators: 

Open product: 


a’ b’ e b —= a ee e aaa 
2 pe |eee|= > Cla’ b wie el) Wee ee) 
abe" Aon 6 oe 
ie e are ae a” 
SE Oak eal e CHG 


Single Racah invariant coupling: 
aa‘a On ave 
2 Woo'e ee 0’ Th allel 
pp’ 


: ee woes” (2) wees" © as 50 aes 
ys bY el! g,0',0+0" Poe sere p” oto’ rt+7’ 


(4.162) 
Double Racah invariant coupling: 
aa‘a’ b 
> Wee (Wage. eae alaee 
pp'aa" 


=3C 


Ci 


oe b” 


a b , 

a’ BY Nee eee | ets) 
Triple Racah invariant coupling: 

3 Oe one) (52 a laae| 


pp'oo'tT’ 
abe ah) fp2 of? 
al al lle ae “alk (4.164) 


OTs 
ate [iO p 


=C 


Triple Racah invariant coupling and 9-j coefficient coupling: 


Ss Wwiaa W272 (2) Ws 3) Cla eee B | b’ (Pe 
me pe! Cc” p 0 1E p 6 T 


pp'p o0'o 


cc’ pp'aa'tt’ 


= 5 are b”’ ee 
=z ala ehh” ne o” ql & 
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The Racah invariant operator W::(i) appearing in these results is defined 

by 
Wore) Aja) = Wor Ads? (4.166) 
ic — te 

All the above relations, Eqs. (4.161)—(4.165), follow from the first one by 
using the orthogonality relations for the Racah invariants [see Eqs. (2.54)]. 
The first relation, Eq. (4.161), may be proved from the product law (4.145) 
for SU(2)X SU(2) Wigner operators. 

Further relations may be obtained by using the orthogonality relation 
(4.160) to move the bracket coefficient to the left-hand side in Eqs. 
(4.161)—(4.164). 

The coupling structure of the above equations is very clearly expressed by 
using the symbolism of Chapter 2, Section 5. Two operator patterns are 
coupled by a Racah invariant operator to obtain a third operator pattern, 


OH GEE 


two triangles are coupled by a numerical bracket coefficient to obtain a 
third triangle; for example, 


a Gee [og late “Els « eb 


If we take matrix elements of Eqs. (4.161)—(4.165), we recover corre- 
sponding relations between 6-/ and 9-j; symbols. The present operator 
interpretation of these relations between coefficients illustrates their struc- 
tural significance in terms of the algebra of projective functions. 

For completeness we also give the identity between 9-/ and 6-/ coefficients 
that is implied by the associative law for the multiplication of three 
projective functions. The derivation is a straightforward application of the 
multiplication rule (4.161), using also the orthogonality of the Racah 
invariants and the B—E identity, Eq. (2.68), and leads to the relation: 


a arnartyactnfaey} f bY “| 
dieu 


xyz 


x! ye Zz’ 
a) ae 4.167 
ae ( ) 
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3. Extended definition of unit Racah operators. In the Note to Chapter 3, 
we extended the definition of an SU(2) Wigner operator to a U(2) Wigner 
operator. It is convenient to make the analogous extension of a unit Racah 
operator, thus including all U(2) operator patterns in the definition. 

A generic Racah operator is now denoted by 


(4.168) 


where the entries in these patterns are integers that satisfy the betweenness 
conditions: 


M,, 71), 7M), 
/ 
M,, 21}; > M2). 


The action of the operator (4.168) on the basis vector |(m)) is defined by 


m m 
12 22 
My My | oe my) 


=[(2j,+2A+1)(27, +1]? wy, Tip Dy, eed Joe ae} 


m,+A, mM, +A, 
1 
a m,, +4 Paco |p (4.169) 
where 
J=(M,, —M)», V2, 
4,=P, A,=M) +My —T),, (4.170) 


ic A, =M,,+M),, —T)y. 


The labels /,, j,, 7, A, and A’ are defined in terms of the (m;;),J, ibe (ea ae 
and A’, by Eas. (4.45) and (4.47). 

It now follows from Eqs. (4.46) and (4.48) that we have the following 
equivalence between unit Racah operators: 


M, My}~i2I Ob, (4.171) 
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in which 


J=(M,.— My )/2. 
Dea VERSE), NM) 


In particular, it is often convenient to use the equivalence given by 


A fia 
te aeons Wes (4.172) 
ay FA 


7. Appendices 
A. CANONICAL FORM OF THE RACAH COEFFICIENTS 


The purpose of this appendix is to show that a Racah coefficient can be 
written in the canonical form 


# (NPCF)(polynomial)/DD’, (A.1) 


where (a) NPCF denotes the numerator pattern calculus factor; (b) the 
polynomial is defined on the m,; as variables; (c) the denominator factors D 
and D’ are, respectively, polynomials in m), —m ) and m,,—Mm,; and (d) 
# denotes a numerical factor independent of the m;,. 

The method of proof is by direct transformation of the Racah coefficient 
W( abcd; ef ), as given by [see Eq. (3.292) of AMQP] 


W(abcd; ef )=A( abe )A( cde )A(acf )A( bdf ) 


(ee Ga 
x2 a= WS eee 


1 
<x ———. oT OO or 
(at+b+c+d—z)'(atdt+etf—z)\(b+ctetf—z)! 


= A(abe )A(cde )A(acf )A(bdf )w( abcd; ef ), (A.2) 


to the new variables defined by Eqs. (4.97). We indicate below some of the 
steps required for bringing Eq. (A.2) to the form (A.1). 


Appendices 139 


The triangle factors take the following forms: 
A(abe )A(acf ) 
= Gar Teen) one —Pu =n ~ [Px 1)1( po> ~ {ea 1)! 2 
Pap =P» )'( Pia ei a eh Soe I) p55 jeg — 


(P11 Po) (Pia Pi — 1) py — ph — 1)! 
(Pio ~~ Pr) —1)! 


[(4,)1(A,)!]? 


Dias) Piz Pr) , 


x 


3 


(P12 — Ply +1)?A(bdf )= 


(Pipa. #1) 8 (ede) = pe (A.3) 


The summation part of W(abcd; ef ), denoted w(abcd; ef ), when multiplied 
by the factor that has been separated off in the first of relations (A.3), yields 
a polynomial: 


Pu Pea) pi Ph I Pa PM abedsef 
=(—1)"'0(A; p) 


A te as 
a) O(N AA, AS eee oy) 
ws vA Pir Pia Tk, P\1 ~ P22 \{ P21 ~Pi2 
=) a > | k \( ks \| Aoi 
ki +k, =A4 ! 


Py Px tA, ky 
x | cae } (A.4) 


In these relations we have defined p;,;=m,,+j—i, pj; =m); tj—i, my. = 
Mj, +A), Mop =Moy +A,, Mm), —m,, 74), M5,=m, +A; the denomina- 
tors D and D’ are given by 


Dia,a,) Pir Py») = eze Sle —A,)a,( Poo Pr Ay al] Gs) 


Dinas Pus Pa)=(lCPn ~ Pay +1) 4:( Pot Sinan Dial (A.6) 
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Combining Eqs. (A.2)—(A.6), we now obtain the Racah coefficient in the 


form 
JAPA 
Dell 0 
dae iN’ 


=[(4,)1(A2) (44) (45) 1? Dia) Pir» Pr) Diaiar( Pi P21) 


WL en Mee a ON 
m+) 


fd 
Wit A: 


x Ce SOR, = De Sta = i a | 
Ga San OT a a sg 


x(-1)" Q(A; p). (A.7) 


Equation (A.7) is still not in optimal form, since the polynomial Q(A; p) 
is not irreducible; this polynomial factorizes into a product of linear factors 
multiplied by a new polynomial. We wish to remove all such linear factors. 
The appropriate technique for carrying out this analysis is the pattern 
calculus. 

Depending on the relative magnitudes of the A, and A‘, there are four 
arrow patterns that can be drawn for the arrows going between row 2 (top 
row) and row | (bottom row). The possible cases are illustrated below (a 


single arrow represents zero, one, or more arrows): 
Case | Case 2 Case 3 Case 4 


It is convenient to introduce the eight nonnegative integers defined by 


u;, =max(0, AeA). i; =max(0, APS i) lee 
(A.8) 


The meaning of the integers u,;; and /;; in a given arrow pattern is as follows: 
u;; is the number of arrows going from dot (72) in row 2 to dot (/1) in row 
Is ee the number of arrows going from dot (1) in row 1 to dot (2) in 
row 2. 


These numbers have the following properties: 


number of arrows going between dot (/1) in 
row | and dot (/2) in row 2; 


UF tei dies (A.9) 


Lt (Oe | 


ne SY (the number of downward-going arrows equals 
. WJ ‘J the number of upward-going arrows). 
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ay values of the u;, for the four types of arrow patterns are given explicitly 
y 


Case 1: u,, =9, Uy, =0, u5,=—4,—A5, Uo, =A, —A; 

Gase 2a, — 4,-4.0 85 —U, U5,=A,—A4, = U = 0; 

Case 3: u,,=0, Uj>=—A,—Ai, =u, = 0, Un, =A, —A; 

Case 4: u,,;=A,—Aj, uy. =A,—Ai, un, = 0, Ur, —0. 
(A.10) 


One now finds that the square-root factor in brackets preceding the 
polynomial Q in Eq. (A.7) may be written as 


(NPCF) x (— ee I (ui)! e Ae (A) 


where 


2 


INEM i ne (Pi Sip oe 1),,,,( Pi =) a0 We (A.12) 


denotes the numerator pattern calculus factor. The phase factor 
(— 1)" + 4214422 is required so that expression (A.11) is nonnegative for all 
lexical (m;,). 

Using this result in Eq. (A.7), we obtain 


my tA, My, +A, 5 J+a 0 My My 
Pee i, a pee my, Ss 
= (NROR YD VOY (sp) (A.13) 
where 
(4) D= Daya Pia P22) and D!'= Digs Pirs P21) 
_ (—1)'"k!(Q2J—-k)! 
(b) # is given by —~—-——-——_ ; (A.14) 


[CA (42 A149 EY? 
(c) k is given by min(A,, A, Aj, 44); 
(d) P,(A; p) is a polynomial of degree & in the (p;;) defined as 


(—1)*(A,)!(4, 144) 1(45 )! 
pCa}. 


x08 e/a). (ans 


ere) = 
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The numerical factor in Eq. (A.15) has been included in the definition of 
P,(A; p) so that 


P(A; p)=1; (A.16) 


that is, the polynomial part of Eq. (A.13) is unity for any extremal pattern. 
This property also simplifies the form of the symbolic expressions developed 
in Appendix D. 

We have yet to demonstrate that P,(A; p) is a polynomial. To show that 
the denominator divides the numerator in Eg. (A.15), we examine each of 
the four cases [corresponding to Eqs. (A.10)] and find the following: 

Case 1: 


A’ A A ; 
P.(A; p)=(—1) ; » Ce}? (tune tama #0, 
ki +k, =A, \" 1 2 

X(Pi Pr — ky +1) 4, ( Pay —Pi2—A, +k, ay Soe Une 
(A.17) 


Case 2: 


By A Vj A: 
Px (A; p)=(-1) > fala cae 
pk, =a) | 2 


x (Pi, — Pra —ky+ Vx P21 Sip is ae Vx, (Px Paz A, —A, + les 


(A.18) 
Case 3: 
A, A’. A’ 
P, (A; p)=(-1) > (a) (e! Jleumpntai—a, +1), 
ky tk,=A, \"1 2 
X (Pi Py — A, +k, +1) 4,( Pat win +1),.,( Pai Biase ee 
(A.19) 


Case 4: 


ny A A 
Px (A; p)=(-1) > (a2) (gt on —petDs 
kict 6 See 2 


X (Pi Pao A, +k + 1) x,(Par ~Pi2 kat 1) x,( Por Pa +A, —A,+ ie 
(A.20) 


[Because the pattern calculus rules utilize rising factorials, we have chosen to 
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express these results in terms of the rising factorial notation: (x), = 
(Ped 1)... * hee |), | 

The result expressed by Eq. (A.13), with the polynomials given by Eqs. 
(A.17)-(A.20), accomplishes our goal of writing a Racah coefficient in a 
form appropriate to the discussion of null space properties given in Section 
4 and Appendices B and C. 

Before concluding this Appendix, there are several features of the poly- 
nomials (A.17)—(A.20) which we note. 

(a) The polynomials (A.17)—(A.20) may all be obtained from (A.17) by 
interchanging the A’s and p, ; i the following manner: 


Case2- 4, A, A, A, Pi? —P2> ja 0 ma Lio: 
Case 3: A, oA), ALA; i ae Poe 73 
Case 4: AY ne ie aoe By Pans [Pian Pep (A.21) 


(These interchanges of the A’s are the operations that carry the arrow 
pattern for Case | into the arrow patterns for the respective Cases 2—4.) 

(5) Equation (A.13) is in a form that allows an easy proof of the limiting 
of a Racah coefficient to a Wigner coefficient for m,, > — 00 {see Eqs. (4.99) 
and (4.100)]. 


B. PROOF OF THE REFLECTION SYMMETRY PROPERTY OF THE P, 


In this Appendix we prove the symmetry property (4.102) of the poly- 
nomial P,. We call this a reflection symmetry, since, in terms of A, A’, 
J, =Cm)2 —My))/2, and fp =(m,,;—m,)/2, it 1s expressed as Ao —A, 
Verso 7-5) and Ao A, tS, Our method of proof is 
indirect and uses recursion relations for the Racah coefficients. 

Consider Eqa(4./7) particulatized to theeasea—) 1, 0—. ¢—) 


7 p+ J+A-p-3 
ee Oe) adi 0 
p ag Hao 5 
‘ J+A 
Wie D Ae (B.1) 


With this equation we take the following steps: 
(a) Take matrix elements between states: 


mi, +A, Mo, +A, 
my, ay Ms, +A, 


|My M> 
my, Mo, 7? 
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(b) Use Eq. (A.7) to substitute for the generic matrix elements appearing 
in Eq. (B.1) as a result of (a), and substitute in this result the spin-3 Racah 
coefficients. 

Corresponding to a=4, and a=—%, we obtain (after technically 
straightforward, but tedious algebra) the following two recursion relations, 
satisfied by the polynomials Q(A; p):! 


Ai Piz — P22 +4, — 42 )Q(A,, Ag, Aj, Ad; P) 
=( Pin Po +A, )( Par Pith, 4, + 1)O( 4; eA, Aji Agee) 
+ (Pin Pay — Aa )( Par — Pan +49 —A2 + 1)Q(Aj, A, 1, A, 1, 44; Pp), 
(B.2) 
A4( Piz Po +4, Az )Q(A,, A,, 4, 9; pP) 
SPP) Peri 8, oy OCA, = aa a le P) 
te Piston Aa Py Pn 8 Aa OCA) Ala ks ane) 


(B.3) 
The initial data for the iteration of Eqs. (B.2) and (B.3) is 
Q(0,0,0,0; p)=1, all (p), 
Oc) 0) if any A-entry is negative. (B.4) 


One then finds: Q(A; p) is uniquely determined by the recursion relations 
(B.2) and (B.3) and the initial data (B.4). [Despite the slight difficulty with 
three-term recursion relations pointed out in Chapter 3, Section 18, AMQP, 
Eqs. (B.2) and (B.3) for the polynomial part of a Racah coefficient are valid, 
as explicit calculation shows.] 

Let us illustrate how the explicit iteration proceeds: We first derive 


0(4)/A2, 44,0; )=| A, Ky 


Pu—Pr2 | (” — P22 | (B.5) 


from Eqs. (B.2) and (B.4). This polynomial now becomes the initial data for 
the iteration of Eq. (B.3). The iteration of Eq. (B.3) may be carried out, but, 
unless one is careful to divide out canceling factors at each step of the 
iteration (a difficult task to carry through), one will not obtain a polynomial 
form. 


It is significant to note here that we made no use of the fact that Q(A; p)is a polynomial in 
deriving Eqs. (B.2)—(B.4), and a more detailed analysis of these relations may be given to show 
that Q(A; p) must be a polynomial (Louck and Biedenharn [7]), thus proving the validity of the 
structural form (A.7) and, hence, (A.13) without appealing to the known answer. 
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Our goal in this Appendix is somewhat easier— we wish only to demon- 
strate two symmetry properties. We give the proof as follows: 

(a) The substitution A, eA, p;, p>. transforms the recursion relations 
(B.2) and (B.3) into identical relations now satisfied by 
QO(A,, A,, A}, 45; Pars Pia» Pit P21), and the uniqueness of the polynomials 
satisfying these relations (and the same initial data) proves that 


Oe Ay, AS; ey EN aes) =O Ay Se A treo ineiesy 
(B.6) 


(b) The substitution A, oA, and p,, p>, transforms the pair of equa- 
tions (B.2) and (B.3) into identical equations now satisfied by 
O(A,, 45,44. 445 Piss Px» Pa P11)» hence showing by the argument above 
that 


O(A,, A,, 5,44; Psa ey) =O (Agee ep [Doe Ne dP) 
(B.7) 


(c) Using the definition, Eq. (A.15), giving P,(A; p) in terms of Q(A; p), 
it follows that P, also has the symmetries expressed by Eqs. (B.6) and (B.7). 
(One must exercise considerable care in making this deduction because of 
the changes in the u,, under permutations OU Ue lan Bg, Bo Bo) 


C. DETERMINATION OF P; FROM ITS ZEROS 


The purpose of this Appendix is to prove, by construction, that up to a 
multiplicative factor independent of the variables z;,=Pj, — Pj. (is JF 1,2) the 
polynomial P, [see Eqs. (A.17)-(A.20)] is the unique polynomial of smallest 
degree in the variables z;, that possesses the zeros in the point set Z” (see p. 
120) and the reflection symmetry [see Eq. (4.102)}. 

Our proof of this result is quite detailed and lengthy. In our view, 
however, the fact that one can give the construction of the polynomial part 
of a Racah coefficient from the minimal degree polynomial possessing a 
symmetry and the set of zeros implied by the null space is significant not 
only for angular momentum theory but also for generalizations to U(n). It 
is therefore essential that one give the proof in some detail. 

Zeros of the polynomial P,. The first task is to give a more explicit and 
systematic enumeration of the set of zeros of P,(A; p) that are implied by 
the null space. This is already a nontrivial task. 

From the results of Section 4 and the fact that NPCF vanishes only if the 
final Gel’fand pattern in (4.103) fails to satisfy the betweenness conditions, 
we find that the polynomial P,(A; p) has the set of null space zeros 
consisting of all points ((77)2,%22,™11> m>,)} such that the following 
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conditions are satisfied: 
(a) The initial and final Gel’fand patterns in Eq. (4.98) satisfy between- 
ness; that is, 


M7. 2M, 2M77 AM), 


My +A, 2m, +4, 2m +A, 2>m,+4); (en) 
(b) either 
Dae te = On mere ayaa ll tie (C2) 
or 
qn Tig Selly a OE =I (C.3) 


or both. [The point set defined by these requirements clearly has an infinite 
number of points, since the point (m,, +a, mj) +a, m,,; +a, m,+a),a=an 
arbitrary integer, satisfies the conditions if (7,3, 7,1, 712,) does. For 
this reason the polynomial P,(A; p) can depend only on the differences of 
the m,,.] 

Let us first consider that A) =A, 2A, >1 and A, 2A, 2A‘, >1 (Case | of 
Appendix A). One then verifies that Eqs. (C.1) and (C.2) imply the 
following relations: 

Mm, — Mz, —A, +1<m,,—m,, =—(A, —A)), 
0=m), M5 =A, —1, 


My, — M1) =— (mM) — M19). (C.4) 


Conversely, Eqs. (C.4) imply Eqs. (C.1) and (C.2). Similarly, one finds that 
Eqs. (C.1) and (C.3) imply the following relations, and conversely: 


— — , — 
Mm), — Ms, — A +1812, —mMy <0, 


(Recall that A, +A, =A, +45.) 
We next introduce the variables z,, defined by 


Syl) tly ln Nc (C@) 
and denote by z a point defined by these four variables: 


2 (cee (C7) 
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Note that these variables are not independent, since 
2), 1299 =242 129). (C.8) 


The point sets defined by the conditions (C.4) and (C.5) may be expressed 
in the notation (C.7) as 


EL, Dy 5, aD oe elle 
b=0,1,...,45—1; 


bf 


ON ea a oh 
(C.9) 
Seem arsed! ce i le 
ba. Aba ec 10) 
JN ae Set 


Let us now denote P,(A; p) by the notation P(A; z). Then P(A; z) must 
vanish on the point sets (C.9) and (C.10). Observe that the only restriction 
on x is that it be any negative integer less than some fixed negative integer. 
Since there are an infinite number of such x, and since P,(A; z) is of finite 
degree, it follows that Pj(A; z) must vanish identically in x for each point z 
in the sets (C.9) and (C.10). 

We can infer further sets of zeros of Pj(A;z) by using the symmetry 
relations, Eq. (4.102), which now takes the forms 


f f tas jones f ta tx 
Ps Ces, cee = (Aa Ai, A Oo 5, AN Onis en 
, , ao is B t fie = 
ie (AT, Oo. 4), A; 2119 2129 221> Zo = Pi( A), A,, 45,4); Di Bae 
(ell) 


However, before one can apply these relations, it is necessary to obtain the 
point sets (C.9) and (C.10) for the general case, since application of the 
symmetries (C.11) carries one of the cases (Cases 1-4 of Appendix A) to 
another. We repeat the arguments leading to (C.9) and (C.10) for each of 
the cases and find that the generic cases can be expressed in terms of the 
step functions u,; and /;; {see the point sets (C.12) and (C.13) below]. 
Using each of the symmetries (C.11) on each of the point sets (C.12) and 
(C.13) below, we obtain the result: The null space vanishings of a Racah 
operator and the symmetries (C.11) imply that the polynomial P(A; z) (k= 1) 
vanishes on all points in the following sets (x is an arbitrary integer in these 
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Seis): 

(GiB yx Pe) Bt Uae et eel (C.12) 
a), eee 

(bd ty yy ee ol (C.13) 
j=l, =1, slg ee 

(ayb eae) G— te ley dl (C.14) 
De ae = 2 ae : 

(Qian ee d= tin leap =i | (C.15) 
a ee a, 

(ated Cn ay lle NG mall (C.16) 
a) ne Pen i eer (ee 

(Reba ae Od \od—=,.u,, led, 7, ae 
Pe=), 1p ce ay OS) 


Construction of P, from its null space zeros. We shall give the details of the 
construction only for Case 1 (Aj 2A, 2A}, A, 2A,2A%4), so that k=A4, 
throughout. The other three cases then follow by symmetry. 

Our procedure follows that already given for the Wigner coefficients in 
Appendix A of Chapter 3. Consider first the set of zeros of P(A, z) given 
by point set (C.12): 


aah sere) a—=—&o +k—-|4— 4A, Bie! eee et ari 
(C.18) 


where b=0,1,...,k—1. 

Let P;(z) denote a polynomial of minimal degree in z,, and z,, that 
vanishes on the sets 7,, b=0,1,...,A—1. Considering the point sets 
1, 7\,.-., 7,1, m turn, and following the procedure leading to Eq. (A.4) in 
Appendix A of Chapter 3 we find that the minimal degree polynomial in 
and z,, that vanishes on the points in the sets 7), T,,..., 7; _, is 


=11 


k 


Pi(z)= » a.(A; Z91> rp | ea aes = 5 | eee (e719) 
s=0 


where the a,(A; z,,, 2) are arbitrary and [x], denotes a falling factorial: 
(x), —*G = |) Gaal). 
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We repeat this construction on each of the point sets (C.13)-(C.16) with 


the following results: 
Point set (C.14): 


Ope (Onae a,x). C= A Vi Naa? ed 


where bD=0,1,...,k—1: 
Minimal polynomial: 
k 
Pi(z)= D b,(A; 291,222 L211) [212 + Ay =) a 
s=0 
Point set (C.13): 
TEs, Wee C= =) 0. =e 
where p— 0) lee le 
Minimal polynomial: 
k 
BG) dic (4, Ze Zan) 216 yee ol ee 
s=0 
Point set (C.17): 
Sa Sigh Bese — ei Se pa a) 
Cm iy oe prey eee re IU 
where b=0,1,...,k—1; 
Minimal polynomial: 


k 


(C.20) 


(C.21) 


(C.22) 


(C.23) 


(C.24) 


Pi(z)= » dB lei es lee eo OK | (C25) 


s=0 
Pomt set(C.15): 
HN (Det. 0 ence oe i 2 a ka) 
where b= Uy lhe k— 1 
Minimal polynomial: 


k 


Pi(z)= > GUN Pa. Z99 L211), 1221 net ees 
s=0 


(C.26) 


(C.27) 
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Point set (C.16): 


Ss, (Cee se ia Ate — CC Boy ks ee 
(C.28) 
where 0—O0) Ink — I 


Minimal polynomial: 


k 
Pi(z)= » Pe aie) | ee (C23) 
=0 


$— 


The polynomials a,, b,,..., f, appearing in these results are arbitrary, and 


go Vsoee 


any multiplicative factors may be considered as absorbed into the a,,..., f 
so that the six polynomials P, defined above must be identically equal. 
Consider, then, the consequences of setting 


k 
> a,(A; oy ei 2) ay 0 pean ae | 
s=0 


k 
= sy (Me zaneony (oye ee (C.30) 
s=0 


where Eq. (C.8) has been used to eliminate the dependent variable. In this 
relation, we now put z,, =0 to obtain 


Go A515 2a) 211) 211 allie = Col Ss 2s 2) | oy a alte 
which must hold identically in z,, and z,,. Hence, we must have 
Co(AS 211, 221) =An(A [211 “rae 
4(A3 29), 29) 211 =Ao( A) [291-24 +], (C.31) 
where for minimal degree we must take 4(A) to be independent of z,, and 
Z>,. Since the second of these relations is valid for arbitrary z,,, it follows 
that 


A(A5 221, 222) =Ag(A) [2 +k]. (C.32) 


in which z,, and z,, are arbitrary. We next set z,, =1 in Eq. (C.30) and use 
Eqs. (C.31) and (C.32) to obtain 


a,(A; 231,23, —2, + 1)[ 24, py le crea Bis a) en Sa alias 
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which must hold identically in z,, and z,,. Hence, we must have 
€(A3 211,23, )=A,(A3 2) )[ 2), gy la 

4(A; 29), 29,2, FI)=A,(A; Zi )bZ Zk), 4, (C33) 

where for minimal degree we must take 4,(A; z,,) to be independent of Zan 


Again, since the second of these relations is true for arbitrary z,,, we 
conclude 


4(A5 291, 299 )=A,(A5 29)) [299 +k-1],_, (C.34) 


for arbitrary z,, and z,,. Continuing the argument in an obvious manner, 
we thus establish the fact that Eq. (C.30) implies 


a,(A; 2015 2 )=A,(A; Zy)) 255 qe | ee 
Caan Z11> 2, )=A,(A; len aha she 


(C.35) 
(C.36) 


oS) 
—s°* 


We now repeat the argument leading to Eqs (C.35) and (C.36) for each of 
the pairs of equations [(C.21), (C.25)], [(C.21), (C.27)}, [(C.25), (C.29)}, and 
[(C.27), (C.29)}, thus obtaining the following relations: 


b(A; Zo15 29 )=B(A; Zo) [229 —A,+k] 
BANS aan ay TE 29 )[Z11],; 

b,(A; 22), Zo )= Bi(A; 29 )[ 29, Sth) eae 

EI UINS ip yyy) TB ae) aig oe alae 

d(A; 24, Z>,)=D,(A; Zi, )[ 22 =o ee, 

TAU ne Cap a= ENE er aa ey =S) seq 

e(Neizi5 255) = 6,( A; Zo) | 259 at el, 

(AA 22) 20422, )[2),].: (C.37) 


5? 


For minimal degree we find that these relations imply 


UCC) 2 Seria 5 25) A, Fk | 
BANG Fae oy TE) Bille ag te 

€,(A; 212, 22) )=B(A )[z. +A, —$],-sl22 =n sel || 
Jae 242 )=B,(A )[241] [412 +A, —S\pee (C.38) 


5? 


where B,(A)=B,(A,, A,, A), A) is independent of the z; ,. 
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Using the results Eqs. (C.35), (C.36), and (C.38) in the six polynomials 
P/(z) given by Eqs. (C.19)-(C.29), we find one last relation: 


k 
Pi(z)= y Aes 25) ait 8 eee (| le 
s=0 


PS > BA )[ 211) ,[412+4) les ey Tee) |e ap —A, a Pe Ae 
(C.39) 


Since this polynomial is required to be invariant under the substitutions 
A, A), 21; 2), 22; 0Zy, we may effect these interchanges in the right- 
hand side of Eq. (C.39). We then deduce 


AA Bs Ae Aas Zy)=B,(A2, aa Oiler —A, SE Lalle 


= Bi(A)[z.,—4,+k].,. (C.40) 
Thus, we have found 
k 
P(A; z)= » EY) ea SN = 8 Nec iletal el e aly ric | zy illo 
s=0 


a 5 CS al ce) aol eee Sela tek ly. 
a (C.41) 


To obtain the coefficients B{(A), we set z,, =z), =0 and z,,=z,,=x in 
Eq. (C.41). The coefficients B/(4) must then satisfy the following equation 
for arbitrary x: 


5 BCA) Ae salen +k] ,[x+k—s],=Bo(A)k![x+A],. 


In this result, we set x=0,1,..., &, in turn, to obtain a triangular system of 
equations for the coefficients B’(A), s=0,1,...,&. The unique solution is 
given by 


Bi(A)=0(4)( 1 }(42). (c.42) 


where we have put 
A 
Bo()=bo(4)( 92], 


in which 6)(4) is an arbitrary constant (symmetric in A, and A,). 
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Thus, the unique polynomial, which we obtain by requiring it to be (a) 
zero on the point sets Ue te L Ser. 5,,(0—0, 1)... k—1): (b) minimal 
in its degree at each step of the construction; and (c) invariant under the 
exchanges A, oA,, 2), 249, 271 2295, iS 


P(A; z)=5,(A) > Loe \lent4.-s],_, 


s=0 
Warley =| ee 0 (C.43) 


Making the notational change [x], =(x—a+ 1),, we obtain the polynomial 
part of a Racah coefficient [see Eq. (A.17), Appendix A], thus validating the 
assertion made at the beginning of this Appendix. [The transformation 
properties between polynomials under the substitutions (A.21) may be used 
to transform our proof for Case | to a proof for the other three cases.] 


D. SYMBOLIC FORMS OF THE RACAH COEFFICIENTS 


Symbolic forms for the Racah coefficient have been given in the literature 
(Sato [12]). We develop here a symbolic expansion of the polynomial part of 
a Racah coefficient, which is analogous to that given in Appendix B of 
Chapter 3 for a Wigner coefficient. The essential generalization beyond the 
rules already given in connection with Wigner coefficients is in handling 
negative quantities. 

Consider the following expression in which é, 7, x, y, z, and w are 
indeterminates and k is a nonnegative integer: 


B(E)(x Cy) + (nz Ow) + (EM) (07K. (D.1) 


The ¢...paround the enclosed form symbolizes the following operations: 

(a) Expand the form by the usual trinomial theorem, collect together the 
powers of each variable, and keep the symbol ¢...¢and parentheses around 
each individual factor (to anticipate a further symbolic rule). Thus, by 
definition, we have 


$(E)(x)(y)+(m)(z)(w) + (E)(n) (O° 7k! 
= ¥ EOI) ED Ze )P FO) (YG? 


ky +ky ths =k k'ky!k3! 
k\ tka +ky=k kik !k;! , 


(D.2) 
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In the second step in the definition of (D.1) we have the following rule: (b) 
Define the symbol4(¢)}* for ¢ an indeterminate and k a nonnegative integer 
by 


6(5)b°=(F-1)...(6-k+ =[6],. (D3) 


(c) The reason for keeping the parentheses ( ) around ¢ is the following: 
We wish to distinguish f(—¢){* from 6—()*. The first symbol 4(—¢)* is 
already defined by (D.3). We define the second symbol by 


$—(5)b°=(—1)'O(5) >". (D.4) 


Using the rule (D.3) in Eq. (D.2), we may now write out the right-hand 
side in terms of ordinary quantities. It is, however, the expression 


B(E)(x)() = ()(z)(w) + (E)(m)(v Pk! (D.5) 


that is of later interest, and it is this quantity that we now expand. 
We now carry out the expansion of (D.5) using the rules (a)—(c) given 
above: 


b(E)(x)(y)—(n)(z) 0) + (E)(m) (O° 7K! 


ky thy thy =k ky tk2!k;3! 
ky +k, +k3=k ky 'ky!k;! 


Ul, sll ell ee alla, 
k,'k,!k,! 


y 


ky +kygtk3=k 


= 5 (=P LEla lala bene la Lydall das 


D.6 
ky tk, =k K\tky! ae, 


The last step in Eq. (D.6) is made by carrying out the internal summation 
over k, in the next to the last term: 


oleae Ge Ae le 

A oar or Coa 
ma FAs ts Ihe, 
- Gere)! 


We have then renamed k—k, to be k, in obtaining the final form of (D.6). 
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It is now straightforward to verify the following result: 


P(A; 2)=§(A, (24) )(—299 eel N, )( Zio) (aa 8G =) 
+ (Ay )(A)( 299 — 1h" /(4)! (D.1) 


Symbolic expansions for the other three polynomials [Cases 2-4, Appendix 
A] are obtained from Eq. (D.7) by performing the operations (A.21). 

In the limit of large —m,,, we have z,,~m,, and z,,~m),,. Despite the 
symbolic meaning of Eq. (D.7), it is correct that 


Ss, z)~(—my) *(A,)(24,)+ (Ag (zr) + (A (42 2 (AG)! 
JAM San BINA one aM tey h : (D.8) 


where 
La toe 
PAG A. Ai, M4; 211) 212) 


= (A, )(211) + (Aa (21) 4 (4, )(Az)d /(45)! 
(D.9) 


is the symbolic expression for the polynomial part of a Wigner coefficient. 
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CHAPTER 5 


Special Topics 


Topic 1. FUNDAMENTAL SYMMETRY CONSIDERATIONS 


Survey 


This Topic considers in detail some fundamental aspects of symmetry in 
quantum mechanics, with the purpose of placing rotational symmetry and 
angular momentum in this larger context and thus validating the treatment 
of rotational symmetry in this monograph. The Topic begins with Wigner’s 
theorem, Section 1, its proof, Section 2, and generalization, Section 3. 
Applications are made in Section 4 to angular momentum, and in Section 5 
to time reversal. In Section 6 the Frobenius—Schur invariant is discussed, 
and in Section 7 it is applied to the univalence superselection rule for 
intrinsic angular momentum. Semilinear representations (“corepresenta- 
tions’) are discussed in Section 8. This Topic concludes with a remark, 
Section 9, on the importance of the Wigner symmetry theorem. 


1. The Wigner Theorem on Symmetry Transformations in 
Quantum Mechanics 


In the statistical interpretation of quantum mechanics, the transition 
probabilities, 


Pe lf le) =P eof) (5) 


where f, g denote any two normalized vectors in some Hilbert space, are the 
basic structural elements. Accordingly, if one wishes to interpret a symmetry 
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transformation in the widest possible sense— as a redescription, say (choos- 
ing the passive interpretation), without change of content'—then it is 
sufficient to require that all probabilities (and hence all physical content) 
must be invariant. This viewpoint leads to the standard (Weyl [1], Wigner 
(2]) definition of a symmetry in quantum mechanics, which we formulate in 
detail below. 

Before a precise definition of a symmetry can be given, it is necessary to 
recall two important details [(@) and (6) below] concerning quantum 
mechanical states: 


(a) The states of a quantum system are to be described in terms of the 
vectors of a Hilbert space ‘i; it is convenient, because of the probability 
interpretation, to consider unit vectors (vectors of unit norm) as correlated 
with quantum states. This association of Hilbert space vectors to quantum 
states 1s quite natural— especially so because the linearity of Hilbert space is 
taken to implement the superposition principle so important to quantum (as 
opposed to classical) physics. Yet it must be constantly borne in mind that 
this correspondence between unit vectors in Hilbert space and quantum 
states is not one-to-one, since the two vectors f and ef (AER), for 
example, both describe exactly the same state. To eliminate this “freedom-of- 
phase,” the concept of a unit ray in a Hilbert space K is introduced into 
quantum mechanics. 

The concept of a ray is that of an equivalence class of vectors in K. Thus, 
two vectors fE JC and gE are defined to be equivalent, f~g, if and only if 
f=ga for some aC, and |a|=1.? This equivalence relation then (uniquely) 
partitions JC into subsets of vectors of the type? 


f={ fa: fis a fixed element of IC; @EC with |al=1 ee Srilie.) 


The vector fis a representative of the equivalence class f, as is any vector in 
f. The set of vectors f is called a ray in IC with representative i. 

Let us denote the inner product of vectors in KC by the notation Cae): 
and the norm of f by || fIl=Cf, fy Then we may define the inner product of 
two rays by 


(f.2=|(/.3)], (Sales) 


'This is described more fully in Section 4, p. 169. 

The more general definition of a ray takes f~g if and only if f=ge for some a€C, and 
a0. In this definition, a ray is a one-dimensional subspace of 1, which contains f as a subset 
of vectors. The definition of a ray given by Eq. (5.1.2) is more convenicnt for the proof of the 
Wigner theorem (Bargmann {3]). 

Right multiplication by scalars (complex numbers) is used to allow (in later sections) 
gencralization to noncommutative fields. 
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since (f,g) is clearly independent of the representatives fEf and gg. [In 
obtaining this result, we have used the two properties of the inner product 
in JC given by (f. g)=(g, f)* and (f, ga)=(f, g)a.] Note, then, that the 
norm of a ray f is |If|| =I f Il. 

A unit ray is a ray of unit norm; every ray f (f#0) may be written 
uniquely in the form 


f=ép, p=lifll, (5.1.4) 


where é is a unit ray. (The notation ép denotes that each vector in the set é 
is to be multiplied by the real positive number p.) 

Any significant statement about a quantal system is a statement about unit 
rays. 

(b) The second detail to be mentioned concerns the assumption that 
every unit ray corresponds to a state. Such an assumption was explicitly 
incorporated in the axioms of quantum mechanics in the formulation of von 
Neumann [4, Axiom VIII]. The existence of superselection rules (Wick et al. 
[5]) in physics shows that this assumption can be invalid. A more general 
assumption is that the superselection rules determine a decomposition of the 
Hilbert space into a direct sum of mutually orthogonal subspaces such that 
every ray in each subspace corresponds to a physical state. 

We can now give a precise definition of a symmetry in quantum mecha- 
nics (Wigner [2, Chapter 26], Bargmann [3]). Definition:'! A symmetry T is a 
map from the set of unit rays in K onto the set of unit rays in a second Hilbert 
space JC’ (which may be SC) such that the following properties hold: 

(a) T is defined for every unit ray in K. 

(6) Transition probabilities are preserved, that is, 


(T(é), T(@’)) = (@,€), (AS) 


where 6,@ are unit rays in K, and T(é), T(é’) are the corresponding unit rays 
We SO 

(c) The mapping T between unit rays is one-to-one? and onto. 

A symmetry transformation is thus a one-to-one mapping of unit rays of 
one Hilbert space onto unit rays of a second Hilbert space; at first glance 
this definition seems to imply insufficient information to be of much utility 
for physical purposes. The reason one might feel the information to be too 


'The alternative KK’ is included to allow the mapping of one coherent subspace onto 
another coherent subspace; this situation can occur when there are superselection rules. The 
Hilbert spaces KC and ‘i’ are equipped with inner products denoted by (f,g) and ¢f’, 2’), 
respectively; for H=‘K’, these inner products are taken to be identical. 

* Property (#) implies that the transformation is one-to-one, since (by the Schwartz inequal- 
ity) two unit rays coincide if and only if (@,é)=1. The onto property is a critical assumption in 
the definition. 
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minimal is that the superposition principle is fundamental in quantum 
mechanics, and this principle relates to the addition of vectors, not rays or 
even unit rays. Won’t the freedom-of-phase in unit rays lead to discarding 
superposition? 

In the light of such considerations, the Wigner theorem is quite remark- 
able, for it asserts that every unit ray (symmetry) mapping can be replaced 
by a vector mapping, which is either unitary or anti-unitary (the latter 
occurring only for a symmetry involving time reversal). The Wigner theorem 
is the fundamental theorem in the analysis of symmetry properties for 
quantal systems. 

MAIN THEOREM (Wigner): Let T be a symmetry mapping of unit rays in the 
Hilbert space X onto the unit rays in the Hilbert space K’. Then there exists 


an onto mapping W: HK’; that is, ff’ =W(f EK’ for each fESC, such 
that 


es =U te In i (5.1.6) 
WPS)=UW(S AY), (5.1.7) 
COU( Ff), (8) =A(Cf, 8)), (5.1.8) 


where X(£) is defined for each § EC to be either 
NV or NOSSO. (5.1.9) 


2. Proof of the Wigner Theorem! 


It is useful at this point to introduce some notations. We shall denote by 
f,8,... vectors in the (coherent) Hilbert space KH, and by e,,e5,... unit 
vectors in JC (state vectors). Rays in KC with representative elements dine aoe 
will be denoted by f,g,..., and unit rays in SC with representative elements 
€;, 5. will be denoted by epee 

Scalars (complex numbers) of modulus 1 will be denoted by a, f.... 
(beginning of the alphabet), whereas positive, real scalars will be denoted by 
p,0,... (end of the alphabet). 

The first step in the proof is to extend the mapping T7— defined originally 
on unit rays—to all rays in ‘, by defining 7(f), for each f=ép, to be 


(i) = Teo) Tie yon for all p>0, (5.1.10) 


'This proof is modeled after the original proof of Wigner [2, Chapter 26] and includes the 
additional details supplied in Bargmann’s [3] exegesis on the Wigner proof. 
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and, for completeness, 7(0)=0. Note that the definition CeO indeed 
includes all nonzero rays in ‘I. 


For the extended mapping (denoted also by T), it follows that 


T(fo )=T(épo )=T(é)po=T(f)o, for all p,o>0; 
(5 van 


(T(f), T(g)) =(T(@, )p, T(e )o) = (2, )po 
Sire) (alee) 


From Eq. (5.1.12) it follows, in particular, that (Tf), TH) =f), so that 
the extended mapping preserves the norm of all rays, including the null ray. 

Let us assume that the space JC is at least two-dimensional. Let us fix a 
particular unit ray é, and select a representative e,. The mapping T yields 
the unit ray @|=7(é,), and we again select a representative eye lnese 
(arbitrary) choices constitute the initial step in the construction of the vector 
mapping %U, which, by definition, effects the transformation 


e =U (e,). (5.1.13) 


From the orthogonal complement to e, in IC, we now pick a nonzero 
vector f, and normalize it to define a unit vector e,. Consider now the vector 
g defined by 


g=e, tf=e, +e,( f, e,)=e, +e,x, (5.1.14) 


where x=(f,e,)=(g, e>). 

The (extended) mapping T takes the ray g into the ray g’, the ray é, into 
é/, and the ray f into @5|x|. Because the magnitude of every inner product is 
preserved, it follows that 


ga=ePtes|x|y, Sos) 


where a, B,y are of modulus | and g’,e4 are representatives of the rays 
g’,€5. Multiplying through by 8 ~', and renaming the representative of ¢’ 
(g’aB~' is now called g’), we obtain the relation 


g’ =e, +e3|x|d(x), (ali) 


where 6(x) is a complex number of unit modulus. Defining g’=L(g), we 
have thus extended the vector mapping °L to include linear combinations: 


Oey esx = (ey ae (Olea) (1) 
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The essential point in this construction is to recognize that for every 
vector f=e,x we have obtained a uniquely defined vector g’=(e, +f)’. 

Consider now the mapping %L [Eq. (5.1.17)] applied to the two vectors 
f, =e>x and f, =e, y, where x, y are nonzero complex numbers; that is, 


gp =U(e, +e,x )=U(e,)+e5|x|8(x), 
g3=U(e, te,y )=UW(e,)+e5|y|8(y). (BG) 


The magnitude of the inner products is preserved so that 


KK gi, 821° =[( a1, 82)? =1 txt yty*x + |ay|? 
=1+|xy|[6*(x)6(y)+6*(y)6(x)] +]ay|?. (5.1.19) 


Since 6(x) and 6( y) have modulus unity, this relation leads to a quadratic 
equation, 


[3°(x)8( y= FT [54(x)8(y)] +150. (5.1.20) 
with two solutions: either 
ARON iesto 57) 3g). (Gr2 0) 
on 
SC Ser Ae. (5.1.22) 


These two solutions imply that, for every nonzero x, we have either 
8(x)=ax/|x|, (S223) 
or 
5(x)=ax*/|x|, (5.1.24) 


where a is a fixed complex number of modulus 1. The factor a can be 
absorbed into the labeling of the representative e4 of the ray @5, so that the 
two forms of Eq. (5.1.17) corresponding to the solutions (5.1.23) and 
(5.1.24) are 


“Ui e; + esx =U (2, )-pe5x, 
CU erie) = eames (525) 
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Setting x=] in this result and defining 2 (e,) by 

P(e, =e, —W(e)e,) We: ), (5126) 
we obtain, using Eq. (5.1.9) for A: 

We, +e,x)=U(e,)+U(e,)A(x). (127) 


If the dimension of JC is greater than two, results of the same form follow 
for every e; (i=2,3,...) in an orthonormal basis of the orthogonal comple- 
ment to e,. 

The vector mapping °L has thus been defined on all vectors JC of the form 
€,, e€; te,x, and e,x. In summary, we have 


ew =e 
OWeianer) ee Nico) (25128) 
QW (ex )=eirA(x), 


where A(x) may be either \(x)=x or M(x)=x* for each value i=2,3,... of 
the index i. 

Next we show that the same alternative for A(x) occurs for all i=2,3,.... 
Consider the vector i= laze + e3,)z=ez, (e,e)=1. Since A is orthogonal 
to e;, we can repeat the construction (given above, for f=e,x) and arrive at 
U(h)=e'A"(z), where A(z) is one of the two alternatives, z or z*. Thus, we 
have 


W(h)=e'h'"(z)=2~*[e5A(z) +e4A'(z)] (Bl 2) 


in which A(z), A(z), and A’(z) may each assume either of the alternative 
values, z or z*. Since (e}, e€;) =(e,,e,;)=0, we conclude that A(z), A’(z), 
and A”’(z) are all equal. Thus, we have defined the vector mapping % for all 
vectors in SC of the form e,, e, +f, and f, where f is an arbitrary vector in 
the orthogonal complement of e, in JC. 

To complete the definition of %, it is necessary only to consider the 
vector g=e,a+/, where a is a nonzero complex number. To do this, we first 
consider the vector h=e,+fa~', so that g=ha. Define %(g)=U(hA)A(aQ). 
This is consistent, since 


U(g)=W(A)A(a)=[e, +U (fa ')]A(@) 
=e'A(a)+U(f )=UW(e,a)+U( Sf). (5.1.30) 


Thus, the vector mapping °%L has been defined on all the vectors in JC, and 
it satisfies all the conditions asserted in the theorem. (We have assumed that 
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the dimension of ‘i is at least two, but it is clear that for dimensionality one 
the same result is trivially correct.) 


Remarks. (a) The two alternatives for the mapping % both correspond to 
an isometry. For the first alternative—that is, for A(@#)=a—one has a 
linear isometric mapping (a unitary transformation). For the second alterna- 
tive, for A(a)=a*, one has an antilinear isometry (“anti-unitary” transfor- 
mation). (The latter is discussed further in the following sections.) 

(b) The converse to the Wigner theorem—that every linear or antilinear 
isometry QL induces a ray mapping that preserves inner products—can be 
established directly: From f’=°L( f), we obtain the ray mapping f’= 7(f), 
where f is the equivalence class whose representative is f, and similarly for f’. 

(c) The linear or antilinear character of the mapping % is an intrinsic 
property of the original ray mapping 7. Bargmann [3] has noted that the 
complex number defined by 


A(f,.f..f )=(A. AMA AMG A) (5.1.31) 


is independent of the representatives chosen for the rays. Defining 7(A)= 
A(Tf,, T£,.7f,), one sees that 7(A)=A(A), so that (for dimension>2) the 
fact that A is not always real can distinguish the linear from the antilinear 
case. 

(d) For a given ray mapping 7, it is of interest to determine to what 
extent a vector mapping compatible with T is unique. [The vector mapping 
QW is said to be compatible with T if U(f)€T7(f) for every fEf.] Defining 
the mapping % to be additive if U(f+g)=U(f)+U(g), Bargmann [3] 
has shown: If two additive vector mappings %, and %, are compatible with 
the same T, and if dim K>2, then U,( f =U (fa, aEC, Ja|=1. for every 
vector f in K. 

[This result can be seen already from the proof of the Wigner theorem 
given above, where 6(x) differed from A(x) by the factor a. The factor a 
was removed by redefining the e/.] 


3. Extension of the Wigner Theorem: Relation to the 
Fundamental Theorem of Projective Geometry 


Uhlhorn [6] has given a very striking generalization of the Wigner 
theorem in which the requirement that all transition probabilities be pre- 
served is replaced by the much weaker requirement that only transition 
probability zero be preserved! (This is the requirement that [(f,g)° =O] 
[(f’,g’)* =0].) It is still necessary to assume (as in the Wigner theorem) that 
the ray mapping is one-to-one onto, but in addition one must now assume 
that the dimension of SC is three or greater. With these modifications in the 
hypothesis, the conclusion of the Wigner theorem can be shown to follow. 
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The essential content in this weakened hypothesis (that only zero proba- 
bilities are preserved) is that in place of the equivalence class of quantum 
States (unit rays) one now considers, in effect, the larger equivalence classes 
based on rays. In terms of a ray mapping for this more general case, it is to 
be expected that not only will the phase of the inner product ( f, g) change 
(as before) under the mapping, but the magnitude as well. Only inner 
products having the value zero will be unchanged by the ray mapping. 

When the problem is phrased in this way, one recognizes that the 
generalization being considered is precisely the construction that char- 
acterizes projective geometry, where a “point” in such a geometry is an 
equivalence class of rays (Artin [7]). Alternatively, and equivalently, from 
each Hilbert space over a field F, we may form a new object, the corre- 
sponding projective space J. Its elements are not vectors of ‘KC but sub- 
spaces V of JC. To each subspace V of JC one assigns a projective dimension, 
dimp,pV=(dimV)—1, just one unit smaller than the ordinary dimension. 
(The zero subspace of ‘ should be thought of as the “empty element” of 
JC.) An incidence relation is introduced in ‘SC: the inclusion relation koe, 
between the subspaces of ‘IC. 

[To see how this alternative view coincides with the previously mentioned 
view of rays, consider the usual model of the real projective plane. The 
points of JC are the lines of SC (three-dimensional real space) through the 
origin. Hence, all nonzero multiples of the same unit vector belong to the 
same line and correspond to the same point of the projective space.] 

The mapping of elements of one projective space onto the elements of 
another projective space is called a collineation if (a) the dimensions of the 
two spaces are the same; (b) the mapping is one-to-one onto; (c) the 
incidence relation is preserved. 

In order to appreciate that these requirements on a collineation are 
precisely the same requirements as in Uhlhorn’s generalization of the 
Wigner theorem, it is necessary only to note that condition (c) is equivalent 
to requiring the ray mapping to preserve zero probabilities. To make this 
equivalence explicit, let V; and V, be subspaces of SC, and let V, be incident 
with V,—that is, V,CV,. To translate this into a statement on inner 
products, denote by V,~ the orthogonal complement of V, in KC. Then it 
follows that the incidence relation (V, CV,) is equivalent to the inner 
product statement that 


TV day =U: 


Since zero probabilities are to be preserved under the ray mapping, we 
conclude that ((V,~),V{)=0, which is the assertion that Vi C V3; that is, 
the incidence relation is preserved under the ray mapping. Thus, we have 
established that a collineation is nothing else than the ray mapping of the 
generalized Wigner theorem. 
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We need only one more concept before we can use this “translation 
guide” to take over the basic results known from projective geometry. This 
is the concept of a semilinear mapping (Artin [7]). 

Let V and V’ be vector spaces over the field F. A map %W: VV" is called 
semilinear with respect to the automorphism p. of F if 


QW (xty)=U(x)+U(y), Q is additive, 
O(a) — A(x Jar 


for all vectors x, y€V, and all «€ F. (Here p is the automorphism: a—a".) 
One recognizes that the semilinear maps are precisely the general concept 
that is needed for interpreting the Wigner theorem, since the two cases 
found for this theorem [A(a)=a, and A(a@)=a*] are just the two (identity 
and conjugation) continuous automorphisms of the complex numbers. 
With these preliminaries completed, we can now cite the fundamental 
theorem of projective geometry (Artin [7], Baer [8]). 


Theorem (Fundamental theorem of projective geometry). Let V and 
V’ be left vector spaces of equal dimension n3 over fields k respec- 
tively k’, V and V’ the corresponding projective spaces. Let o be a 
one-to-one (onto) correspondence of the “points” of V and the “points” 
of V’ which has the following property: Whenever three distinct 
“poms “07, 05, 2, (they are lines ci | )) sare collinear 
L, GL, +L,, then their images are collinear, oL, Gol, 1o£,. such a 
map can of course be extended in at most one way to a collineation but 
we contend more. There exists an isomorphism p of k onto k’ and a 
semi-linear map A of V onto V’ (with respect to 1) such that the 
collineation which A induces on V agrees with o on the points of V. If 
A, is another semi-linear map with respect to an isomorphism p, of k 
onto k’ which also induces this collineation, then A,(X)=A(aX) for 
some fixed a#0 of k and the isomorphism p, is given by x#t= 
(axa ')#. For any a#0 the map A(@X) will be semi-linear and induce 
the same collineation as A. The isomorphism p is, therefore, determined 
by o up to inner automorphisms of k. (Artin [7, p. 88].) 


Remarks. (a) We have cited this theorem in the form given by Artin. The 
proof of the theorem given by Artin is very accessible to physicists, and it 
begins in a way rather similar to the proof of Wigner’s theorem given above. 

(b) Note the restriction to dimV 23. The two-dimensional case is 
exceptional and is discussed briefly below in item (b) of the Appendix to 
this section. 

(c) Note that Bargmann’s result [see Remark (d) in Section 2] is 
contained as a special case in the conclusion of this general theorem. 
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(d) Uhlhorn [6] has presented a proof of the generalized Wigner theorem 
and notes the relation to the fundamental theorem of projective geometry. 
In an appendix, Uhlhorn discusses critically various formulations and 
proofs of Wigner’s theorem in the literature (Wigner [2, 9], Jauch [10], 
Hagedorn [11], 12], Lomont and Mendelson [13]). Bargmann [3] notes that 
Uhlhorn’s discussion of the two-dimensional quaternion case is incorrect 
[see item (b) in the Appendix below]. 

(e) There has been much interest in recent years in a modification of the 
quantum theoretic formalism, which consists in replacing the complex 
Hilbert space by a quaternionic Hilbert space (Finkelstein et al. [14-16]). 
The general theorem asserts for this case that the semilinear mapping 
compatible with a given ray mapping TJ is unique to within an inner 
automorphism of the quaternionic field (there are no outer automorphisms). 
It follows that the semilinear mapping can be taken to be /inear, and (if 
taken linear) is determined by T to within an overall sign. 

Note in particular that conjugation in the quaternion field is an anti- 
automorphism and is excluded. 


Appendix to Section 3. (a) In our search for the most basic framework in 
which to incorporate rotational symmetry, we have been led to the Wigner 
theorem of Section 1 and then to its generalization, the fundamental 
theorem of projective geometry. This result, aesthetically satisfying in itself, 
raises several interesting questions, which— although not strictly within the 
scope of the present monograph— deserve at least some mention along with 
citation of the relevant literature; hence, this Appendix. 

The questions suggested by the results of Section 3 are these: (7) What is 
the relationship between projective geometry and quantum mechan- 
ics? (There must surely be some relationship, since the Wigner theorem has 
clearly been incorporated in this wider context.) (ii) The theorem of Section 
3 is valid for a general (associative) field of scalars, which includes, in 
particular, the real numbers, the complex numbers, and the quaternions. Is 
there a special role for the complex number field in quantum mechanics? In 
other words, are there more general types of quantum mechanics hinted at 
in the generalized Wigner theorem? 

These questions lie at the foundation of quantum mechanics; they re- 
ceived serious consideration very soon after the complex Hilbert space 
formulation of quantum mechanics. Early fundamental work was done by 
Birkhoff and von Neumann [17], who endowed propositions connected with 
yes or no experiments (measurement theory) with an algebraic structure. 
These authors created lattice theory and an associated calculus of proposi- 
tions that generalized (and of course includes) the measurement theory 
underlying classical mechanics (Boolean lattices). The propositional calculus 
was further developed by Jauch [18], Emch [19], Piron [20], and Varadarajan 
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[21], among others, clarifying in particular both the concept of compatible 
propositions (simultaneously measurable observables), and the relationship 
of the propositional calculus to projective geometry. The situation as 
developed in Ref. [18] is a very satisfactory, if not final, synthesis, and may 
be summarized in this way: (7) The propositional calculus is a measurement 
theoretic structure encompassing both quantal and classical mechanics; (i/) 
every proposition system is a direct union of irreducible proposition sys- 
tems; (iii) every irreducible proposition system is embeddable in a canoni- 
cal way into a projective geometry; and (iv) every projective geometry 
(dimension three or greater) is algebraically isomorphic with the linear 
manifolds of a vector space with coefficients from a field. This synthesis 
nicely disposes of the first question above and shows incidentally that the 
generalized Wigner theorem is (at least for n=3) the best possible. 

To avoid a misleading impression, let us note that there are two other 
distinct approaches to the foundations of quantum mechanics: the Jordan 
algebraic approach (Jordan [22, 23], Emch [19], Giirsey [23a]), which trades 
the associative, noncommutative matrix algebra of Heisenberg and Dirac 
(complex Hilbert space) for a nonassociative commutative algebra of ob- 
servables; and the density matrix approach defined in terms of positivity 
domains (Koecher [24, 25]) and positive homogeneous cones (Vinberg [26]). 
The Jordan algebraic approach was the first to show the possibility of an 
exceptional type of quantum mechanics (which is restricted precisely to the 
case of projective dimension two, excluded in the fundamental theorem). 

What can be said as to the nature of the field? A basic result is that of 
Birkhoff and von Neumann [17] (see also Jauch (18, p. 130]), who showed 
that in the propositional calculus the axiom of orthocomplementation, 
which yields a (physically essential) positive definite metric, also implies 
that the number field possesses an involutive anti-automorphism. The real, 
complex, and quaternion fields all have this property, and are suitable 
candidates for developing three types of quantum mechanics. 

Stueckelberg [27] has developed quantum mechanics over the real field: in 
effect, the proposition system that results is equivalent to that of the 
standard complex Hilbert space, since a unitary antisymmetric operator J 
commuting with all observables must be adjoined. 

Interest in quaternionic quantum mechanics has long existed (C. N. Yang, 
for example, has often commented on this possibility). The hope was 
expressed, at one time, that the extra quaternionic degrees of freedom might 
be connected with isospin degrees of freedom. A thorough investigation was 
carried out by Finkelstein et al. [14-16]. The requirement that quaternionic 
quantum mechanics be compatible with special relativity is severely restrict- 
ing (Emch [28]) and specializes the role of one of the three quaternionic 
units. The result is, in effect, a variant form of standard complex quantum 
mechanics. 
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(b) Projective dimension two plays a very special role in these founda- 
tional questions. We have already mentioned that it is precisely for projec- 
tive dimension two that an exceptional quantum mechanics (Refs. [18, 23]) 
exists. Let us note here a result of Bargmann [3], which shows that the 
Wigner theorem does not hold for quaternionic quantum mechanics in two 
( projective) dimensions. 


4. Implications for Rotational Symmetry 


In Chapters 2, 3, and 6 of AMQP, the concept of rotational symmetry 
was introduced physically, taking as fundamental the postulate that space is 
isotropic, so that no particular direction is to be preferred in any way. The 
state of a system was described by a wave function, ®, as a function of the 
spatial coordinates, which referred to a fixed (classical) reference frame. 
Under a rotation, a second observer would ascribe to the state of the system 
another wave function—call it 0,@—if this second observer were to 
describe all physical systems and all physical quantities exactly as the first 
observer would, except that the second observer uses a reference frame that 
is rotated with respect to the reference frame of the first observer. [Right- 
handed reference frames F=(é,, é,,é,) and F’=(é}, é5, é;) of the first and 
second observers are related by the real, proper, orthogonal transformation 
é;=%,R,,é,, so that the coordinates x=(x,, X2, 3) and x’=(x7, x9, x3) of 
a point P referred to F and F’, respectively, are related by x’=Rx (column 
matrix notation), where R=(R;,).] 

The two aspects of a transformation, alias versus alibi (see Chapter 2; 
Section 2, AMQP), can be seen to correspond to two observers using frames 
F and F’ and ascribing wave functions ® and 0,® to the same state of a 
physical system versus a single observer who ascribes the wave functions ® 
and 0,®, respectively, to the state of a physical system and an identical 
system whose set of corresponding points {P’} is related to the set of points 
{P} of the first system by x’=Rx for all x’€{P’} and x € { P} (in this case 
all coordinate triples refer to an arbitrary but fixed frame). (See Wigner [2, 
p. 223] and Houtappel et a/. [29].) 

If the wave function depended only on the Cartesian coordinates (for 
example, if the system had no intrinsic spin), then we can relate the two 
wave functions by a point transformation and conclude that 


(0 ,® )(x’)=®(x). (GoD) 


This result asserts that for the second observer the transformed function at 
the transformed point has the same numerical! value as the original function 
at the original point seen by the first observer (alias interpretation). 
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If, however, the physical system is of a more general type— involving, for 
example, intrinsic spin, for which a point transformation in three-space is 
undefined— then one cannot conclude that an equation of the form of Eq. 
(5.1.32) is necessarily valid. It is essential, therefore, in the general case— 
even for rotational invariance—to make use of the abstract symmetry 
analysis of the preceding sections. 

It was the conclusion of this analysis (the Wigner fundamental theorem) 
that there were but two possibilities: either the transformation O, is linear 
unitary, or it is antilinear anti-unitary. 

Let us dispose of the second alternative for rotational symmetry. To do so 
it is necessary to consider the time dependence of the wave functions. It is 
sufficient for this analysis to consider a Hamiltonian with a purely discrete 
spectrum. Then a general time-dependent wave function will have the form 


DD atc aaa (5.1.33) 


where the a, are complex numbers, and the {y,, £,} are eigenstates and 
eigenvalues of the Hamiltonian, respectively. If we perform the symmetry 
transformation at t=0 and consider the transformed state at time ¢, we 
obtain (using the second alternative in the symmetry theorem) the wave 
function 


W'(I)= Lar(Ogy, Je”. (5.1.34) 


If, however, the symmetry transformation is performed at time ¢, we obtain 
(using again the second alternative) 


py’ (t)= Dd a* (On, je Te. (5.1.35) 


Clearly these two results differ in an essential way (unless, trivially, all E, 
are the same). From a physical viewpoint, rotational invariance is a tine- 
independent concept; accordingly, we must conclude that the second alterna- 
tive is inadmissible and that rotational invariance is necessarily imple- 
mented by a linear unitary transformation. 

This result does not, however, conclude the matter, since— according to 
the fundamental theorem—there is still an overall freedom of phase in 
implementing the transformation. Thus, the symmetry operation © pr although 
linear unitary, is still undetermined to the extent that one may use equally 
well 0; =w,0,, |wg|=1. Note that the constant w, can depend on the 
particular rotation, although it is the same for all wave functions. 

These constants can spoil the representation property, since the product 
of two rotation operators need then only satisfy the equation 


O05 =r 5Ors- (5.1.36) 
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The arbitrariness in this multiplication rule is best understood by consid- 
ering that the rotations R and S are actually transformations belonging to 
the covering group, the quantal rotation group, SU(2). In this case, with 
each UE SU(2), we associate the proper orthogonal matrix R having ele- 
ments R;,= ztr(o,U0,U*) (see Chapter 2, AMQP); each U then defines the 
transformation of reference frames given by é, >é/= Dave. Note that 


Q 
both U and —U define the same frame rotation. 


The arbitrariness in the multiplication rule (5.1.36) may be removed for 
the quantal rotation group by a continuity method due to Weyl (Wigner [2, 
Chapter 20]). Clearly, for the identity operator, there is no arbitrary phase, 
So that ®igentity = 1. The phase w,, is a continuous function of the paths in 
group parameter space that go from the point corresponding to the identity 
rotation to the point corresponding to the rotation U (these paths are curves 
on the surface of the unit sphere, S?, in four-space—see Chapter 2, 
AMOQP). Since the parameter space S? is simply connected, the phase Wy 1S 
a function only of the point (a ,a@) of S? corresponding to U, and not of 
the path. Thus, there is a unique phase for w,, and this may be removed by 
a convention so that there is no arbitrariness at all in the product of two 
rotation operators: 


0,0) =Ouy (5.1.37) 


for dune es Oe 

The final result of these considerations is this: The symmetry transforma- 
tions of the quantal rotation group are necessarily implemented by linear 
unitary transformations {O,,: > KX} such that for all wave functions ® and ¥ 
in SC one has 


(GD) (Opel ® | (5.1.38) 
and 


0, (a¥ +b®) =a, V+b0,®, a, bEC. (5.1.39) 


The implementation of the second equation requires a convention as to an 
overall phase factor (of modulus 1) independent both of the rotation and of the 
wave functions. 

The result obtained here for the quantal rotation group includes the case 
(5.1.32) of wave functions depending only on Cartesian coordinates, since 
one may define 


Cg NOR C2) (5.1.40) 


where R is the image of U in the homomorphism (given above) of SU(2) 
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onto SO(3). On the Hilbert space of square-integrable functions of coordi- 
nates, one then has the identity of rotation operators given by 

Op =O, =0_y. (S141) 


The transformation (5.1.40) also generalizes to systems having spin-j. 
Thus, letting {€,,: m=j, j—1,..., —/} denote an orthonormal basis of spin 
space, we introduce the functions in the tensor product space of square- 
integrable functions and spin functions of the form 


= IOS. (5.1.42) 


where V(x) denotes the vector in spin space given by 
VS Ae. 
The inner product of two functions V and ® is defined by 
(¥.)= 3 [YR on(x) dx. (5.1.43) 


Next, let %” denote the linear unitary rotation operator realization of 
UESU(2) that has the standard action on spin space given by 


a) ee i > DIT ee (2 .44) 


where the D/(U) denote the standard unitary irreps of SU) [see Eq: 
(3.12)]. 

The desired definition of the transformation ©,,, acting in the Hilbert 
space of functions {V}, is 


(0, ¥ (x) =[(198UM)¥](R-Ix)= Sy, (R we) (use) 


ai 
(5.1.45) 
where the 3X3 proper orthogonal matrix R=(R;,;) and the 2X2 unitary 


unimodular matrix U are related by R, j— ztt(6,00,U "). Equivalently, one 
has the relation 


[(4 @U*) (OL) ] (Rx) =¥(x) (5.1.46) 


as the generalization of Eq. (5.1.40). 


Implications for Rotational Symmetry We 


We can now readily understand the arbitrariness in the multiplication 
tules (5.1.36) for the rotation operators corresponding to SO(3) rotations, 
using Eq. (5.1.45). Observe that we have the identity between operators 
given by 


Ou,=(C1) 76, (Su1k47) 


on the Hilbert space of functions {WV}. Thus, for integral spin systems, we 
may always take 


=) 0a. (5.1.48) 


Since R is the image of both U and —U in the homomorphism of SU(2) 
onto SO(3), the multiplication rule (5.1.36) with Wr 5 —1 now follows from 
Eq. (5.1.37); thus, all phase factors can be removed from Eq. (5.1.36) for 
Systems possessing integral spin. For half-integral spin, however, we find 
that 


0_y=—O,. (5.1.49) 


and there is an essential +1 phase in identifying Op with the pair of 
operators (©,,,0_,,) that cannot be removed (for further discussion of this 
point, see Section 21, Chapter 6, AMQP). The situation represented by the 
functions {¥} is general.! 

It will be readily appreciated that the quantal treatment of rotations as 
developed in AMQP and in this monograph stems in the final analysis from 
Wigner’s fundamental theorem on symmetry transformations. 


Remark. Let us define the product of two functions ¥ and ® of the type 
(5.1.42) to be 


(P® (x)= D(X) bX) En: (5.1.50) 


Then one finds that 
0, (¥®)=(0,¥ )(0,,® ). OLS) 


This result, in turn, implies (under suitable differentiability conditions) the 
derivation property for the total angular momentum (orbital plus spin) 


'The proper orthogonal group SO(3) is doubly covered by the unitary unimodular group 
SU(2). It is this double covering that leads to an essential ambiguity of (+: 1) phase factor in 
identifying the irreps of SO(3) with those of SU(2) in the case that / is half-integral. In the 
strict sense these so-called “two-valued” representations of SO(3) are not representations at all, 
and we choose, in such cases, to consider the quantal rotation group itself. 
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operator J=L®1+1®8S: 


J(VO)=(JV)O+ ¥(JO). (5.1.52) 


(The operator J is the Lie algebraic generator of the transformations 0,,.) 

The property expressed by Eq. (5.1.52) is not so fundamental as the linear 
unitary character of the transformations 0, and ©,,, and, indeed, fails to be 
satisfied by the O, when / is half-integral (Wigner (2, pp. 107, 231]). The 
derivation property (5.1.52) is often taken for granted in the physics 
literature, but, in fact, it may be invalid for the basis elements of Lie 
algebras associated with physical systems (see, for example, Chapter 7, 
Section 4, AMQP, and Ref. [30]). 


5. Time Reversal 


The Wigner theorem shows that a symmetry transformation in quantum 
mechanics is necessarily implemented by either a linear unitary or an 
antilinear anti-unitary mapping of the Hilbert space; it follows from a slight 
extension of the argument for the case of rotational symmetry (Section 4) 
that any symmetry operator! leaving the sense of time invariant is neces- 
sarily linear unitary. The purpose of the present section is to investigate 
symmetries in which the sense of time is reversed, and to show that the 
alternative in the Wigner theorem can be physically important. 

The symmetry group of an isolated physical system consists, as we have 
discussed in Chapter 1 of AMQP, of the transformations of the Poincaré 
group— that is, space and time translations, rotations, and Lorentz transfor- 
mations. 

It is of interest physically to consider the possibility of adjoining discrete 
symmetries to the Poincaré group. These symmetries include spatial inver- 
sion (parity) and time reversal, but classical physics is no longer a guide, 
and the physical existence of such symmetries is a matter of experiment? 
(Dirac [31]). For the spectroscopy of such an isolated physical system, we 
have discussed in Chapter 7 in AMQP the logical (and practical) possibility 
of choosing that reference frame in which the total linear momentum 
vanishes. Accordingly, one deals with a finite manifold of states of definite 
energy— that is, the internal energy of the system under study. Out of the 
Poincaré group of symmetries, only the rotational subgroup leaves this 


'We generally use the term “symmetry operator” to apply directly to the linear unitary or 
antilinear anti-unitary extension of a symmetry operator as defined on p. 159 and acting on 
rays. 

This remark is now commonplace after the discovery of parity violation in 1957. What is 
remarkable, however, is that this observation was made explicitly by Dirac (1949) in reference 
to the possible nonexistence of reflection symmetry! 


Time Reversal 175 


manifold invariant. If we now consider time reversal—that is, the replace- 
ment of ¢ by —t—then this operation will transform the state y into the 
time-reversed state, denoted by Sy, in which all linear momenta are 
reversed in direction. [A more appropriate name for time reversal would 
therefore be “motion reversal” ( Bewegungsumkehr ).] 

Since time reversal is to be a symmetry, the operation °) must be either 
linear or antilinear. Let us show that 9% cannot be linear. Consider the 
time-dependent state y, which is a linear combination of energy eigenstates: 


WD Dae eee a, EC, (5.1.53) 


If 3 is linear and we perform a time reversal at =0, then at time ¢ we obtain 
vilt)= Da,(Ty, Je”. (9.1.54) 


Physically, however, the state y,(7) must be the same as that obtained by 
letting time run from ¢=0 to —1, and then applying S.! 
The latter operation, however, yields the state 


TPC) Cole 0 aaa (5.1.55) 


and clearly y, and y, are not the same. Thus, a /inear time reversal operator 
is excluded, and Sj is therefore antilinear. 

The simplest antilinear anti-unitary operator is the operator Ky, which is 
defined to be the mapping Ky: > ‘KH given by K,\¥=* for each VW EX. 
(The notation ¥* denotes the wave function whose values are the complex 
conjugate of the values of Y.) The operator Ky is a symmetry, since it leaves 
all transition probabilities invariant. The operator Kg is antilinear and 
anti-unitary, since K,(a¥+b®)=a*(K,V)+b*(K,®) and (Ky¥, KpP)= 
(¥,®)*. It is also an involution; that is, Kj =1=unit operator in SC. 

Consider now the product of the time reversal operator with Ky — that is, 
the operator S K,. This operator may be verified to be a symmetry (as is any 
product of symmetry operators), and since the product of any two antilinear 
anti-unitary operators is always a linear unitary operator, it follows that 
3K, is a linear unitary operator WL. Thus, the time reversal operator— in 
fact, every antilinear anti-unitary operator— may be written in the standard 
form 


S—OLK, (5.1.56) 


for some linear unitary operator QL. 


| This is the same statement as saying that two time reversals leave all velocities unchanged, 
so that [(time displacement by ¢) x (time reversal)}* is equivalent to the unit operation. 
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The action of the time reversal operator in the inner product in ‘ is given 
by 
(TV, TH)=(UKyV, UK,P)=(KyV, Ky®) 
—( Poo) (oe (SD) 


Recall now that we used above a physical argument that implies that the 
square of the time reversal operator is the identity operation. Let us note 
once again that the group to be considered in deriving the consequences of 
symmetry considerations is not the group of physical transformations, but 
(as Wigner has emphasized) the group of the quantum mechanical operators 
that correspond to the physical transformations. [This is the reason for our use 
of the quantum mechanical rotation group SU(2) and not SO(3).] When this 
argument is applied to the time reversal operator, one sees that J 7 may be a 
multiple of the identity operator 1 and is not necessarily the identity 
itself— that is, 


Delp (GALS) 
where |c|=1, since 5 * is linear unitary.! Let us show that c= +1. 


Proof. Using the standard form of 9 given by Eq. (5.1 36), the unitary 
property WUF=1 of W, and the involution property KZ=1 of Ky. we 
find: *=WK WK, =cl =cWU", which implies K,WK, ay and U= 

K(eU")Ky =o UK, hence, c1 el cK, UK WEG = 

c*1; that is, c=c*. Thus, the number c is real, and, since it Has modulus 1, 
we stein the desired result, c= +1. a 

We shall show in the next section that the sign in %*=+1 is an 
important physical quantum number that distinguishes the two superselec- 
tion sectors: fermions versus bosons. 

It remains to determine the time reversal operator explicitly for specific 
physical systems having rotational symmetry. To do so, we first observe that 
physical observables split into two classes under time reversal: observables 
such as position and energy, which are invariant, and observables such as 
linear and angular momenta, which change sign. In the Schré- 
dinger realization, where the coordinate observable x, is a multiplication 
operator, we have 


ee (5.1.59) 


'It is important to note that this result (unlike the convention defining the rotation 
Operators, see p. 171) does not represent a free choice. By the fundamental theorem, the only 
free choice in an anti- unitary operator is conjugation by a complex constant: S—a7 Sg= 
(a*/a)S. This causes no change in J, since (a* ayia" /ayi= 2 
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Similarly, the momentum observable is realized by p, = —1h(0/dx,), which 
implies 


C=O : d — f d oT oT 
p= 5 | —inge |= +ihg T= —p,9. (5.1.60) 


ett 


For orbital angular momentum, defined by AL=xxp, we thus obtain the 
result 


7 = —La or SW Shs (Sa) 
Clearly, this same result must hold for the total angular momentum: 
a, (5.1.62) 


It is the implementation of this requirement that determines the form of %. 
The only operators available for this purpose (in a nonrelativistic theory) 
are the spin operators themselves. 

Let us now be quite specific and consider a single particle with intrinsic 
spin-j. The states of such a system are described by functions of the form 
(5.1.42). We shall, however, now specify that the orthonormal vectors in the 
set {£,,:m=j, j—1,...,—/} be real column matrices on which the spin 
operators (5), S,53)=S have the action given by 

8 UR) eee (5.1.63) 
where the J{/) are the standard (2j+1)xQj+1) angular momentum 
matrices (see Chapter 3, Section 4, AMQP). 

A general state vector V is now presented as a column matrix of the form 


ee crs that 15; (x)= Dae colee (5.1.64) 


a) 


with complex conjugate given by 


ieee es eis, S63) = eae (Sas) 


The actions of the orbital angular momentum L and the intrinsic spin § 
on a state ¥ are given by 


LY= »; (liver 
St Su (Scar (5.1.66) 


(Note that L and S commute, as they must.) 
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We find: For spin-0 particles the time reversal operator may be taken to 
be the conjugation operator itself; that is, 


S=Ko. (salon) 
For spin-} particles the state vectors are of the form 
V=PSi tos _1 (5.1.68) 
and 
KW H=W*= pri tore _ 1. (5.1.69) 


One now finds that the time reversal operator that satisfies Eq. (5.1.61) with 
respect to the orbital angular momentum L and an equation of type (5.1.62) 
with respect to the spin S=o/2 and the total angular momentum J=L+S 
is 


J=—i0,Ko, (5.1.70) 


where o, is the Pauli operator! defined in terms of the Pauli matrix 
0, =2 J by Eq. (5.1.63). 

The time reversal operator appropriate to a relativistic spin-5 particle (for 
example, the Dirac electron) is the same form as Eq. (5.1.70), except that the 
Pauli spin operator io, is replaced by an operator? whose action on the 
four-component Dirac spinor is given by the 4X4 matrix jo,@1, (matrix 
direct product of the Pauli matrix jo, with the 22 unit matrix 1,). 

From this explicit realization of the time reversal operator (in both the 
relativistic and nonrelativistic cases), it follows that 


a (spin-4 case), (oneal) 
whereas for spin-0 one has 


Oey (spin-0 case). Ge) 


'The choice of ic) versus 6, is of no consequence and is made solely to have io, and Ky 
commute. 

*In terms of Dirac operators, one has T= 4{ y,, y)] Ko. The relativistic time reversal operator 
was given incorrectly in the literature for many years, since the necessity for antilinearity was 
not recognized. (See, for example, Refs. (32, 33].) It was pointed out in Ref. [34] that Wigner’s 
lime reversal operator (explicitly defined to be nonrelativisitic—see Ref. (37a, p. 548]) was, in 
fact, formally relativistic as well; the Schwinger [35] definition is essentially equivalent to the 
Wigner definition (Emch [19, p. 152]). 
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These results are a special case of the general result that J *=(—1)*/1, 
where / is the intrinsic spin of the particle (assumed to have nonzero rest 
mass). This will be shown in the next section. 


6. Time Reversal and Rotations; The Frobenius— Schur 
Invariant 


Rotations and time reversal commute as physical operators, but we must 
examine this result more carefully to see if the corresponding quantal 
operators commute. Let ©,, denote the quantal operator associated to the 
rotation U. From the fact that the physical operations commute, one may 
conclude that 


Cp =cr Ore each UESU(2), (S73) 


where cy is a numerical constant of modulus 1 (which can depend on the 
rotation U). Using the group property (5.1.37) of the rotations, 0,,0,, =0,,, 
one finds that Eq. (5.1.73) implies 


Cpev=C. (5.1.74) 


that is, the constants {c,,} form a one-dimensional representation of the 
quantal rotation group SU(2). There is only one such representation: the 
identity irrep. Thus, all {c,,} are unity; that is 


C= iC cai Oi S02) (2175) 
This result is quite important for the representations of the quantal 
rotation group. Let us apply it, in particular, to the spin-+ case, where the 


action of ©,, and J on an arbitrary state W is given by Eqs. (5.1.44), (5.1.45), 
and (5.1.64)—(5.1.70). The implication of Eq. (5.1.75) is found to be 


1 * il 
[p3(U)] =UiD2(U)U, (5.1.76) 
or, equivalently, 
Cie (alge) 


where U, is the 22 unitary unimodular matrix defined by 


yan! al (5.1.78) 


This equation asserts that the complex conjugate of the irrep j=4 is 
equivalent to the irrep ;=4, and that, moreover, the matrix U, effecting the 
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equivalence is antisymmetric and real. The fact that the irreps D/ and D/* 
are equivalent is no surprise, since the (irreducible) characters of the quantal 
rotation group are real; but the properties of the matrix U, are of great 
interest and will lead us to the Frobenius—Schur invariant. 

The generalization of Eq. (5.1.76) to the general irrep D/ is a repetition of 
the steps leading to that result, using now the definition of Y given by Eq. 
(5.1.64) and the action of 0,, given by Eg. (5.1.45). We write 9 in the 
standard form 3=2,Ky, where %L, is a linear unitary operator with the 
action on V given by 


Wo = » Worl Wo § mn J) 


= DA pe oar (Sallie) 


We find that 
[ Di(U)] =4*(U) )D(U)A( Ap), each UESU(2), (5.1.80) 


where A(%L,) is the unitary matrix representation of the unitary operator 
QL) in spin space given by Eq. (5.1.79). 
Let us now show that the most general form of A(2L,) is 


Alo, | —cD(U, ), (sclesih) 
where |c|=1, and U, is the matrix (5.1.78). 


Proof. Observe that the A(%L,) given by Eq. (5.1.81) satisfies Eq. (5.1.80) in 
consequence of the property (5.1.77), the unitary property of D/(U,), and 
the group property of the matrices D/—that is, [D/(U,)]'D/(U)D(U,) = 
Di(U} UU) = D(U*) =[ DU )]*, since the D/ are real functions of the Uj j- 
Consider next the solution D/(U)) to Eq. (5.1.80) and a second solution 
A(Q,). Using the unitary property of these solutions, we find that the 
matrix D/(U,)[A(U,)] | commutes with D/(U) for all UESU(2). Schur’s 
lemma now implies that A(%,)=cD/(U)), and |c|=1 follows from the 
unitary property of the solutions. al 


The symmetry property under matrix transposition, 


A(Upy )=(-1)°/A(U,). (5.1.82) 


follows from the properties D/(U))=D/(U))= D(— Uy) =(—1)/D(Up) of 
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the irreps D/. Correspondingly, we obtain the identity 
S71)" (5.1.83) 


on the space of spin-j wave functions (¥} given by Eq. (5.1.42). 
We generally choose c=] in Eq. (5.1.81), thus defining %, by 


Woe = De ee (5.1.84) 


ny 


A useful alternative form for the matrix D4(Up) is found frequently in the 
literature. Noting that Uy =exp(—izo, /2) and using the general property of 
the irrep D/ given by 


Dem ie? ome rc (S71k85)) 


we obtain 
DHE ao ee (5.1.86) 


In these results J{/? denotes the standard (2 /+1)X(2/+1) Hermitian 
matrix representation of J, (see Chapter 3, Section 4, AMOQP). 

It is important to recognize that the matrix D+(Up)) is dependent on the 
phase conventions that determined D/(U)—that is, on the conventions of 
fixing the angular momentum matrices—see Section 3 and Note 1, Chapter 
3, AMQP. 

The symmetry property of A(%,) expressed by Eq. (5.1.82) for arbitrary 
|c|=1, or, equivalently, by 


A(%, )A*(U, )=[DA(U)]P=(—1P A, (5.1.87) 


where 1°/? denotes the unit matrix of dimension 2j+1, is, however, indepen- 
dent of (unitary) basis. (This result is easily proved by replacing the irreps 
D! by the irreps D/=CtD/C that one obtains by making an arbitrary 
unitary change of spin basis: &,, > >) Cyym€m'-) The result expressed by Eq. 


(5.1.87) is none other than the familiar “rotation by 27,” which dis- 
tinguishes half-integer from integer angular momenta. 

In the present context, we see that the quantum number (—1)*/ 
is determined by time reversal symmetry. Although it is frequently said 
that time reversal does not lead to any quantum number— since ‘J is anti- 
unitary—this is not strictly correct, as we now see, since 9” iy indeed 
unitary, and this, in turn, leads to the quantum number, 9 7 >(—1)”/, 
splitting (massive) particles into two types: integer versus half-integer intrin- 
sic spin. 
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Let us return to considering the matrix A(%U,)= DX U) [choosing c=lin 
Eq. (5.1.81)]. It is an easy consequence of the explicit form of D/(U) given 
by Eq. (3.12) that 


Di (U,)J=(— 1) “On eee (5.1.88) 


that is, this matrix is the simplest of the 3-7 symbols: 


| J J : |= 8, 


mm 0 


It follows that the matrix D/(U,) is simply the metric operator! that couples 
two angular momentum systems (of the same j) to an invariant. This aspect of 
the matrix D/(U,) occurs frequently in nuclear physics (see Chapter 7, 
Section 9, AMQP), where D/(U,) relates particle to hole operators). 

The fact that the time reversal operator is antilinear, and hence acts on 
complex numbers, has important implications for the consistency of phase 
conventions, both for the relative phases in sums of quantal operators, and 
also for wave functions themselves. 

Let us discuss briefly this more general situation in which the angular 
momentum label j now refers to the total angular momentum of a physical 
system. We thus consider a physical system whose states have been classi- 
fied by the total angular momentum quantum numbers (jm), and we 
denote these states by the standard Dirac ket notation {|(a)jm)}. Under 
rotation these states transform according to the standard action of the 
rotation operator 0,, given by 


G4 l(a) jm) = S Dj.,,(U)|(a) jm’). (5.1.89) 
Under time reversal an arbitrary state 


VS > Cho junty: ye (S120) 
(a)jm 


is transformed by the time reversal operator according to 


5 ate ee) (cone y (Soo) 


(a) pmo’ 


where A(‘J) is a (2j+1)X(2j+1) unitary matrix. Using now the relation 
©, 3=TO,, one is led again to Eq. (5.1.80), satisfied now by the unitary 


Wigner [2, p. 293] credits the idea of a metric for the 3-j symbols to Conyers Herring. 
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matrix A(‘% ). The result A(J )=cD(U)) follows just as before. We con- 
clude: The commutivity of the rotation operator O,, and the time reversal 
operator °) implies that the action of J on an arbitrary state V of the form 
given by Eq. (5.1.90) is 


Oe 2D Cy ea) een (5.1.92) 
(a) jon 


in which the constants aj €C are of modulus 1, but otherwise arbitrary. 
The standard convention is that Gee lor ali) sand sally asin 
particular, one then has 


T |(a) jm) =(—1)"|(a)j,—m). (5.1.93) 


Since this time reversal property of angular momentum states is to apply 
to all angular momentum systems, it is essential to verify that this standard 
phase choice is consistent with the addition of angular momenta— that is, 
with the phase convention chosen for the Wigner coefficients. 

The coupling of two angular momentum systems to states of sharp total 
angular momentum is given by (suppressing the a-indices) 


(Ado) 7m) = > Cee im) 2 pn (5.1.94) 


mymy, 


Under time reversal the basis vectors of the Hilbert spaces KH, (basis 
{| :7,)}) and JC, (basis {| 7,7 )}) undergo the transformations— using the 
standard phase— given by 

Sh he Ss ie 

Syn) = a) (GOES) 


Thus, under time reversal the state vector (5.1.94) for the composite system 
is transformed to the state vector 


(5,83, Ci io ).jm) = y Ce im 2S nia 


mm, 


since the Wigner coefficients are real. Using Eqs. (5.1.95), the symmetry 
relation 


Tn a ea 
Canam ( 1) Ca ea a 


and the vanishing of the Wigner coefficient unless m=m,+m,, one finds 
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that the phase factors combine to (— 1)’ ™, thus yielding 
(3,85, (Ais jm) =(- Wee (Ge sill (5.1.96) 


This result is just that of applying the time reversal operator directly to the 
state |( /,/>) jm), using the convention (5.1.93). 

We conclude:' The standard phase convention under time reversal is 
consistent with the Wigner coefficient phase conventions for adding angular 
momenta. 

Do the solid (or, equivalently, the spherical) harmonics satisfy the time 
reversal phase convention (5.9.93)? (See Chapter 3, Section 10, and Chapter 
6, AMQP). Since 


Gl) ee (21) oe) 


im 


_ _ (5.1.97) 


there are two alternatives to satisfying the rule (5.1.93): Either one can 
define the time reversal operator 3 to be such that it has the representation 
(—1)‘K, in each orbital angular momentum subspace, or, more simply and 
satisfying, one can define ‘)=K, on all point functions and rephase the solid 
harmonics: 

yn =(i)'S,,,. (5.1.98) 
This latter procedure has been advocated in Ref. [37] (see also Wigner [2. p. 
345)). 

It was mentioned above that time reversal has important implications for 
relative phases. Since the imaginary unit i=/(—1) changes sign under time 
reversal, it would be reasonable to shift our point of view and regard i as an 
operator in quantum mechanics, reserving the scalars (numbers) to be real 
scalars (and not complex numbers).” Such a viewpoint has been discussed 
by Dyson [43]. It is not surprising, from this point of view, that the 
postulate of time reversal invariance can lead to physical implications on 
relative phases. Assuming time reversal invariance for electromagnetic inter- 
actions leads to Lloyd’s theorem [44]: The relative phase of electromagnetic 
multipole matrix elements is confined to plus or minus 1. Experimentally the 


'It was the lack of consistency under addition of angular momenta (stemming from the 
Wigner [37a] phase choice) that led to a troublesome phase error in the nuclear physics 
literature (Ref. [36]). 

*This point of view can be consistently applied to quantum mechanics over any of the 
Hurwitz division algebras; in essence, one considers quantum mechanics as a matrix Hilbert 


space over the reals only (Stueckelberg [27], Stueckelberg er al. [38-40], and Refs. [41] and 
[42}). 
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violation of time reversal invariance in electromagnetic transitions is predi- 
cated on detecting deviations from Lloyd’s result (Jacobsohn and Henley 
[45]). Similar results obtain in weak interactions, where an application of 
time reversal invariance leads to real relative phases between the various 
types of interaction (see Ref. [46}). {Let us remark that historically it was 
this viewpoint that was instrumental in leading Liiders [47] to the famous 
TCP theorem linking time reversal, charge conjugation, and parity (see also 
Pauli (48]). It is outside the scope of the present monograph to attempt even 
a cursory discussion of this fundamental topic (see Jost [49]).} 

Let us conclude by showing the relationship between the time reversal 
result, J > +(—1)*/, and the group-theoretically defined Frobenius—Schur 
invariant. The Frobenius—Schur invariant, Ipc, is defined as 


tes) f dg D(a" )) (group volume) '; (5.1.99) 


that is, Ips is the mean value of D*(g?), where D* is a unitary irrep of the 
(compact) group G, and g? denotes the square of a group element g. The 
assumption that the irrep is unitary is no restriction, since for a compact 
group any irrep is equivalent to a unitary irrep (Wigner [2, p. 111]). Using 
the representation property, we may expand the elements of the matrix 
D (3). 


DN (g?)= > D(g)Di(g) 


=S an ae 


Consider now the matrices D*’(g). If D* ={ D*(g): g€G} is an irrep of G, 
then so is D\” ={{D*(g)}*: gEG}. It follows that D*” is equivalent either 
to D* or to another irrep of the same dimension. In the latter case, the 
integral leads to J, =O (using the Peter- Weyl theorem on orthogonality of 
inequivalent irreps). In the former case, there is a unitary matrix A, which 
transforms D*” into D*: 


[D(g)] =4-'D(g)A, each gEG. (5.1.100) 


Using the orthonormality of the irrep matrices, the integral becomes Ips = 
tr(AA*)/(dimension of irrep). We have shown already for the rotation 
matrices that AA*= = (unit matrix), and the same method applies in the 
general (compact) case. It follows that, when D*® and D* are equivalent, 
Nee = 28 II 
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To summarize: (Frobenius—Schur theorem) The irreducible representations 
of a compact group are of three types characterized by the invariant Ips: 

(a) Ipg= +1. Potentially real irrep with D* equivalent to D. 

(b) Ips = —1. Pseudo-real irrep with D* equivalent to D. 

(c) Ips =0. Complex irrep with D* inequivalent to D. 

(The meaning of “potentially real” is explained in Note 1.) 

For the angular momentum irreps it was determined above that Ipg = 
(—1)*/, so that for integer angular momentum the irrep D/ is potentially 
real, and for half-integer 7, D/ is pseudo-real. There are no complex irreps. 

Since the addition of angular momenta (reduction of the direct product 
of irreps) using the Wigner coefficients is compatible with time reversal (and 
hence with the Frobenius—Schur invariant of the product), it can be easily 
shown (Wigner [50]) that (a) the product of potentially real irreps, or of 
pseudo-real irreps, contains only potentially real irreps; and (6) the product 
of a potentially real and a pseudo-real irrep contains only pseudo-real irreps. 

These results follow from the fact that C/¥2/3, =0 unless j,+/, +); = in- 
teger; hence, Ips(J3)=I¢s(J,)I¢s(J2). Expressed differently, the Frobenius— 
Schur classification shows that this invariant for SU(2) obeys modulus 2 
arithmetic under the direct product. 


Remark. For the quantal rotation group, SU(2), the spinorial irreps (/ 
half-integral) are characterized by the Frobenius—Schur invariant Jp. = —1. 
This is a peculiarity of the group SU(2) and is not a general property linking 
irreps with J-g=—1 to spinors, in general. The spinorial property is a 
consequence of the two-to-one covering of the group SO(n) by Spin(7), 
whereas the Frobenius—Schur invariant relates to the pseudo-reality of the 
(complex) representation. The quantal rotation group is thus a misleading 
example for physicists. 


7. The Univalence Superselection Rule for Angular 
Momentum 


The first attempt to axiomatize quantum mechanics was that of von 
Neumann [4] in his classic monograph. One of von Neumann’s axioms 
(Axiom VII) was quite particular and postulated the (partially ordered) set 
of all questions in quantum mechanics to be isomorphic to the (partially 
ordered) set of all subspaces of a separable, infinite-dimensional Hilbert 
space. This axiom was retained in the Birkhoff-von Neumann [17] lattice 
theoretic formulation of quantum mechanics. 

The first questioning of the necessity of this axiom was by Wigner! in 
connection with possible limitations on the concept of parity (see Wick ef al. 


'E. P. Wigner, address at the International Conference on Nuclear Physics and Elementary 
Particles, September 1951 (University of Chicago). 
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[5]). By means of an explicit example the invalidity of von Neumann’s 
Axiom VII was demonstrated by showing that the Hilbert space of quantum 
mechanics was actually split by a “superselection rule” into two noncombin- 
ing parts. We shall present Wigner’s example as discussed in Ref. [5], since 
this example is based on fundamental aspects of angular momentum sym- 
metry and is accordingly at the heart of both nonrelativistic and relativistic 
quantum mechanics. 

Let us begin by recalling the concept of a “selection rule.” It is standard 
practice to say that a selection rule operates between subspaces of a Hilbert 
space if the state vectors of each subspace are orthogonal to all state vectors 
of the other subspaces and remain orthogonal as long as the system is 
isolated and undisturbed. (For example, in a closed system the subspaces of 
different total angular momentum J are, and remain, mutually orthogonal; 
this is the content of the familiar selection rule on angular momentum 
magnitude.) By contrast, a superselection rule is said to exist if not only are 
there no spontaneous transitions between the various subspaces (that is, a 
selection rule exists), but, in addition, no conceivable (observable) operator 
can have nonzero matrix elements between the split subspaces. 

To demonstrate the existence of at least one superselection rule, let us 
assume the validity of angular momentum symmetry for some generic 
quantum system, and divide the Hilbert space ‘ for this system into two 
orthogonal parts: The subspace @ is to contain all states (f,, g,,...) of 
integer angular momentum, the subspace % is to contain all states ( f,, g,,...) 
of half-integer angular momentum, and K=@®%. We wish to examine now 
the meaning of the assumption that the relative phase between state vectors 
f, =@ and f, €B is measurable. At the very least this assumption means that 
the states described by the vectors Y, and ¥, defined by 


VY; =), Shi) 
VY, =277(f, fy) (5.1.101) 


must be distinguishable by some measurement. 
Let us now consider the time reversal operation applied to these two 
vectors. The operation of time reversal will yield 


FW, =272(0,.U,Kof, +o,.U,Kofy)s (5.1.102) 


where the phase factors w, and w, (|@,|=|w,|=1) are indeterminate, but 
have a fixed relative phase w,/w,. If we again apply the time reversal 
operation, we find 


a oF =e os MG CG, jl, Kol oll, Kins, ), 
(71103) 
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where— from the fundamental theorem—w,, and w), are indeterminate phases 
with a fixed relative phase w!, /w),, which must be the same as w, /w,. Using 
the relations (U,,Ky)[(U, Kofi, J= +f, and (U,Ko[U,Kofl=—f,. since 
J * .(—1)*/ (as discussed in Section 6), we find 


TH, =27? (wir f, — wwf fy) 


=) wit ff (5.1.104) 


If time reversal is a physical symmetry, however, then the operation J? 
applied to Y, must yield the same state Y, to within an overall (unde- 


termined) phase. Clearly this is not the case, since 
5 7V = 25 70,08, fF )a-ov. (G1 105) 


It follows that, if time reversal symmetry is valid, then VY, and W, are in fact 
indistinguishable. This contradiction establishes the desired result. 

To summarize: The concept of a relative phase between state vectors from 
distinct superselection subspaces is operationally meaningless. Distinct super- 
selection subspaces do exist, as shown by the example of angular momentum 
subspaces, which are split by the unitary operator 5 * ~(—1)*/ into integer 
and half-integer intrinsic spin superselection subspaces. 


Remarks. (a) Since time reversal invariance has been called into question 
by the Fitch—Cronin [51] experiment—although the issue is not settled—it 
is important to note that the use of tinie reversal in the demonstration is not 
essential and may be replaced by rotational operations, using rotations by 27. 
The reason (Wick ef al. [5]) for using time reversal is that the arbitrary phase 
w in S=w%LK,y drops out of 37, whereas the arbitrary phase involved in 
defining ((27))* does not drop out and is eliminated in rotations by 
convention (as noted earlier). This makes the argument using time reversal 
technically neater, but less firmly based physically. 

(5) The fact that relative phases may, in some cases, be undefinable in 
principle causes a very profound change in the fundamental concepts of 
quantum mechanics. The existence of a superselection rule denies the 
unrestricted applicability of the superposition principle and limits the 
operation of the superposition principle to a single superselection subspace 
(called a coherent subspace, or a superselection sector). 

The propositional calculus, which includes both classical mechanics and 
quantum mechanics in a single framework—as discussed, for example, in 
the monographs by Jauch [18] and Piron [20]—is well adapted to including 
superselection rules. This is clear from the fact that classical mechanics is 
distinguished from quantum mechanics precisely in having all states as 
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one-dimensional superselection sectors (that is, no Superposition principle at 
all). 

(c) The superselection rule that is operative between the subspaces having 
integer versus half-integer angular momentum is called the univalence 
superselection rule. 

The nonobservability of the spinor field operator ~ follows from the 
univalence superselection rule, since the Hermitian operators (W+y*) and 
i(¥—y"), if observable, would have to connect superselection sectors of 
different univalence. 

It is generally believed! (Wick et a/. [5]) that various charge superselection 
rules are operative (electric charge, baryonic charge,...). The triality quan- 
tum number (Ref. [52]), applied to the SU(3) symmetry known as SU(3) 
color (Greenberg [52a], Gell-Mann [53]), is a superselection principle that is 
believed to be exact. 

(d) The mathematical problem of determining the superselection rules 
that are operative for abstract Lie groups was first discussed by Bargmann 
[54]. The problem is now a standard one in the cohomology of groups 
(Mackey [55)). 

(e) In order to appreciate the profound effects of superselection rules on 
symmetry considerations, let us discuss here a very instructive example 
recently given by Lévy-Leblond [56]. This example concerns the Galilei 
group, the relativity group of nonrelativistic quantum mechanics. From the 
analysis of Indnti and Wigner [57], it is known that, in quantum mechan- 
ics, one necessarily must use projective representations—and hence super- 
selection sectors—each coherent subspace of the Galilei group being 
defined by the value of the inertial mass of the system. 

Lande in his discussion of the foundations of quantum mechanics [58] 
criticized the de Broglie relationship between momentum and wavelength, 
p=h/d, as being incompatible with Galilean relativity. Landé argued that 
under a pure Galilean boost (with velocity v) the momentum changes— that 
1s, p> p’=p + mv (where m is the inertial mass)— while the wavelength does 
not change. (As Landé put it: “A snapshot of ocean waves taken from a 
lighthouse displays the same wavelength as one taken from an airplane.”) 

There is a rather subtle “pseudo-paradox” implicit in Landé’s argument, 
which was resolved by Lévy-Leblond. 

The Wigner approach to symmetry, as discussed in Section 1, shows that 
under a symmetry operation the absolute value of matrix elements is 
preserved. Denoting the wave function by ¥(x, 7), one sees that, under a 
Galilean symmetry operation g, the transformed wave function can only be 


'The validity of charge superselection rules was questioned by Aharonov and Susskind [55a] 
and by Mirman [55b]; see Wick er al. [55c] for a reply. 
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required to behave as 
W(x’, U)=a,0(x, ©), [On| —te 


The content of the fundamental theorem is that there is always an unde- 
termined phase factor w, (which, by the theorem, factors out of linear 
combinations, but which may depend on the operation g). 

Whether or not the relative phase factor associated with pairs of elements 
of the group can be well-defined is a property of the group. [This, from 
Remark (d) above, is the problem investigated in Ref. [54].] The conclusion 
is that there exists a phase function, defined for all group operations, and 
unique to within an overall phase for all vectors of a single (coherent) 
superselection sector. 

From the analysis in Refs. [54], [57], and [59] of the Galilei group, the 
transformation of the wave function corresponding to the Galilean boost g 
defined by 


GX ky Sq ee Xy7X5 =X, = 
tor=t 
takes the form 
0.2 0(x, 1) y'(x), 1) Ser (x, 2), 
where 


m 


f(x,d= F [ox + 4), 


in which v=velocity of the boost g. [In this result a common overall 
constant (but undetermined) phase has been removed.] 
If one takes for the wave function a traveling wave along the x,-direction 


W(x, 1) =exp[2ai((x,/A)—vt)]. 


then the above transformation implies a resultant wave function of the same 
functional form bur with changed wavelength and frequency: 


C/A )=(1/A)+(mv/h), 
pv’ =v+(v/dA)+(mv?/2h ) (nonrelativistic quantal Doppler effect!). 


These two results agree precisely with the de Broglie relation (for the changed 
momentum and wavelength) and with the Planck relation. E=hv. (To verify 
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this latter relation, it is expedient to use the invariance of the internal energy 
[E—(mv*) /2] under Galilean boosts.) 

It is especially noteworthy to observe how nicely the Galilean phase 
factor, e'/, comes in (Deus ex machina, according to Levy-Leblond) to put 
matters right. 

This cautionary example shows very clearly how subtle (and nonintuitive) 
the machinery of symmetry transformations can really become! It was 
indeed very fortunate for the development of quantum mechanics that for 
the Poincaré group (aside from the occurrence of the two univalence 
superselection sectors) all phase factors could effectively be discarded. For 
Poincaré transformations, none of these intricacies of phase are required to 
validate the Planck and de Broglie relations directly. 


8. The Transformation of Eigenfunctions under Anti-unitary 
Operators: Corepresentations 


The Wigner theorem, as we have seen, becomes in a more general context 
the fundamental theorem of projective geometry. Correspondingly, as Artin 
[7] remarks, the associated group of collineations leads to a more general 
type of realization: the semilinear maps of the vector space V into the vector 
space V’. To the collineation A one assigns the mapping 


Nas (5.1.106) 
with the vectors X, Y,... obeying the rules 
AC(X+ Y)=ACX)+A(Y) (additive mapping) (5.1.107) 
and 


NOON? (5.1.108) 


where a belongs to a field F and a® is the automorphism of F assigned to 
the collineation A. For finite groups the structure of such semilinear 
mappings was determined by Nakayama and Shoda [60], and by Weyl [61]. 
For compact groups—in particular, the quantal rotation group including 
time reversals—the semilinear mappings (restricted to the complex field) 
were developed by Wigner [2]. Wigner called these semilinear mappings 
(over C) corepresentations, the “co” signifying the inclusion of complex 
conjugation as an operation. We shall sketch Wigner’s analysis here, refer- 
ring, however, to Ref. [2] for proofs. 

Let us consider that we have a symmetry group—for example, the 
quantal rotation group SU(2)— to which we adjoin the symmetry operation 
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of time reversal. Denote the resulting group by G. The quantum mechanical 
states belong to a Hilbert space JC (over C) which we may take! to be of 
finite dimension n. An element g of G is represented in SC by an operator 
©(g), which is either linear unitary or antilinear anti-unitary. Physically the 
antilinear anti-unitary operators O(g) will correspond to symmetry opera- 
tions involving time reversal. Let us use the convention to denote by uw those 
elements of G for which ©(uw) is linear unitary; similarly, a denotes an 
element of G for which O(a) is antilinear anti-unitary. (The elements {u} are 
easily seen to be an invariant subgroup of G of index 2, called the “unitary 
subgroup,” and denoted G,.) 

The transformations on JC induced by the operators {O(g)} necessarily 
can be represented by matrices over complex numbers (Artin [7]), but these 
matrices will not form a representation of G. The action of ©(g) on an 
orthonormal basis { f,: #=1,2,..., 2} in SC will have the form 


o(8)4= 2 Dy (8) fa» (Soles) 


where the matrix D(g), each g€G, is unitary. This is clear for the D(u), 
and, since each a€G, may be written as a=ua’ with O(a’)=%J, for the D(a) 
the unitary property follows from 


(O(a) f,, O(a) A )=(0(u)Tf,, O(u)TA ) 
=(Kof. Kofi J=(h- fh) =onxp- (Cae) 


Introducing the transformation (5.1.109) into this equation yields 
> D},(4)Dyn(a) =6),. (an) 
Ne 


so that Di(a)=D~'(a), as asserted. 
Since the anti-unitary operators ©(a) induce complex conjugation, the 
product laws for the matrices D(z) take the forms 
D(u,)D(u,)=D(uu,), 
D(u)D(a)=D(ua), 
D(a)D*(u)=D(au), Game 
D(a,)D*(a,)=D(a,ay). 


i . . . . . . . 
This involves no loss of gencrality, since the associated collineation group G is compact. 
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It is important to note the complex conjugation in the last two equations. 
In particular, this shows that the matrix D(a~') associated with the inverse 
of an anti-unitary element is not the matrix inverse, but rather one has 
Da (Ge yD a (a), 

A set of matrices D={ D(g): g&G} satisfying Eqs. (5.1.112) is called a 
corepresentation of the symmetry group G. Equivalence of two corepresenta- 
tions, denoted D’~ D, takes the form 


Du j=A DA. 
D'(a)=A7~'D(a)A*, (5.1.113) 


with A being a fixed unitary matrix. A corepresentation will be termed 
irreducible if it cannot be brought into reduced form (that is, blocks along 
the diagonal) by an equivalence transformation of the Lype (Sai. 13): 

The subgroup of unitary operators {O(w)} define an ordinary unitary 
representation {D(u)} according to Eqs. (5.1.112). The unitary part of an 
irreducible corepresentation is, however, not necessarily itself irreducible. 

Wigner [2] has shown that there exist precisely three types of irreducible 
corepresentations. To describe these types it is convenient to single out a 
particular element ay in the set of elements {a} corresponding to anti-unitary 
operators O(a). Each a can then be written as a=ud, for some u. The 
corepresentation is independent of this choice of dp. 

The existence of the three types of corepresentations is based on a 
trichotomy very similar to that discussed earlier for the Frobenius—Schur 
invariant. Let A(z) be an irreducible unitary representation of the subgroup 
G)={u}. Noting that the element ajua,'! belongs to Gy, consider the 
representation of Gy defined by {A*(ajuaj'): wEGo}. If A*(ajuaj ') is 
equivalent to A(w), then there is a unitary matrix (call it 8) that effects the 
equivalence. There are now two cases: BB* = + A(aj), corresponding to type 
I versus type II co-irreps for + versus —, respectively. {Note that this result 
depends on A(aj) as well as the plus or minus sign.] If A*(aguag') is 
inequivalent to A(w), then one has a type ITI co-irrep. 

The irreducible corepresentations are given explicitly by the following 
types of matrices: 


Mype |: 
D(u)=A(u), 
where A(w) is an irreducible unitary representation of the subgroup {uw}; 


Da) — A aaa ia, 
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where f is a fixed unitary matrix satisfying the relation 
BB*= (a6). 
Type II: 


A(u) 0 
Du)=| 0 ok 


where A(w) is an irreducible unitary representation of the subgroup {w}; 


0 A(aa,')g 


cas —A(aaj')p 0 


where f is a fixed unitary matrix satisfying the relation 


BB* = — (a9). 
Type III: 
A(u) 0 
N= 0 AG aura) 
0 A( aay) 
a 


D(a a) 0 


Remarks. (a) To every itrep of the subgroup {uw} there corresponds 
precisely one irreducible corepresentation. 

(6) It follows from Remark (a) that the anti-unitary operators do not 
lead to new quantum numbers beyond those provided by the unitary 
subgroup.’ This does not imply that the anti-unitary operators are without 
consequences! Two kinds of results may occur: (7) the anti-unitary opera- 
tors may imply the vanishing of matrix elements. For example, time reversal 
invariance can imply the vanishing of certain electric dipole moments 
(Landau [63]).* (ii) The anti-unitary operators may imply the existence of 


'As pointed out by Wigner [2, p. 344], this result is not in conflict with the theory of types for 
elementary particles (Barut and Wightman [62)). 


> Time reversal symmetry also plays a role in the properties of magnetic crystals (Cracknell 
(63a, p. 173ff.], Lax [63b)). 


Concluding Remark 195 


degeneracies. A famous example of this is Kramer’s degeneracy, implied by 
time reversal invariance. For a quantal system with no spatial symmetry 
there is only one representation: A(w)=1. Hence, there is but one corepre- 
sentation, which is of type I if the system has integer spin (J 7 = +1) and of 
type II if the system has half-integer spin (J 7 = — 1). In the latter case, the 
corepresentation is two-dimensional and hence twofold degenerate. 

This latter case applies to Kramer’s original example of an electron in an 
unsymmetric crystalline environment. One can show this degeneracy di- 
rectly: Since J 7 = — 1, one has 


Ce SOY) (ob a a 


Thus, Y and SY are orthogonal, and, assuming time reversal invariance, 
degenerate. 

(c) Despite the great similarity between the threefold choice of the 
Frobenius—Schur invariant and the threefold choice defining types I, II, and 
III, these two threefold choices are distinct and independent. (This is discussed 
below.) 

(d) Let us specialize these general results to the quantal rotation group, 
extended by adjoining the operation of time reversal. Thus, letting w now 
denote an element of SU(2) and ay the physical operation of time reversal, 
we find, since a, commutes with each u (see p. 179), that 


A*(aguay!)=A*(u)~A(u). 


The matrix £ that effects the equivalence— taking for A one of the standard 
rotation group irreps D/—is either symmetric (j/=integer) or antisymmet- 
ric (Ge half-integer), but the corepresentation type also depends on A(a})= 
(—)771. It follows that only type I corepresentations can occur for the 
quantal rotation group extended by time reversal. [Note that this is indepen- 
dent of the Frobenius—Schur invariant (— 1)”/ for the representation A= D/ 
of the rotation subgroup.] 

(e) Corepresentations may be considered as ordinary, real, orthogonal 
irreps of an extended group that acts in a real Hilbert space. This is 
discussed in Note 2. 


9. Concluding Remark 


The Wigner theorem is one of the fundamental results in the application 
of symmetry techniques in quantum physics; it goes far beyond the applica- 
tions to rotational symmetry and angular momentum that are our concerns 
in this monograph and in AMQP. Just how deep this theorem lies in 
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quantum physics can be seen from Simon’s [64] didactic essay deriving 
quantum dynamics (the Schrédinger equation) from the group of automor- 
phisms of the axiomatic structure, thereby reversing the more familiar train 
of argument. The first step in this chain of arguments is none other than the 
Wigner theorem. 


10. Notes 


1. Potentially real irreducible representations. An irrep is termed potentially 
real if it has the Frobenius—Schur invariant +1. In such a case, the irrep D 
is unitarily equivalent to the conjugate irrep D*, and, moreover, the unitary 
matrix transforming D to D* is symmetric. We shall show that the irrep D 
may be transformed to real form. 

To begin, let us note an important (although easily proved) fact: 4 unitary 
symmetric matrix possesses eigenvectors that may be assumed real. Thus, we 
may write the matrix that transforms D to D* (call it A) in the form 


ae 


where r is real and orthogonal, and A is diagonal and unitary. (We have 
chosen to write the diagonal matrix as the square of a diagonal matrix A, 
which is always possible.) With this result, the equation D=A~'!D*A (which 
exists by the hypothesis that D is potentially real) may now be put in the 
form 


ArDr~'A~'=(ArDr~'A7')*. 


This is the desired result, which asserts that the irrep D may be written in an 
explicitly real form. 


Remark. The form A given above for a unitary symmetric matrix is 
important in the (physical) theory of the scattering matrix (““S-matrix”’). The 
scattering matrix is unitary because of the conservation of probability; 
assuming time reversal invariance, it is also symmetric. Thus, the form given 
for A holds. The consequences of this are discussed in Wigner [65] and in 
Ref. [66]. 

2. Corepresentations as real, orthogonal irreps in a real Hilbert space. In 
many ways the use of a Hilbert space over the complex numbers is 
something of a hindrance in discussing anti-unitary operators. Once the 
anti-unitary operators are admitted, it is logically clearer— and much sim- 
pler—to abandon complex numbers and base the analysis entirely on 
Hilbert space JC(R) over the real numbers. This is easily accomplished by 
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regarding the complex number a as a 22 matrix over R: 


a= Rea  —Ima 
Ima Rea 


0 


The imaginary unit i thus maps into “ and is realized as a linear 


operator / acting on J((R). The adjunction of the anti-unitary operators can 
all be expressed in terms of a linear operator j, which acts on ‘(R) and 
realizes the complex conjugation operator Ky > ! zB . This point of 


view has been advocated in Refs. [34] and [43]. Dyson [43] makes a very 


good case (in his elegant paper on the threefold way) that such a procedure 
is fundamentally to be preferred. 


Let us consider an irreducible corepresentation from this point of view. 
To the nXn matrix D(u) we associate the 2n X2n matrix M(u): 


Mu) =| Reo) Nene BI) . 


Im D(u) Re D(u) 


To the » Xn matrix D(a) we associate the 2n X2n matrix M(a): 


M(a)= 


ReD(a) elm Dia 0 
Im D(a) aan A) 


where 1, denotes the n Xn unit matrix. Because of the fact that the operators 
i and j anticommute, their matrix realizations given by 


: 0 aap t, d : is 0 
ot ly 0 a ue 0 a 1 


also anticommute, and the matrix multiplication of the {M(g)} automati- 
cally induces the multiplication rules of Eqs. (5.1.112) on the corepresenta- 
tion matrices. Put in different words, the correspondence g— M(g) is a true 
representation of the group G realized over a 2n-dimensional real Hilbert 
space. 

It is useful to mention that the matrices {M(g)} are all real and 
orthogonal. In particular, the unusual inverse, necessitated by Eqs. (5.1.112), 
for the matrices of the elements {a} of the corepresentation, 


De-j=(paa 
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now appear in the usual form 
M(a')=M~‘(a)=M(a). 


This property is, in fact, valid for all elements g EG. 

The analog to the Frobenius—Schur invariant can be constructed for 
representations over the real field. Dyson [43] has proved that for a real, 
orthogonal irreducible representation M(g) of a compact group G the trace 
M(g*) averaged over the group G is an invariant characteristic of the 
representation. 

We may apply this theorem to two special cases: (a) Consider a unitary 
representation, and apply Dyson’s result to the corresponding real represen- 
tation; one reproduces the Frobenius—Schur invariant. (b) Consider a real 
representation M( g) corresponding to an irreducible corepresentation of the 
0 4. 
iL. 0 
element. Thus, the representation consists of {M(g)} and {iM(g)}, so that 
the group represented by these matrices is T=G@)C,, an extension of G. In 
the average over the group I’, the elements [M(u)]? =M(u’) and [iM(u)]? 
cancel, whereas the elements [M(a)]? =M(a’) and [iM(a)]? add. (This is 
the reason for extending G to [.) It follows that the invariant—call it 
W—becomes tr(M(a*)) averaged over the anti-unitary elements {a} only. 
Since a? lies in the unitary subgroup, we can apply the result of (a) above 
(equivalent to Wigner’s threefold choice) to find 


group G, and adjoin the matrix operator i- as a group 


+1 for Wigner type I corepresentation, 
W= — 1 for Wigner type II corepresentation, 
O for Wigner type III corepresentation. 


This elegant result was shown by Dyson [43], who accredited the idea to 
Bargmann. 

Let us repeat that, given an irreducible corepresentation, the Frobenius— 
Schur invariant of the unitary part and the Wigner invariant (W above) for 
the corepresentation itself are independent. (This independence can be 
restricted by the particular group and the particular representation.) Reali- 
zations of all nine possibilities have been constructed in Ref. [43]. 
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Topic 2. MONOPOLAR HARMONICS 


Introduction and Survey 


In this section we shall discuss a topic— the theory of spherical harmonics 
adapted to the description of a charged particle moving in a monopolar 
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magnetic field—that at first glance appears to be highly specialized and 
possibly only of esoteric interest. We shall try to show that, on the contrary, 
this topic leads one quickly into very beautiful connections between physics 
and mathematics, which are of current research interest (see Note 1) and as 
yet not fully explored. 

The problem of a point (electric) charge moving in the magnetic field 
generated by a fixed magnetic monopole was first considered by Poincare 
[1] in 1896, using classical Newtonian mechanics. But the real import of the 
problem became clear only with the astonishing paper of Dirac [2] in hoot 
who showed that the existence of magnetic charge would imply the quantiza- 
tion of electric charge. Dirac’s procedure, and his reasoning, in this path- 
breaking paper was of a qualitatively different type than is customary in 
physics, and was topological in nature. In effect, Dirac intuitively used 
arguments that, as C. N. Yang expressed it, can now be seen to underlie the 
famous Gauss—Bonnet- Allendoefer-Chern—Weil theorem in present-day 
mathematics. 

Since it exceeds our competence to attempt to develop this subject from 
such a fundamental standpoint, we shall develop instead the necessary 
concepts (in Section 2) from the physical model of Poincaré, using quantum 
mechanics. We shall prove thereby Dirac’s quantization by direct calcula- 
tion using a procedure first given by Fierz [3] and by Tamm [4].' 

In Section 3 we discuss the unusual nature of the solutions found in 
Section 2, which ultimately imply the necessity for an enlarged framework for 
quantum physics. This framework, as discussed by Yang and Wu [5-8], is 
that of a modern mathematical construct— fiber bundle theory (Drechsler 
and Mayer [9]). In this framework a quantum mechanical wave function is 
now generalized to be a section defined on a fiber bundle. 

It is our aim to demonstrate quite explicitly, and in detail, how angular 
momentum theory is related to these phenomena, and how this theory 
provides a defining example of the general structure. 


2. The Defining Physical Problem 


Let us consider, in the framework of nonrelativistic classical physics, the 
problem of a point mass m, having electric charge e and moving in the field 
of a fixed (stationary) magnetic monopole having magnetic charge g. The 
magnetic field is given by 


Bey G20) 


'Jackiw [4a] has shown that the magnetic monopole possesses [in addition to O(3) symmetry] 
a dynamical symmetry group O(2,1) whose Casimir invariant is determined by the monopole 
strength. 
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In this result the magnetic field B=(B,, B,, B;) is referred to a right-handed 
Cartesian reference frame! (é,, 65, @,) with the magnetic point charge at the 
origin. The coordinates of a point x are denoted by x=(x,, x5, x3), and r is 
the distance (x+x)? from the origin to the point x. We use the notation 
(é,,@g,@,) to denote the right-handed frame that is defined at each point x 
such that x #(0,0, A) by 


Cr (ea xen 0363) / 7 


j= eee, sR aC ye ( —x? )83| /r(r? —x?2)}, (5.2.2) 


é,=(—xé, pies Wie =e) 


where the spherical polar coordinates (r,6,¢) define the point x= 
(x), X>,X3)=(rsin 6cos ¢, rsin#sing, rcos@). (Note that the divergence of 
B is no longer zero, and hence Maxwell’s equations have been generalized.) 

The introduction of a vector potential describing the field B is necessary 
if one seeks a Hamiltonian formulation of the problem, and such a formula- 
tion is, in turn, essential if one wishes to go over to a quantum description. 
But, at the classical level there is no necessity for introducing potentials, and 
one may work directly with the Newtonian equations of motion, and the 
Lorentz force law for the charge e: 


Tip —(e27/ © ocx x (5.233) 


where the dot over a vector signifies differentiation with respect to time J. 
One can immediately obtain four integrals of the motion: 
The energy integral: 


E=4m,x’. Cae 
The (three) angular momentum integrals: 
Ui xX ce je. (5.25) 


[The energy integral is obtained by taking the dot product of x with Eq. 
(5.2.3). To verify that J is an integral of the motion, we differentiate J with 
respect to ¢ and use the equation of motion (5.2.3), thus obtaining dJ/dt=0. 
Note that, for eg>0, the radial angular momentum —(eg/c)é, is radially 
inward.]| 

These results establish that we do indeed have the four integrals claimed, 
but they do not yet justify that the integral J is the angular momentum. sXe) 


'We use the vectors (é,, 5, é@,) in the realization @,=(1,0,0), @, =(0,1,0), @; =(0,0, 1) 
throughout this Topic. 
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verify this one must prove that the Poisson bracket relations, for angular 
momentum, are valid for J. This is best accomplished in a Hamiltonian 
formulation, a task we shall postpone for the time being. 

Intuitively J,.,=oxx xX is simply the orbital angular momentum of the 
particle. But what then is the term —(eg/c)é,? Remarkably, one can show 
by direct integration (over the vector Ex H) that this is the angular momen- 


tum of the total electromagnetic field (produced by both charges): 


Sioa =f dx[xx (Ex H)] =—(eg/c)é,. (5.2.6) 


space 


(What is remarkable is that this angular momentum is independent of the 
distance of the particle from the origin.) This verifies that J has, intuitively, 
the meaning of a fotal angular momentum, but, as we shall show, the 
implied separation into J,,, and Jpeg is not valid. 

The classical motion carried out by the particle is a motion, at constant 
speed, on the surface of a circular cone having apex angle 26 such that 


cos d=eg/c||JIl. 


If one develops this conical surface by rolling the cone on a plane, the 
motion in the plane is along a straight line at constant speed. 

Hamiltonian formulation. To formulate the problem in terms of Hamilto- 
nian mechanics requires that one first determine the vector potential A such 
that 


vxA=B (5.2.7) 


gives the field B in Eq. (5.2.1). One next defines the Lagrangian L by! 
L=hmX? + 2X-A, (5.2.8) 
and finally the Hamiltonian H by 
H=p-x-L. (5.2.9) 
In this result the linear momentum p conjugate to x is defined by 
p=90L/0x, (210) 
that is, p, =d0L/0X;. 


'The notation a” denotes the dot product a-a of a vector with itself, 
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One easily verifies that a vector potential A that yields B= V xA is given 
by 


= § =e 
A= ee ea w (221) 


Using this result in the Lagrangian (5.2.8), we find for the canonical 
linear momentum 


p=mgx+ A. (5.2.12) 


This result, when introduced into Eqs. (5.2.5) and (5.2.9) to eliminate mx, 
gives the angular momentum J and the Hamiltonian H as 


CS ep tie gems! 

J=xx(p-£a)- Se, =L- Sx, (5.2.13) 
1 Ee 

H= Tl ae (5.2.14) 


The Hamiltonian formulation is form-invariant under the replacement of 
the Poisson brackets by (ih) ' (commutator). Hence, this verifies that these 
same constants of the motion also occur in the quantum mechanical 
problem. 

Let us now verify that the quantal operator J in Eq. (5.2.13) satisfies the 
angular momentum commutation rules. To accomplish this let us first 
express J in units of A (that is, replace J by J/A) and rewrite Eq. (5.2.13) as 


J=L—pK, (217) 
where hL=xxp, and p is defined by 


p=eg/he. (sale) 


'We have introduced A explicitly into Eq. (5.2.13) and will do so for the Hamiltonian H 
below. 
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The key to a systematic verification of the commutation relations for J is 
the set of relations between K and L given by’ 


K:-K=2r/(7 + 2x,)- 
KxL+LxK=iK, (5.2.19) 
ok he ee) eee 


(The first of these relations follows immediately from the definition of K, 
as does K-L=(r/r+x3)L;, since x-L=0. The remaining relation is verified 
by elementary applications of the definitions of K and L and the canonical 
commutation relations [x,, p;]=76;;A.] 

Using the first two of Eqs. (5.2.19), we find 


JxJ=LxL—p(LxK+KxL)=iL—ipK=iJ, (5.2.20) 


thus verifying that J satisfies angular momentum commutation relations. 
Using the first and last of Eqs. (5.2.19), we obtain the following expres- 
sion for the square of the angular momentum J: 


e€ 2 2ur 
Peps (p-<a)| TON Gaels I (S220 


An alternative form of the Hamiltonian H is obtained by using the 
following identities: 


ae Ce ih 
i ay P PIGPSR Bes) Z 
zs 2 2 pe (r—Xy) 
h-?(p—<A eye aa 3 Sy 
r(rtx;) FAG Daa) ( 


Thus, we find 


2 
H= (p— <a} /2Mo 


5 


II 


2ingr [ee at (S203) 


‘It might be thought that K is a vector operator (see Chapter 3, Section 15, AMQP), but this 
is not the case, since, for example, [L,, K,]0. 
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The Schrodinger equation corresponding to this Hamiltonian then takes 
the following form in spherical polar coordinates: 


l F) A) Se = Lee 
(iE W=|- \2 J+ ai ey 


2mor* ar ar Dien 


d=0, 6224) 


Let us assume’ that the operator J? has standard eigenvalues of the form 
J(j+1), that is, J°Y=j( 7+ 1). Then the radial equation corresponding to 
Eq. (5.2.24) is solved by the regular Bessel function (Tamm [4)]): 


Yeadial part =( kr) 7J,(kr), (Gez25)) 
where 
Get ee tieees| 
k=(2m,E/h)?. (5.2.26) 
For completeness and later use, let us also give the vector potential A, the 
vector K, and the angular momentum operator J in terms of the spherical 


basis (5.2.2): 
ree Pl cos a 


rsin@ °®? 

1—cos@ 
fe oe (See 27) 
la (cas 0m 5 
So ae Oe 


The expressions for J; and J.. in terms of spherical coordinates are 
accordingly given by [see Chapter 3, Eqs. (3.106), AMQP] 


J3=L3—p, 


Pa (5.2.28) 


L,=—iz-. G29) 


'Since we have not yet given an explicit inner product such that J is a Hermitian operator, 
we cannot assert the existence of standard angular momentum multiplets (see Chapter 3, 
Section 3, AMQP). Indeed, as we show in Section 3, the appropriate definition of the angular 
momentum J and an inner product such that J is a Hermitian operator constitute the principal 
steps in solving the magnetic monopole problem. 
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One may, of course, verify the commutation relations (5.2.20) directly, using 
these explicit spherical coordinate forms. 

The angular eigenfunctions. The angular eigenfunctions that diagonalize 
J? and J,, and that correspond to the separation of variables in Eq. (5.2.24), 
will be discussed systematically in Section 3 and in Note 2 to this Topic. It 
will be shown in detail there that these angular functions are closely related 
to the symmetric top eigenfunctions (see Chapter 7, Section 10, AMQP) or, 
equivalently, to the SU(2) irrep functions D/,,,(aBy), which are discussed 
extensively in Chapter 3, Section 8, AMQP. Both the angles a and y must, 
however, be identified with +, and @ with 8. The purpose of the present 
discussion is to present an intuitive argument as to why this is physically 
reasonable. 

We have already seen that (classically) the angular momentum of the 
electromagnetic field is —eg/c=—ph and directed (for eg>0) inwardly 
along the radial direction é,. Let us now regard the system of two charges (g 
and e) as a symmetric top with the symmetry axis along the line joining g to 
e (that is, along x) and the fixed point of the top being the monopole g at 
the origin. Then it is clear that for rotations around the symmetry axis of 
the top we get the (field) angular momentum (—p/); this angular momen- 
tum corresponds to the body-referred angular momentum %,—> —p, of a 
symmetric top (see Chapter 3, Section 8, AMQP). Dirac’s theorem, that 
p=integer or half-integer, is hence readily understood (but. of course, not 
proved) through the quantization of angular momentum. [Note that, if there 
were no magnetic charge (g=0), we could still consider the motion as 
formally that of a “symmetric top.” Because the moment of inertia for 
rotations around the symmetry axis is zero, there is no z-component of the 
body-referred angular momentum. Thus, ‘?; > 0, and we recover the familiar 
result that the angular eigenfunctions are D’*)(¢00)< Y,,,(0).] 

This argument thus implies, correctly, that the wave function depends on 
6 as Gay For the usual symmetric top, rotations around the symmetry 
axis represent a separate degree of freedom parametrized by the kinemati- 
cally independent coordinate x=y. By contrast. in the present problem 
there is no such freedom, and rotations can involve only the nvo angles 6 
and ¢. Thus, the angular momentum corresponding to ¢?, is not kinemati- 
cally independent of the angular momentum conjugate to . Jt follows that 
there can be no valid separation' of the angular momentum J into two separate 
angular momenta—“ orbital” and “ field.” 

This unusual circumstance is related to the fact that the vector potential A 
is not rotationally invariant about the origin (position of the magnetic 
monopole). After a rotation of the coordinates, a gauge transformation is 


'It is interesting to recall that for the photon there is similarly no valid separation of the total 
angular momentum into “orbital” and “spin” parts (see Chapter 7, Section 6, AMQP). 
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required to restore the vector potential to its original form. (Such a gauge 
transformation must exist, since the field B is rotationally invariant.) 

Fierz’s [3] proof of the Dirac quantization condition consisted in showing 
that without this condition no physically acceptable solutions to the 
Schrédinger equation existed (that is, solutions that are nonsingular at 
infinity). 

Remarks and criticisms. So far we have followed, more or less uncritically, 
the physical concepts and ideas generally used in discussing this motion. As 
we shall now see, this conceptual basis is inadequate. 

Let us first remark that the c/assical motion presents no problems; the 
problem is well-defined for the space [R* —(0)], and, upon choice of a fixed 
(real) value for eg/c, the motion takes place on a cone minus a single point, 
the vertex. The set of all possible motions is, moreover, spherically symmet- 
ric in the classical sense that, given any one motion, there is another motion 
obtained from it by any coordinate rotation about the origin. This agrees 
with one’s intuition that the interaction is spherically symmetric, since the 
magnetic field has this property. 

The real problem occurs only when we go over to the quantum mechani- 
cal version and introduce the machinery of vector potentials, canonical 
momenta, and a Hamiltonian. One cannot define these quantities explicitly 
without introducing a preferred coordinate frame and spurious singularities. 

To see this point most clearly, note that the vector potential in Eq. 
(5.2.11) is singular on the half-line @=7. It follows that the required 
canonical constructs (used above) are not acceptable in all of physical space, 
despite the evident physical fact that the motion is itself quite unobjection- 
able. We shall not attempt to review here the extensive literature (in physics) 
concerning attempts to circumvent the difficulties engendered by this half- 
line of singularities (“Dirac string’). It should be clear that, if such 
singularities are explicitly included in the formulation, then one has intro- 
duced (infinitely many) extraneous variables, which will necessarily com- 
plicate the analysis almost irretrievably. 

The resolution of this difficulty is—once found!—simple and elegant. 
(One possible resolution is to note that no magnetic monopole has yet been 
found, and hence to deny the existence of any meaningful physical problem.) 

One first notes that a similar difficulty arises in discussing the coordinati- 
zation of a spherical surface: There exist no (analytic) coordinates that are 
free of singularities over the entire surface. One is forced to use the 
expedient of defining coordinate patches (singularity-free regions) and insist- 
ing on piecing together the various patches smoothly on the regions of 
overlap (defining an atlas). 

This is the key idea introduced by Yang and Wu [5-8], which will, when 
carried out fully, eliminate all explicit mention of singularities from the 
canonical constructs. 
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To implement this concept we need to define only two regions R, and R,, 
each hemispherical (for fixed r). Using spherical coordinates r, 6, and ¢ 
with the monopole at the origin, we choose R, and R, to be the sets of 
points {P} in R® defined by 


i = {PeR?:0<0<4 +8,0<r, 0<9<2z}, 


R,= {peR®: 5 —6<0<1,0<r,0<9<27}. (5.2.30) 


Ryy=R, OR, =| PER?: 5 —8<0<5 +8, 0<r, 0<$<2r |}, 


where we choose 6 such that 0<é6<7//2. 
The vector potential is now defined to be 


= =~ _ g(1-cos@) 
(A,),=(4o),=9, Ce eee each PER, 
ee 2 cos) 
(A,),=(4e),=9. erry eae each d Gace as 
G2 31) 


This satisfactorily eliminates the singularity from each region, but in the 
overlap (intersection of R, and R,) region the two vector potentials do not 
match up. This motivates the second key idea: The vector potential in 
physics is actually an equivalence class of vector potentials, whose members 
differ by gauge transformations. Hence, one defines: Jn the overlap region 
the two vector potentials must differ at most by a gauge transformation. 

For the case at hand, one finds in the overlap region (@=7/2) that 


A,—A,=28V¢, each PER,,. (5.2.32) 


where we have used 
Vo=(rsin#) 'é, (5238) 


in obtaining this result. Hence, the vector potentials do indeed differ by a 
gauge transformation: 


ee Ve fa. (S234) 


To complete the concept, we must now consider the wave function, w. 
This, too, is defined piecewise in each of the separate regions: Jn any overlap 
region it is required that the two wave functions differ only by a phase factor (a 
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complex factor of modulus 1). This requirement is tailored to the electro- 
magnetic case where the gauge group is the compact group U(1). More 
generally, the two wave functions differ at most by a transformation of the 
gauge group (Drechsler and Mayer [9], Simms and Woodhouse [10]). Thus, 
we have 


W,(x)=S,,(x) wv, (x), each xER,,, (22225) 


where |S,,(x)|=1. 
To ensure the proper smoothness in the overlap region, we now require 


; l 
that the velocity operator om (p— <a) yield the same value when aver- 
0 


aged over the overlap region R,,,; that is, 


eee = . zie 
fv (x)(p— CA, Yala) ax= f BOO(p = A, }¥p(x) dx. 
(5p 2750) 
Using relation (5.2.35) and the derivation property 
P(Spa%a ) = (PS 5. \w, 7 Spal Pa ) ’ 


we obtain 


J ¥00)[ Stal) (PSpa(x)) + S(Aa Ap) Yel) dx=0. (5.2.37) 


a 


This condition must hold for all choices of overlap region R,, and all 
functions w, defined in R, (hence, on R,,). The requirement (5.2.37) can be 
satisfied if we define the gauge transformation of the vector potential to be 


< (Ay Ap) =iAShal V Spa): (5.2.38) 


Combining this result with Eq. (5.2.34), we find 2uV @=iS},(V S,,); that 


1S, 


BS, = = DES ee (232) 


Hence, 


Sem e oER,, (5.2.40) 


is the simplest choice for S,,,. 
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In order that the wave function be single-valued, we see that the phase 
factor integrated around a closed loop in the overlap region must give unity, 
and, hence, 


eg/hc=p= + (integer). (5.2.41) 


This is Dirac’s quantization condition, which now appears in the form of a 
constructibility condition. Indeed, Yang and Wu [5-8] have proved that, if 
this condition fails, then it is not possible to make the present construction 
with any number of distinct regions (coordinate patches). 

The construction we have given here is a standard one in mathematics 
and has by now a standard nomenclature. What we have called a wave 
function is called in the mathematical literature a section. The factor S,,, is 
called a transition function, and the vector potential A is a connection on a 
fiber bundle. 

Let us complete this subsection by giving the form that the angular 
momentum operators assume for the vector potential in the region R, given 
by 2a) (5.2.31)) We find 


J’=L—pkK’, (5.2.42) 
eli ete: re, 
K (cx Ay ae [=e 
Be Ercoct ee 
> ape ee (5.2.43) 
ISecose . 
(ee 
sin 8 
Do Laat (5.2.44) 


Note that the operators J’ also satisfy the standard commutation relation 
Ix J =i’. (5.2.45) 


The angular momentum operators J and J’ defined, respectively, by Eqs. 
(5.2.17) and (5.2.42) are the angular momentum operators for regions R, 
and R,: 


J,=J, J,=S'. (5.2.46) 
This follows from the fact that the functions J,y, and J,w, are well-defined 


in the regions R, and R,, respectively, and, moreover, are correctly related 
in the overlap region: 


I,W,(x J=e7 7#? I, (x), eachxER.,. (C22) 
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An alternative derivation of relation (5.2.40) may be given by the follow- 
ing argument: Since J,y, =; and J,, =; are well-defined functions in 
the regions R, and R,, respectively, we have that ¥,=S,,, (in R,,) 
implies ¥, =S,,¥; Gn R,,); that is, (S*,J,S,,)¥, =J,v, for arbitrary func- 
tions 7, defined in R,. Thus, we must have 

Sratp ba = as or, equivalently, J, Sha =Spad 


a? 


(5.2.48) 


Applying this result, in turn, to each component of the angular momentum, 
and using the derivation property of these operators, we find that S,,, must 
satisfy the following differential equations: 


05,, /0b= —2ipS,,. 0S,,/00=0. (5.2.49) 
Thus, the transition function S,,, is uniquely determined to be 


See acre (S250) 
since an arbitrary numerical factor of modulus 1 can always be absorbed 
into the wave function y, itself. 
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In the analysis of the physical problem presented by a monopolar 
magnetic field, we have arrived at the desirability of generalizing the 
concept of a wave function (probability amplitude) in quantum physics to 
the concept of a section (generalizing, that is, to a union of wave functions 
defined on coordinate patches with joining conditions of the type discussed 
above). To proceed further we must now specify in detail how the Hilbert 
space structure of quantum mechanics (which is an additional structure to 
be imposed on the mathematics of fiber bundles) is to be realized. 

We define the scalar product of two sections y and ¢ to be 


(y,9)=(6,9)*= faxd*(x)o(x), (5.2.51) 


(The integral is required to exist with the usual restrictions on an inner 


product.) 
The important fact is that the integrand is well-defined, since in the 
overlap region one has 


Peon = Yaa: (5.2.52) 


This result follows from S*,S,=1 and the fact that the transition function 


S,» is the same for all wave functions. 
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An operator is now defined as a mapping of the space of sections into 
itself. Thus, if © is to be an operator, one must require that, for any section 
W, the result of the operation, Ow, is again a section. A Hermitian operator is 
defined as usual. 

It follows from this definition that the coordinate “operator” x is indeed 
an operator, since xw is a section; moreover, x is a Hermitian operator. 
However, the momentum p is not an operator! (This will cause difficulties in 
using Fourier analysis, and it is an unresolved technical difficulty in using 
sections at present.) 

The velocity x=[p—(e/c)A]/my is a valid Hermitian operator when 
acting on sections, and, in fact, this was used in the defining construction of 
Section 2. 

We have also shown that the angular momentum J (J=J, in R,, and 
J=J, in R,) is a valid operator on sections, and the Hermitian property 
may be proved directly. This result may also be verified by using J directly 
in the form 


J=xx (p—<A |—ne,. (5.2.53) 


The Hermitian property of J acting on sections shows that both x and 
p—(e/c)A are separately Hermitian (as was already concluded above). 

That J defined by Eq. (5.2.53) is the angular momentum is a consequence 
of the fact (shown in Section 2) that this operator satisfies standard 
commutation relations (and is Hermitian) when acting on sections. 

These results have a surprising implication: The “operator” L=xxp 
(using the canonical constructs x and p) is not a valid operator and is not the 
orbital angular momentum! 

This rather surprising result has an immediate application in that it 
answers an old problem for angular momentum in the presence of magnetic 
fields: What is the proper orbital angular momentum operator: xxp or 
xx? [Here m=mvy is the kinetic momentum mw=p—(e/c)A. as dis- 
tinguished from the canonical momentum p.] 

To answer this question, let us first recall that in quantum mechanics it is 
the canonical momentum operator p that generates displacements, and 
hence p is given by —ih V in the Schrédinger realization. 

Consider now the situation where the vector potential vanishes (so that p 
and ni,v are the same). Let us recreate the electromagnetic vector potential 
A by quickly increasing its value from 0 to A. As we turn on the vector 
potential, a charged particle necessarily feels a force eE= —(e/c)(dA/01). 
and the kinetic momentum mv changes. Note, however, that the canonical 
momentum p=mvt+(e/c)A remains unchanged. It follows that it is the 
canonical momentum p that must be realized by the invariant association 
with —ihV. 
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This argument implies that the orbital angular momentum L must, as the 
generator of rotations, similarly be realized as xx p. 

By contrast we see that in the presence of a magnetic monopole we are 
forced to realize L by L=xxg, since only in this way do we get a Hermitian 
Operator on sections. This result, which appears rather puzzling, reflects the 
fact that monopolar fields, being connected with topology and quantized, 
cannot be “turned on” smoothly, so that the physical argument above (that 
singled out the canonical momentum) cannot, in fact, be implemented. 

It is important to realize that neither this Hilbert space of sections nor the 
Operators possess any singularities whatever, by virtue of the construction, 
which relegates a possible singularity, say, in A, to a space outside the 
region of definition. 

Spherical harmonics for sections (monopolar harmonics). We shall study 
under this heading the problem of developing eigenfunctions for the angular 
momentum operators J when acting in a Hilbert space of sections. Since the 
Operator x* commutes with J, we can factorize any eigensection into a 
product of functions defined on each local section, and then recognize that 
the radial function part can be factored out everywhere. Thus, it is valid 
simplification to consider purely angular momentum space sections. 

Since we are to develop angular “eigensections” in a Hilbert space using 
operators satisfying angular momentum commutation relations, it is clear 
that the techniques developed in Chapter 3, Section 3, AMQP, must 
essentially solve the problem with only relatively minor modifications. Let 
us recall briefly the technique leading to the quantization of the positive 
semidefinite operator J* and to finite multiplets. 

Accordingly, let us consider the invariant operator J* defined by 


By 
tales (p-<a)| +p2=J2 +U2 +2, (5.2.54) 


where A is defined by Eqs. (5.2.31). Note that each of the two operators 
(J°=J? for xER, and J*=J; for xER,) defined in this equation is 
positive semidefinite. 

Let us now bring both J* and J, to diagonal form by defining the 
sectional ket vectors: 


ei el fe 
Tyla HIT de (2255) 
The properties of the raising and lowering operators J, and J_ in 


generating ladders of sectional ket vectors go through exactly as before, and 
we obtain the standard result (see Chapter 3, Section 3, AMQP): 


ar |e eM) | |? (5.2.56) 
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Just as before, the ladders must terminate to avoid the contradiction of 
having J’? —J{( Ji = 1)<0. This proves that the quantum numbers J” and J; 
are, as before, restricted to the values given by J =j(j+1) and Jj =m 
(m=—j,—j+1,..., /) with (j, m) both integer or both half-integer. 

The requirement that J* —y” be nonnegative now forces the relation 


EI) i 0 (S257) 


To examine the question as to the existence of half-integer j, let us 
consider now the explicit realization for the operator J; acting on a Sectional 
eigenket. Let | jm), and | jm), denote sectional eigenkets defined, respec- 
tively, on regions R, and R,. Then we find 


) 
Jy3606| m)«= [igs —H)(061 im), =m (6 jm), OBER, 
ao 
Jyy606| im, ={ —iges +H }(06) jm, =m 09] Jn, 6,¢ER,. 
(6258) 


It follows that the sectional eigenkets have the forms given by 


(OLm=| Gumrnerliie we EA 0,¢ER,, 
(06| jm), =exp|i(m—p)o] f7,(8), eRe 
(5.2.59) 
Note that 
(99| J a = Sun 99] jm), (5.2.60) 


where S,,, =exp(2ip¢), as required. 
Single-valuedness of these expressions’ (in all regions) requires that 


m~+p=integral. Gaol) 


This result implies the Dirac quantization condition—a general conse- 
quence, recall, of the existence of sections—namely, that 24=integer. 

Thus, if »=half-integer, we have the interesting result that m, and hence 
J, are both half-integral. In other words, we have an explicit realization of 
spinorial (half-integer) unitary representations realized in ordinary (0,6) 
space. 


'In Note 2 we give an alternative proof, which does not invoke single-valuedness, that 
2=integer. 


Reformulation of the Problem AM 


This does not contradict the many proofs that half-integer spherical 
harmonics (defined on 6.) are impossible, since these proofs assume that 
the harmonics are to be functions (as opposed to sections). Note, in particu- 
lar, that one such proof (Rorschach [11]), based on using x, p, and L=xxp 
as operators,' fails precisely because p, and hence xx p, do not exist (as 
Hermitian operators) in a (nontrivial) space of sections. (We shall discuss 
the spinorial nature of these solutions further in Section 4 below.) 

Let us now complete the development of the monopolar harmonics, 
(Oo|jm). We have determined the ¢-dependence explicitly in Eq. (5.2.59). 
From this we can recognize that the sectional behavior is carried entirely by 
the os cependence: so that the 6-dependence factors out? as a function; that 
OG) = os Phusewe tind 


ym jm 


ere Bre ieee 


ar (5.2.62) 
a z itt A 


(Og|jmp) =f, 8) x 


We have introduced p into the notation for sectional eigenkets to indicate 
explicitly their dependence on this label. We shall now show that the f},, 
that occurs in this result is precisely the function d/, _, that occurs in the 
SU(2) representation functions Dry aBy) =e ding (hye ee, 

In order to carry out this construction,’ we first observe using the validity 


of the standard action of J... on sectional eigenkets, that 


J.(6$| jmp) =[(j=m)(j=m+1)]?06]7,.m= 1,4). (5.2.63) 


Introducing now the explicit forms for the operators J. =J,.. and J. =J,.. 
in the regions R,, and R, [Egs. (5.2.28) and (5.2.44), respectively], together 
with the corresponding sectional eigenkets from Eq. (5.2.62), we find that 
the following differential-difference equation is satisfied by EO 


(=; —meot 9 sh 5 | fée(8)= [im )(jemt 1] flor n(8)- 
(5.2.64) 


This is precisely the equation that is satisfied by di. _,(@), a result that is 
proved directly from Eqs. (3.102) and (3.104) in AMQP. Since Eq. (5.2.64) 


'The critical review by van Winter [12] is the best reference for a detailed survey of the 
literature on this subject, but it omits Ref. [11]. 

2 This result becomes explicit when one determines the differential equation for the @ part of 
the function [see Eq. (5.2.64)]. 

3An alternative method is to use the method of highest weights described in Eqs. (3.17) and 
(3.18), AMQP. 
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suffices to determine A) uniquely, we conclude that 


i (0)=di, _,(8) (5.2.65) 


mip. m, 


(up to an arbitrary normalization constant). 
The final result for the monopolar harmonics is 


el(m Mand: Fo 50) ieee (6 , 6) 
6o| 7 =). - a 
ee Tia bee (9) in K;. 
Equivalently, this result may be expressed as 
IDG 0) in R,, 
(46| jmpy=5 _ (2G) 
Dj*_,(¢6¢) In ine 


Remark. In Note 2 we show how the SU(2) representation functions 
Dj (aBy) may be used directly to obtain the sectional eigenkets (5.2.67). 
including the angular momentum operators J (J=J, in R,, and J=J, in 
R,). This procedure generalizes that used for the ordinary spherical 
harmonics in Chapter 3, Section 8, AMQP, and illustrates once again 
unexpected applications of the SU(2) representation functions themselves. 
Although this specialization of the SU(2) representation functions yields all 
the differential operator actions on specific functions that have been obtained 
in this Topic, the key element—the concept of a section so essential to 
equipping the space with an inner product such that J is Hermitian— is still 
required to complete the theory. We have included this alternative deriva- 
tion, since it is suggestive of possible generalization to other groups. 

Completeness of the sectional harmonics. The monopolar harmonics for 
fixed « form a complete orthonormal set of sections over the sphere. To see 
that this assertion is valid, it suffices to note that in each region separately 
the functions e'”"® form a complete set over the circle 0<#<27. Thus, the 
index m is determined by Fourier decomposition over ¢, and the index p is 
already fixed. 

From the results in Chapter 3, Section 9, AMQP. we know that, for fixed 
mand pu, the functions dj, (8) are a complete orthonormal set over O<@<z. 
The assertion therefore follows. 

It is not difficult to extend to monopolar harmonics various angular 
momentum analyses (product theorem,...). A recent paper (Wu and Yang 
[13]) discusses some of these developments, but space is lacking for a 
detailed treatment here (see also Note 2). 
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4. Further Discussion 


We have stated that the monopolar harmonics for »=+4 provide an 
explicit realization of a spinor in (6,@) space. This statement is correct 
formally, simply from the fact that the angular momentum has the value 
j=. But the physical meaning is not so obviously correct. 

What is a spinor? The fundamental definition is that a spinor is an object 
that undergoes a sign change under a coordinate rotation by 27 about any 
axls. 

Hence, we must examine the behavior of sections (monopolar harmonics) 
under rotations by 27. Taking the general result for sections given in Eq. 
(5.2.66), we see that for a rotation by 27 around the x,-axis (taking ¢ to go 
from ¢ to ¢+27) the initial sectional eigenket (at $) is multiplied by the 
respective factors 


eilm+ pa and el(m=p)2a (5.2.68) 


Both phase factors—using the result that m+p=integer—are unity for all 
m, pt (including 4=0)! 

How can this object properly be called a spinor? 

To answer this question, note that the method actually used to define the 
phase is equivalent to using the rotation generator L, = —i(0/d@), and not 
the total rotation generator J,. The corresponding finite rotation operators 
are given by 


Oly a) ees and OG) cm) ams-2 69) 


One now finds that the actions of %,,(L;) and ,,(J;) on sections are 
given by 


Cai, for integer or half-integer, (62-70) 


Dy tor a: integer, 
Ural 4s) -| —1 for p half-integer. (2.71) 

Thus, with the operator 2,,(J;), we get the desired spinorial property for 
j=half-integer. 

This result is not as satisfying as it might appear, for we have simply 
shifted the problem to another aspect: Why is the operator %U,,(J;), and 
not %l,,(L3), to be chosen to define the spinorial properties? 

Note that the operator %L,,(L,) is well-defined in both regions R, and R, 
and is an acceptable unitary operator on sections. Hence, there is no a prion 
reason to exclude this as the defining operator for spinorial versus non- 
spinorial properties. 
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We have found two reasons to prefer the operator ,,(J;) over V,,(L3). 
The first is to insist that these operators belong to a continuous family of 
finite rotation operators defined on sections— namely, to 


{W(y, A)=e VAI} Aird (Ub nye 


However, %’(y, i) is not, in general, an operator on sections, and this 
reasoning eliminates L as a generator of rotations. The second reason is 
more compelling: The operator J commutes with the Hamiltonian H of the 
monopole, whereas L does not (although L, does). Thus, if we insist that 7 
is rotationally invariant, we are forced to the conclusion that J, and not L, 1s 
the generator of rotations. 

Concluding remarks. (a) The generalization of the concept of quantum 
mechanical wave functions to include wave functions as sections is struc- 
turally a very deep and important generalization, whose significance is as 
yet not fully worked out. There has been in the fifty-year history of 
quantum mechanics only one other significant generalization of quantum 
mechanics, that of Jordan [14] (1931) in defining finite quantum mechanical 
spaces, where the role of wave functions was subsumed under the concept of 
a density matrix, and wave functions, as such, were undefinable, in general. 

(5) Let us indicate that there are aspects to the use of sections that have 
still some puzzling features. Consider the canonical momentum p. This 
operator, as was remarked earlier, is not an acceptable operator on sections. 
Thus, the fundamental (Heisenberg) relation 


eyo 2% a ae Pee) 


is no longer acceptable on sections. 
One must replace the “operator” p by the Hermitian sectional operator 


a ete Cyan (O278)) 
Accordingly, one has now the fundamental relation 
a, | S106, A (5.2.74) 


which is a valid operator structure to be applied on sections. It follows that 
it is the pair of operators w and x that satisfy the Heisenberg relations and 
are to be considered as conjugate observables. 

The operator a, however, has unusual commutation properties with itself, 
since it satisfies the relation! 


[7,,7,]=(ieh/e)e, By. (5.2775) 


\ : ‘ Stee 
Note that Eq. (5.2.76) shows that the Jacobi relation for commutators is violated if the point 
r=0 is not removed from the space accessible to the motion. 
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in general, and for the monopole field, in particular, 
A'axh'a=ipe, /r?. (5.2.76) 


One has thereby Jost the commutativity of the Cartesian components of the 
operator conjugate to the position operator x. This property is well-known 
for the operator a, but it could be considered merely a curiosity as long as 
the canonical momentum p is available (trivial section). For nontrivial 
sections this option is not available, and one is faced with a conceptual 
difficulty to clarify. The full significance of these interpretational difficulties 
for sections is as yet unknown. 


5. Notes 


1. Renewed interest in monopoles. Interest in the magnetic monopole 
problem has been greatly increased by the discovery of ’t Hooft [15] and 
Polyakov [16] that nonabelian gauge field theory possesses physically accep- 
table solutions (“solitons”) with magnetic monopole structure. 

It has been claimed by Jackiw and Rebbi [17]—in discussing a theory 
with isospin as the nonabelian gauge field— that in the field of a monopole 
in such a nonabelian gauge theory isospin degrees of freedom are converted 
into spin angular momentum degrees of freedom. To quote from Jackiw [18, p. 
698]: “In a quantum theory spin has been created from isospin.” This 
astonishing claim is incorrect, as was demonstrated by Troost and Vinciarelli 
ao: 

2. More detailed investigation of the relationship of monopolar harmonics to 
the SU(2) representation functions. In Chapter 3, Section 8, AMQP, we 
developed in detail the properties of the SU(2) irrep functions DJ, (aBy) in 
the Euler angle parametrization. In particular, we obtained the spherical 
harmonics Y,,,(@@) by setting m=0 in these irrep functions (see Chapter 3, 
Section 10, AMQP): 


Yin( Ba)= (=z } Di*, (aby). (5.2.77) 


Moreover, this procedure for obtaining the spherical harmonics allowed us 
to delete the derivative term 0/0y from the angular momentum operator $ 
[see Eq. (5.2.80) below], thus giving the orbital angular momentum opera- 
tors themselves. 

The purpose of this Note is to show how the monopolar harmonics may 
be obtained by a generalization of this procedure used for the ordinary 
spherical harmonics. 
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For convenience we repeat several of the relations proved in Chapter 3, 


Section 8, AMQP: 
CD fu ay )=[( Fem’) sem + IY] Data ml @BY), 


m'm 


¢, Dit, (aby )=m'Di*, (aBy); (278) 
(9, -iP,) Dj*,(oBy)=[(j—m)( j+m+1)] Dj *mei(aB) 
(9, +79, )DJt,(aBy)=[(j+m)(j—m+1)]*DZt ,\(aBY), 

ae Di* (aby )=mDIt,,(aBy). (eo) 


The operators appearing in these relations have the following explicit 
forms: 


$.=h tif, =e" | ico kA + He ag y | 

Jey iene “'4{ ico Be — ag — Fog | 

he (5.2.80) 
pci aa 

ee cs (Geet) 


The representation functions D/*, are thus simultaneous eigenfunctions 
of the three commuting operators ¢7, §,, and ,: 


$°Ds,(oBy )=i(J+ 1)Ds,(aBy), 
4 Diin( oBy )=m'Ds*, (By ), (5.2.82) 
Fs Dinim( aBy )= mDzt,,(aBy ), 

where 


Coto ey ee 


Notes 


to 
i) 
Loe) 


Consider now the following identity: 


eG) ee ere [ —meot B+ 35 an ste le eerie) 


a cos 8) ee 
=e fico pe + a lew maF( B) 


=J,ekmmar( BY, (5.2.84) 


where f(f) is an arbitrary differentiable function, and J, is the operator 
defined by Eq. (5.2.28). Repeating this procedure for each of the operators 
in Eqs. (5.2.78) and (5.2.79), we find 


[4 .Di*_,(oBy)|,-_,=J~Di*_,(«, 8.2), 
ue EO Ay) |e? 2) (co, Bal) e285) 
[(9, +19, )Di*_,(oBy)|___,=M.D*_,(@, 8, —a), 


el (afy)|,._,=M;Dj*_,(a,B,—a); (5.2.86) 


y= 


where the operators J.., J,;, and M.., M, have the explicit definitions given 
by 


Hi (COs 2) ee 
Jae en ‘ 
J,=L,—p: G27) 
vee: = Glee 
sin B 
Mal. — jae (5.2.88) 


In these results, L . and L, are the operators defined by Eqs. (5.2.29), where 
o=a and 6=B. 

Using now the right-hand sides of Eqs. (5.2.78) and (5.2.79), we obtain 
the following actions of the angular momentum operators J and M on the 
special representations functions having y= — a: 


J..DJ*_,(a, B, —a)=[(s=m)( jemt 1)]} Ds 1,—.(a. 8, —a), 
Ue Dee (Ca Sie) Dt oc. B= 8), (5.2.89) 


mip 


Vier aaa 8 -o)=[(7F nee DP IEE lo =), 
AG IDE (ahs 15 Bat De Ge net): (5.2.90) 
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We next repeat the entire procedure, but evaluate at y=a. The results are 


J’ DJ*_,(aBa)=[(j=m)(jem+1)] Di -,(aBe), 


Js DJ*_ ,(aBa)=mDJ*_,(aBa); (C20 
M‘Djt_,(oBa)=[(j*n)(J*p+ 1)]'Dst_,-1(aBa). 
My D*__( aBa)=pDJ*_, (Ba); (5.2.92) 


where the operators J’., J; and M’., M;’ have the explicit definitions given 
by 


HCI COss }o ues 


ee sin B 
Ju =Ly7B; (522793) 
m(1+cos = 
ML=-L ( - B) = 
sin 8 
WE es Tn ie (5.2.94) 


(The purpose of the notation M”, as opposed to M’, will become clear 
below.) 

All the equations derived above [Eqs. (5.2.87)—(5.2.94)] are expressions 
for explicit differential operators and their actions on explicit functions. 
Accordingly, these relations are valid for all values of a and £ for which the 
differential operators are defined (the functions are defined for all values of 
a and §, since the dependence on f is that of a polynomial in cos( 8/2) and 
sin( 6 /2)— see Chapter 3, Section 6, AMPQ). These results are independent 
of any Hilbert space concepts. Indeed, one loses the original Hilbert space 
property of the representation functions with its accompanying Hermitian 
property for the generators $ and # in making the identification y= +a. 

It is remarkable that the Hilbert space and the Hermitian properties of the 
operators J and M may be restored through the concept of sections, but each 
operator acts in its own Hilbert space of sections. 

Let us next interpret this assertion. 

Note that the operators J and J’ defined by Eqs. (5.2.87) and (5.2.93) are 
identical (set =a, and 6=f) with those given by Eqs. (5.2.28) and (5.2.44), 
respectively. Moreover, the actions of these operators expressed by Eqs. 
(5.2.89) and (5.2.91) are precisely those for the operators given by Eqs. 
(5.2.63) and (5.2.46) on the sectional eigenkets (6$| jmp) in Eq. (5.2.67). 
Furthermore, the transition function relation (5.2.47) is correctly satisfied. 

Thus, when the concept of section is invoked together with its attendant 
Hilbert space, we recover from Eqs. (5.2.89) and (5.2.91) the desired 
extension of the standard formulation of the angular momentum multiplets 
to sectional multiplets as developed in Sections 2 and 3. 
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It is important here to recall that p is fixed (specified) in the definition of 
section given in Sections 2 and 3. Accordingly, these sections are more 
appropriately designated “right y-sections,” since they carry the fixed label 
uw either implicitly or explicitly, and this label is located to the right in the 
notation |jmp) for the basis states of the Hilbert space of right u-sections. 
(A more complete notation would include the label p in the notation for the 
operators J and J’ [see Eqs. (5.2.87) and (5.2.93)] as a reminder that the 
operator actions expressed by Eqs. (5.2.89) and (5.2.91) apply to fixed p.) 

Let us next consider the operator actions expressed by Eqs. (5.2.90) and 
(5.2.92). [Recall that these relations originated from the angular momentum 
multiplets (5.2.79) for the body-referred components of the angular 
momentum.] We wish to interpret these equations in terms of sections, but 
Eqs. (5.2.92) are clearly in the wrong form! This situation is easily corrected, 
however, by complex conjugating Eqs. (5.2.92). The results are 


M'.Di _,(aBa)=[(jFu)(jtu+l)] Ds _,<1(aBa), 
AYEID, MCE =D! tbe). (5.2.95) 
where 
M’. =MUF=L. eco 8 ie 
sin B 
M;=M;*=L,+m. (5.2.96) 


It will now be recognized that we have obtained from the relations for 
body-referred angular momentum operators precisely the relations obtained 
earlier from the space-fixed angular momentum operators, but with m and 
interchanged. [Compare Eqs. (5.2.87) with (5.2.88), (5.2.89) with (5.2.90), 
(5.2.93) with (5.2.96), and (5.2.91) with (5.2.95).] The proof of this result 
uses the symmetry of the representation functions given by 


Dit (a, B. a) = Dit ,(a,B,-a), 


DE 4 aye i) ee a). (5.2.97) 


These results lead us to the concept of a left m-section: A left m-section 
and the corresponding inner product is defined exactly as for a right 
u-section, except that m replaces p in the definition of a section (hence, m is 
fixed) and in the definitions of the angular momentum SpSratess that act in 
m-sections. The term “left” in the designation “left m-section” signifies that 
the label m to the left in the notation | jmp) [see Eq. (5.2.99)] for the basis 
states of the Hilbert space of left m-sections is to be kept fixed. Note that 
the Hilbert space of right p-sections and the Hilbert space of left m-sections 
are distinct spaces. 
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The angular momentum operators for left m-sections are defined by 
| M=M, in R,, 
M= 


M’=M, in R,. (5.2.98) 


The m-sectional eigenkets, which we denote by | jmp) to distinguish them 
from p-sectional eigenkets, are given explicitly by 


DS ACE, a) ince 


(Ba| jmp )= BY abe: in Ry. 


(5.2.99) 


(The label p is introduced explicitly into m-sections through M, — u.) 
The requirements 


$5(X)=Spa(X)$a(X), xER,, (5.2.100) 


and 
M ,$5(x) =Spa(x)M .0,(x), EIR (5.2.101) 
uniquely determine the transition function S; (x): 
Se (Xx) =e EIR ay (52.102) 


Note that the m-sectional eigenkets satisfy this condition. 

What good are left m-sections? To answer this question let us recall that 
in the Hilbert space of right -sections we were able to extend the standard 
angular multiplet construction for functions to y-sections. This result then 
implied the quantization of (/, m) in the usual way. In this theory appears 
as a real parameter in the transition function; the quantization of w is obtained 
by invoking single-valuedness. But since the Hilbert space of left m-sections 
is abstractly identical to that of right p-sections, we may also extend the 
standard multiplet construction to the Hilbert space of left m-sections: The 
quantization of p. (recall M, >) to the values j, j—1,..., —j now appears as a 
consequence of the existence of the Hilbert space of left m-sections—that is, as 
a consequence of the Hermitian property of the angular momentum M acting in 
this Hilbert space. Single-valuedness need not be invoked. 


Remarks. (a) The operator J is an operator in the cae space " of 


right p-sections with basis {| jmp): j=0,4,1,...; m=j. j— ay) Outen 
is not an operator in the Hilbert space th” of left m- sseitlons eo with 
basis {| jmp): j=0, 4,1 oe jJ—1,...,—j}. Similarly, M is an operator 


in J, , but moti JO (7-7 lhe eroctic! of two operators J; and M, is, in 
general, not defined (in particular, the commutator is not defined). 


'For w=m, we have not only the identity of operators J=M, but also (using the symmetry 
rclation (5.2.97)] the identity of spaces K7”=h)" for each multiplet space j=|m| (see Remark 


(c)}. 
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(b) The operator M is obtained from J by replacing p by m. The relations 
for J given in Sections 2 and 3 become relations for M upon making this 
replacement. Note, in particular, that M? «J? [see Remark (a)]. 

(c) Suppose that we are given a Hilbert space ‘K” of right p-sections that 
splits into a direct sum of right p-sectional angular momentum multiplets; 
that 1s, 

ae Sp are {PIF 2B ++ 

where jy =||, and J is the space of dimension 2j/+1 characterized by 
J* —j(j+1). We may then select basis vectors from this space that have a 
fixed m-value and j-values given by j=kp,k y+1,..., where ky= 
max( jo,|77|). Using the angular momentum M, we may now generate a 
Hilbert space of left m-sections. We may then select basis vectors from this 
new space that have a fixed w’-value and j-values given by j=, jo +1,..., 
where jj =max(|p’|, jo,|2|). Using the angular momentum J (appropriate to 
ph’), we may now generate a Hilbert space of right p’-sections of the form 


wep Hw ste 
I Jy, @ I, os i® 
In particular, starting from JC° and K2, we may generate the Hilbert spaces 
of right p-sections for all »=0,+3,=+1.,.... 
(d) The significance for monopoles of the coexistence of Hilbert spaces of 
right p-sections and left m-sections is not known. 


6. Addendum. Minimal Coupling and Complex Line Bundles 


The discussion of the magnetic monopole problem in the preceding 
sections has been based largely on the work of Wu and Yang [7, 8]. In point 
of fact, however, the important observation that the proper mathematical 
tool with which to treat the monopole problem is the theory of complex line 
bundles was made prior to Wu and Yang’s work, by Sniatycki [20] and by 
Greub and Petry [21]. We shall discuss here the treatment of Greub and 
Petry, both for its intrinsic interest (Ref. [21] is quite elegant) as well as to 
show how their mathematical (global and coordinate-free) view accords 
fully with the physicist’s more detailed, coordinate-based treatment. 

The key idea is to recognize the geometric meaning of minimal coupling for 
incorporating the electromagnetic interaction into quantum mechanics. For 
this the proper language is that of differential geometry, and the new 
interpretation (used also by Wu and Yang) generalizes the concept of a 
wave function to that of a section in a complex line bundle; the momentum 
operator 7, =p, —(e/c)A, is generalized to a linear connection in the line 
bundle whose curvature form is the electromagnetic field. These ideas have 
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already been discussed, at least in part, in the present Topic, but the Greub 
and Petry treatment has the great merit that it is completely coordinate-free; 
accordingly, we feel it is useful to begin anew, and discuss this approach ab 
initio. 

Complex line bundles.' A complex line bundle is a collection L=(E,7, M), 
where E and M are smooth manifolds and 7: EM is a smooth map 
satisfying the following conditions: 

(i) For every xEM, the set F.=a~'(x) (the fiber over x) is a one- 
dimensional complex vector space. 

(ji) There exists a covering of M by open sets U, and a family of 


diffeomorphisms ¥,: U, XC er ~'(U,), which restrict for every x EU, to a 
(complex) linear isomorphism 


Ue = a 
Every such family (Y,,U,) is called a ¢trivialization of the complex line 
bundle L. 

The simplest example of a complex line bundle over a manifold M is the 
product MXC, where 7: MXC — M is the obvious projection. This is called 
the trivial bundle. 

A cross section in a complex line bundle is a smooth map 0: M—E such 
that 70 0(x)=x; that is, o carries every point x € M into a vector of its fiber. 
(Therefore, one can define addition of cross sections and multiplication of 
cross sections with functions on M.) 

A Hermitian metric is a map ¢ , ), that assigns to every pair of cross 
sections 6), 6, a function (o,,6,), that is linear in o,, and antilinear in o,, 
with? (0,,0,),=0,,9,),, and such that 


($0), 5), =$(5),0)), 


for arbitrary functions ¢ on M. The metric ¢ , ), is called positive definite if 
(o,0),20, and (0,0), =0 implies that o=0. 

A linear connection in a complex line bundle L is an operator V_ that 
assigns to every pair o, X (a a cross section, X a vector field on M), another 
cross section, V ya, called the covariant derivative of 0 with TESPECi iow. 
which is linear in X and o and satisfies for arbitrary functions the 
conditions 


V oxI=OV XG, 
V yoo=OV yo + X(¢)o. 


'The definitions and theorems given in this section are taken from Ref. [21]. 
* The bar denotes complex conjugation in this Addendum. 
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In the second result X() denotes the derivative of ¢ in the direction of X. 
Let V be a linear connection in L, let XY and Y be arbitrary vector fields 
on M with Lie product [X,Y], and let o be an arbitrary cross section. One 


can show that there is a unique two-form R, called the curvature form, on 
M such that 


R(X, By OT Oe Or 


The proof follows directly from the fact that the right-hand side of this 
equation is function-linear and skew-symmetric in X and Y. The Bianchi 
identity states that this two-form is closed; that is dR=0, as can be verified 
from the definition of R. 

Thus, R represents a de Rham cohomology class [R] of M. Using Cech 
cohomology theory, one can show that the class [R]/2q/ is integral. 
Conversely, we have the following theorem: 

Existence theorem (see Refs. [22, 23]). Let M be a manifold, and let ® be a 
closed two-form on M such that ®/27i represents an integral class. Then 
there exists a line bundle L over M and a linear connection V in L such 
that the corresponding curvature form coincides with ®. Moreover, if M is 
simply connected, then L and V are uniquely determined up to strong 
bundle isomorphisms. Finally, if ®/2ai is real-valued, then L admits a 
positive definite Hermitian metric ¢ , ), such that 


X((01,6))1, )=CV 71. 9))7, + (01, V x%)z 


for arbitrary cross sections o,,0, and vector fields X. This metric is 
determined up to a positive constant. 

Minimal coupling. Let us now see how the usual quantum mechanical 
concepts fit into this more general framework. The usual wave function is 
now to be regarded as a section! in the trivial bundle, MXC, with the 
projection IT: 4xC— M. Denoting this section by ¥: M> MXC, we have 
that V(x)=(x, V(x)) for x EM, where V(x) €C is the usual wave function. 

To determine the linear connection in this trivial bundle, we recall that 
minimal coupling involved the substitution 


e 


les Tas & oA 


where A, is the vector potential for the electromagnetic field. 


The most general form for the covariant derivative (linear connection) in 
a trivial bundle is 


V x¥(x)=(x, o(x)), 


'We often use the term “section” in place of “cross section.” 
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with 
p(x )=(Xp )(x) +o X p(x). 


Comparing this with the substitution from minimal coupling, we see that 
(a) the term Xq is given by (i/h)p,p= V ,, and (b) the function w( X )— 
that is, the one-form w evaluated on the vector field X—is given by the 
vector potential —ieA,,/he. 

It follows that the one-form w is given by 


= oe 


ine BH? 


and that the curvature two-form R is given by 


where F., is the electromagnetic field (E,B) expressed in tensor form. Note 
that this curvature is exact—that is, R=dw, since it is determined by a 
(global) vector potential. 

The Bianchi identity (dR=0) now implies the homogeneous set of 
Maxwell’s equations for the fields F,,. 

The probability interpretation of quantum mechanics accords with the 
Hermitian metric on the sections of these (trivial) bundles. 

We conclude that the usual quantum mechanical formulation of minimal 
coupling is correctly subsumed (as the trivial bundle) under the more 
general concept of a complex line bundle. The uniqueness theorem asserts 
that the trivial bundle, with the linear connection stated above, is the only 
complex line bundle with this particular electromagnetic field (curvature), 
provided that the region in question is simply connected. (The vector 
potential is, of course, determined only up to a gauge transformation.) 

The new interpretation then extends this description to the case where the 
complex line bundle is nontrivial and for which the vector potential is no 
longer globally definable. The concept of a linear connection (covariant 
derivative) is still meaningful, although no longer determined explicitly by a 
global vector potential, but only indirectly through the curvature condition. 
The coordinate-free formulation of minimal coupling, generalizing wave 
functions to sections in a complex line bundle, obviates the difficulty of 
nonphysical singularities (“Dirac string”) in earlier formulations of the 
magnetic monopole problem. 
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The magnetic monopole field is described by the two-form F=gQ, where 
g is the pole strength and is the two-form: 


VP Op Su eheucha 2 


In order to have a line bundle with the curvature R=ieF/hc, the 
existence theorem implies the condition 


i ek /2ahe SZ —<et of integers, 
S 


where S? is a sphere in R? centered at the origin. Introducing F=gQ and 
integrating over a surface surrounding the origin, one finds the following 
result: Line bundles with the desired curvature exist if and only if the pole 
strength obeys the Dirac quantization relation eg/hc=p, 2uEZ. 

Conversely, the existence theorem asserts that, for each integer 24€Z, 
there exists a unique line bundle with the curvature R= —ipQ. Let us 
denote these line bundles as L,,. 

Explicit construction. The discussion so far has been relatively abstract, 
and rather in the nature of a vocabulary exercise, in our effort to correlate 
mathematical and physical concepts. By using angular momentum tech- 
niques to implement these coordinate-free concepts, we shall now see 
explicitly the power, and practicality, of bundle concepts. 

The basic idea is to use quaternions to construct a fibering over the space 
RR? —(0) (physical three-space, with the origin— the position of the magnetic 
pole— deleted). We denote the four-dimensional vector space of quaternions 
by Q, the inner product in Q by ¢ , ), and an individual quaternion by q. 
Thus, in terms of an orthonormal basis of Q given by ep, e;, €, €3, we have 
(see Chapter 4, Sections 2 and 3, AMQP) 


3 
G=Qoeot Dd Geis 


i=] 


where the basis quaternions satisfy the multiplication rules 


Ce wee) ep. tee acy Clic leon 
er =—e€g = 2p, CnC) = 2/60. i=1,2,2. 


(The basis element e, is the multiplicative identity element.) The quaternion 
conjugate to q is denoted by g and is defined in terms of q by 


i) 
G@= eo — » qe ;- 


i=] 
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The subspace of quaternions orthogonal to ey (the space of pure quatern- 
ions) is identified, as a vector space, to be the physical space R?. Thus, an 
element of R? has the form x= xe, +x,e, +x3e3. 

Consider the set of nonzero quaternions Q—(0) and the map! IT from 
Q—(0) to the R? —(0) defined by I1(q)=qe3q. To verify that this map has 
the desired properties, note that II(¢)#0 whenever g#0, and that e, > ge,q 
is a rotation in R%. Alternatively, (e9, II(q))=0, so that IT(q) belongs to 
the space of pure quaternions. 

To verify that this map defines a fibration, note that q->gqe, with 
e(@) =e cos+e,; sing, ¢€[0,27], leaves II(q) unchanged. Thus, the fiber 
is the U(1) group (circle group S') with the action in Q@—(0) being right 
multiplication. 

Let us determine now the generator of this circle group and, accordingly, 
the vector field to which this generator corresponds. Consider the path 
a:[0,1]— Q that corresponds to the action q— ge. The derivative of this path 
evaluated at 6=0 defines the vector field V evaluated at the point q; that is, 
V,=qe3. Since II(q) is invariant to this action, the vector field V is called 
vertical, vector fields orthogonal to V are called horizontal and denoted by 
da Wins) Og SO a )e 

Note that in describing vector fields we have made use of the fact that 
any vector field on Q—(0) may be represented as a quaternion-valued 
function. Now to every vector field on R* —(0) there corresponds a unique 
horizontal vector field on Q—(0). To determine this correspondence ex- 
plicitly, we make use of the map II, differentiating the relation 


Corresponding to the vector field X, on R? —(0) along the direction e,, we 
obtain the horizontal vector field H, on Q—(0) given explicitly by 


H, = — X,qe; /2499, geO—(0). (*) 


3 
'More generally we have that ge,q=(4q) » R,,e,, where R=(R,,) is a proper orthogonal 


matrix with elements given explicitly by Eq. (3.396), AMQP (set x, =q,). Moreover, this result 
is just the quaternionic realization of the homomorphism between the groups SU(2) and $O(3) 
obtained from the isomorphism between unimodular quaternions and unimodular 2 <2 unitary 
matrices given by g/(qq)—> U. G/(qq) > U*, e110, (p12. 3) (sce a MOP Chapicn: 2: 
Section 5, and Note 3; Chapter 4, Section 3). Thus, ge,g is column 3 of the matrix 
(GG)Rt X= (249) 4193 + 4092)» X2 = (249) 4293 — Go)» Xs =( G4 G6 — 47 — G3 +43 [see Eq. 
(2.22), AMQP}. 
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More generally (see Helgason [22]) one can define the horizontal lift H of 
the vector field X by the derivative dII of the map I, using 


(411) A, =Xq,q). 


This results in Eq. (*), if we use the quaternion-valued functions to 
represent vector fields. 

The next step is to calculate the covariant derivative and the curvature 
two-form for this geometric structure. Conceptually there is no difficulty, 
since the covariant derivative is simply the ordinary derivative orthogonally 
projected onto the tangent space— that is, the horizontal components of the 
ordinary derivative. To calculate the curvature two-form, however, one must 
be aware of the distinction between the Lie bracket for vector fields and the 
commutator for quaternions. It is simplest, therefore, to revert to the 
language of derivative operators for vector fields on Q—(0). Denoting 
the quaternion g=q ey, + >, q;e; by the four vector q=(qo. 4), 47543). We 


find for the vector fields H (i= 2 3 irom Bon) hat 


= ) ) ) ) 
H,=(244 '|- — +435——-4~—+ a 
1= (249) 1294, 9394, 9094, 9g, 
= ) ) ) ) 
H,=(2qq | a Ee ie *|. 
SCE! Gig, oti tig, ahs 
= ) ) ) ) 
H,=(2qq ( ea a x]. 
BCE) | i ae eae VS arae 
The vertical vector field V corresponds to the operator 


ee eae ee ted 
V=(qq) [age tage age tage} 


It is straightforward now to calculate the Lie bracket of the vector fields 
H,, using the explicit operator realizations above. We summarize some of 
the details of this calculation, since the generators of the right translations, 
K,, introduced in Chapter 3, Note 4, AMOQP, enter into these commutators. 

If we define the differential operators A, by 


A, = (249 )H;, 
then we find the commutators of the A, to be 


[A;, Aj] =4ie, 


ijk 


Ky» 
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where the KH, (k=1,2,3) are defined by [see Eq. (3.389), AMQP] 
eo BN, oe 
219, age a | (gogo ua | 


with i, j, k cyclic in 1,2,3. These operators then satisfy the standard angular 
momentum commutation relations 


ts | Sie; Hy 
We next use the commutators 
[A,, 49 ]=2x;/qq, [A,.(q7) |]=-2x,/(aay’, 
where the coordinates (x,, X,, x3) in R? —(0) are determined from the map 
Il(q)=qe,q9= > x;e;, to obtain 
i 
[H,, H,)=2(4q) “[x,A,;—x,A, +2i(qq) X, | 


with 7, j,k cyclic in 1,2,3. Substitution of the A, and ‘K, into this result 
yields the desired commutator 


ebe H,| =e; 4¢( «4/20 )V. 


where we note that r= | Des: ) = qq, and 


V=(qq) (27K. 


Corresponding to this operator commutator, one has the Lie bracket for 
the vector fields: 


[| er, 727 
Recognizing that CijlX,/20°) is just the two-form { evaluated at the 


vector fields X,=0/dx; and Y,=0/dx,, one can express this result in a 
coordinate-free way (see Ref. [21]): 


Lele Hy] ,=32( X,Y) nV. (* « ) 


The equivariance condition, The construction sketched above (technically 
called the construction of the principal bundle) does not, by itself, suffice 
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for a coordinate-free description of the monopole problem. To accomplish 
this latter goal, it is necessary to do two things: (a) Construct complex line 
bundles associated to the principal bundle, and (b) implement the equivari- 
ance condition below (see Ref. [23], p. 406). 

The result of (a) 1s, in fact, the desired solution to the monopole problem, 
since sections in these associated complex line bundles are precisely the 
generalized wave functions that were to be obtained. 

The result of (b) is, however, of even more practical importance, since (as 
will be shown) the equivariance condition allows one to transfer the complex 
line bundle construction from R?*—(0) to the more amenable problem of 
constructing equivariant functions over Q—(0). One has more “freedom” in 
this larger space, and calculations are technically simpler. 

The first step in (a) is to represent the circle group S' of the fibers by the 
representations! ®, (characters) given by e(@) > e*'#*, Next one constructs 
the product space 2=(Q—(0)) XC and defines an action of S! in 2 by 


(6): 2=(q.2)-(4e(6). 22-2"), gE Q—(0), zEC. 


This action defines an equivalence relation in 2 given by (g,z)~ 
(ge(@), ze *'#*). The quotient manifold defined by this equivalence relation 
will be denoted by a =(Q—(0))X ,€ and the corresponding projection by 


«: 2=(Q-(0))X€ +(Q-(0)) x ,€. 


The manifold a is the desired line bundle over R* —(0), and the projection 
p onto the base-space R*—(0) is defined by the commutative mapping 
diagram: 


(Q-(0))x€—(Q—(0)) ,€ 
Il, p 


D0) — PO). 


(Here II, is projection onto the first factor, with II denoting the map 
defined earlier.) . 

The complex line bundle L, = ((Q—(0))x .£,,R° —(0)) is called the 
complex line bundle associated to the principal bundle (Q—(0), I1,R 3 —(0)) by 
the representation ®,. This completes task (a). . 

Turning to (b), we now define an equivariant function on Q—(0). A 
complex-valued function f on Q is called equivariant with respect to the 


'The occurrence of the factor 2 in these representations results from the conventional use of 
half-integers for spinorial representations. 
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representation ®, if f satisfies the condition 
HAGE) 2 i). qe Q-(0),e(g) ES". 


It will be recognized at once that this equivariance condition is just the 
usual symmetry condition expressed by (Tf )(Tx)=f(x). 

The importance of the equivariance condition is that there exists an 
isomorphism between the equivariant functions on Q—(0) and the associ- 
ated complex line bundles. To see this, consider a cross section o in the 
associated bundle L,. We can construct a function f,:Q—(0)-C by the 
assignment 


gas, (ola). 


where «, denotes the map x restricted to the point g. Note that the map Kk So 
restricted defines an isomorphism on the fibers; that is, 


J 


Kg:€ Sp" '(II(4)), q=Q-(0). 


The function f, is equivariant, since (by the equivalence relation) «,,= 


eu ee e 
Conversely, every equivariant function defines a unique cross section of 


the bundle L,. Thus, as discussed in detail in Ref. [23. p. 406], there exists an 
isomorphism K from the cross sections in L, to the equivariant functions in 
Q—(0). 

By means of the isomorphism %, the construction of a covariant deriva- 
tive in the associated line bundles L, becomes conceptually easy. Letting X 
denote a vector field on R* —(0), we can obtain the horizontal vector field 
Hy on Q—(0). Then, if o denotes a section in Zewe haves tiemlinear 
connection 


V yoHK EL Sa 


To compute the curvature two-form, we let ¥ and Y be constant vector 
fields on R? —(0). Then, since 7 Lx. v) =9, we have 


IO OS Co = 70 ou, 


Using the isomorphism SK, we may express these relations in terms of 
equivariant functions, f=‘ko, instead of sections. One finds 


RX \o a wal eee eae 
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Using Eq. (* *) for this Lie bracket, and noting that the equivariance 
condition implies , f= —2iuf, we obtain 


Re = SIG a. 


This, in turn, implies (since o was arbitrary) that the curvature two-form R 
satisfies the relation R= —ipQ as required for the physical interpretation of 
the curvature as the electromagnetic field of a (stationary) monopole of pole 
strength g=phc /e. 

To complete the quantum mechanics, let us note that if 0; and o, are any 
two cross sections in L,,, then the complex-valued functions on Q—(0) given 
By 7, = ~'o, (i=1,2) have a Hermitian metric defined by 


A(q)Alq)=o1,%),(11(4)), 


which, because of the equivariance condition, is independent of the choice of 
q in the fiber lying over I1(q) in R* —(0). 

Application to the quantum mechanical monopole problem. The concepts 
and techniques that have been developed so far will, no doubt, seem rather 
complicated to a physicist; we hope, however, that the specific application 
to be discussed below will clarify these ideas so that they will appear more 
natural. For the monopole problem (as discussed earlier in this topic) we 
have the time-independent Schrédinger equation: 


E¥=(2m,) | > 27. (* * *) 


i=] 


Here 7, denotes the kinetic momentum, which (for exact fields) is given by 
m,=p,—(e/c)A;. In the monopole case the operator 7, represents the 
covariant derivative in the direction of the vector field 0/0x,. Recall that ¥ 
is no longer a function (wave function), but is now to be regarded as a 
section in a complex line bundle L,. 

The isomorphism “ between the cross sections in L, and the equivariant 
functions on Q makes it possible now to effect a great simplification in 
solving the Schrédinger equation. If we apply the isomorphism ‘i to both 
sides of Eq. (« * *) and denote KV by g,, we obtain 


a 
EQ,= — Fim, 2 HGH: Co.) 


where H, is now an ordinary derivative in the direction of the horizontal lift. 
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The differential operators H, have been explicitly calculated earlier. The 
great advantage of this step is that we are dealing now with ordinary 
complex-valued functions, which have, as we shall see, been extensively 
studied in Chapter 3, AMQP (see, in particular, Note 4). The function g, is 
equivariant, so that p,(qe)=e Bao a): where €(¢)=e,)cos¢+e,sing. The 
quantal probability density is @,P,, So that (as mentioned earlier) for 
equivariant functions this is a probability for physical space, depending only 
on x=II(q)=MH (ge). 

To solve the Schrédinger equation for @,, we separate variables, writing ©, 
as a product of a radial and angular function, 


MQ) =R(r) SAG), 


where r= qq is the radius in physical space, and /, is an equivariant function 
over the unimodular quaternion g=q/|lq\||. From Chapter 4, Sections 2 and 
3, AMQP, we recognize that the unimodular quaternions are, as a manifold, 
the group manifold of SU(2). Moreover, as a carrier space, functions 
defined on the unimodular quaternions carry representations of the direct 
product group SU(2)X SU(2), realized by the left and right translations 
(Chapter 3, Note 4, AMQP). 

Thus, with reference to previous discussions, we may immediately choose 
the SU(2) representation functions D/*_ ,() as a basis for the equivariant 
functions /,. (This result is apparent from the explicit differential operator 
realization ‘of D3 H? obtained below.) The equivariance condition is realized 


by right translations in the 3-direction (generator ‘k). The physical angular 
momentum ¢$=(4,,4,,4,) is realized by the generators of the left trans- 
lations (see Chapter 3, Note 4, AMQP). 

To complete the solution of the Schrédinger equation for g,- we calculate 
the explicit operator 2, Hi; °. Using the differential operator realizations of 


the H, and of V=2i(qq)'K, =2iK,(qq)~', we find that 


where p=(qqy =r denotes the radial distance in four-space, and V3 
denotes the four-space Laplacian 
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The Laplacian A is, however, related to the total angular momentum 
operator’ ¢* by 


PHH?=— te VET Ho 
where 24, is the Euler operator given by 


0 


5) 
= he 
: v=0 04, 


Using this result in the expression for > H?, we now obtain 


I 


DH =0 “(46 +ho-¥ +H). 


i=] 


It is apparent from this result and the eigenfunction properties 


ID AG) Uo, ak ¢ Di*_,(q)=/Dz*_, (a), 


that the Schrédinger equation (* * * *) will be satisfied by product func- 
tions of the form 


9,(q)=F(p)Dj*_.,(a)=0%F()Di*_,(G)=R(r ) Davy (4); 


where r=p* and R(r)=r/F( r). The action of §, on ,(q) is the same as that 
of rd/dr, so that we may write 


Nee sd 2 2 
ae SP (= | Se —K2) : 


What is remarkable about this result is that the radial and angular 
operator >, H?—an operator in the four-dimensional space Q—(0)— 


i 
becomes precisely (with no extraneous numerical or algebraic factors) the 


'The generators ¢=(4,. 4,43) of left translations and the generators WS (ay ie ty) ol 
right translations are related by —Kj= Dr Pan where (R,,) is the orthogonal 


I t ns 
matrix discussed in the footnote on p. 232. This result, the property Sas Si let: as well as the 
explicit actions of these generators on the SU(2) representation functions have been diseussed 
in detail in Chapter 3, Note 4, AMQP. 
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radial and angular operators of the three-dimensional Laplacian, modified 
only by the angular momentum term K;/r? > ?/r? of the electromagnetic 
field. 

Making the replacements $? ~j(j+1) and KH? —p?, we obtain the radial 
equation 


Ld od AGH) =H _ ImokE 
re ar? dr r2 h2 


This is just the radial equation for the spherical Bessel function found 
previously [Eq. (5.2.24)]. The angular eigenfunctions are the S U(2) represen- 
tation functions discussed above. 

We have thus found the complete set of equivariant eigenfunctions on the 
space Q—(Q). In summary, these functions are 


(CE, jm; q)=(kp?) “I(kp?)DJ*_,(9), k= (2m E/h?)?,  E>0, 


where A= 3[(2+1)?—4y?}?, and for specified p the values that j and m 


may assume are j=|p|,|u|+1,||+2,...; m=, J\iges =]. 


Remark. It is of interest to note that in this formulation the electromag- 
netic field angular momentum p and the total angular momentum projection 
m appear simply as the components J, ~ p and {,—m of the right and left 
translations in quaternion space. Accordingly, the two angular quantum 
numbers clearly play a symmetric role. In the formulation based on elgen- 
sections, the symmetry between these quantum numbers is apparent in the 
final answer but otherwise unexplained (as noted by Wu and Yang). The 
quaternionic formulation has the merit of making this symmetry apparent. 

Relation to the previous formulation. We shall now show the complete 
equivalence of this abstract formulation to the previous (physically oriented) 
treatment of the magnetic monopole problem. To do so, we must introduce 
coordinates into this bundle formulation. [A coordinatization of a bundle is 
also described as a local trivialization (see discussion, p. 228)]. For the case 
at hand, we can introduce coordinates in two steps: We first coordinatize 
the principal bundle, and then we apply this to the associated bundles Hh 

To coordinatize the principal bundle we introduce (just as in the earlier 


discussion) two sections. Let x= » x;e; denote a point in physical three- 
i 
space. Then the (upper) section o defines a point in Q by 


(Il lle, le om 
Ae mec aie | tee) a eer €9 — Xe, FX \e5}. 
[2(iixil-+x5)]? ge te) rs 
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This mapping o,:x—g is well-defined for all points x in R®* for which 
|x || +x, 40; that is, for all x except those on the line 0=a (“Dirac string”), 
where 6 is the polar angle of x. This is the set of points in R® denoted by R,, 
(for 6=2/2) in Eq. (5.2.30). Similarly, the (lower) section o_ defines a point 
in Q by 


o.(x)=0,(—x)e,= Biv) [xyegt(r—x3 ep +x763]. 


This map is defined for all points in R? for which r—x, #0—that is, for all 
points x except those on the line 9=0. This is the set of points in R® 
denoted by R, (for 8=7/2) in Eq. (5.2.30). Clearly, R, UR, =R? —(0), as 
required. Moreover, in the overlap region R,R,, we have the transition 
relation 


o_(x)=0,(x)(x,e9 +x 25 Wiest +x2)', 


this result being verified directly from the definitions of o (x). It follows 
from this result that the two sections o,(x) and o_(x) differ by a rotation 
in the “vertical direction” (generated by ‘,); stated otherwise, they differ 
by a gauge transformation. 

Using the map II(q)=ge3g from Q—(0) to R* —(0), we find that 


I(o.(x))=x. 


Thus, for each x ER? that belongs to the domain of definition of o, and 
o_, the quaternions o,(x) and o_(x) are mapped to x by I. In particular, 
if we parametrize x €R° in terms of spherical coordinates 


x=(rsin 6cos %, rsin@sin , rcos@ ), 


then the corresponding quaternions o.. are given by 


1 0 ae re 
o,(x)=r cos5 eg —sin5 sine, +sin7 cos ¢ e : 


o_(x)=r [cos cos e, +sinSe, +eos5 singe, ). 

In order to relate these results to the Euler angle parametrization of the 
SU(2) representation functions, we need to parametrize a general quatern- 
ion g€Q in terms of Euler angles. This parametrization is obtained by using 
the isomorphism, SU(2)— Q, between the set of 22 unimodular unitary 
matrices and the set of 22 unimodular quaternions, Q. Thus, using 


U(aBy)=e —iae3/2,—iBo,/29 —iys3/2 
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and the map o)— ep, o,—>te,{ j=1,2,3), we find [see Eqs. (2.27), (2.40), and 
(3.133) in AMQP] 


U( aby) 9q(eBy)/r 
= (cos$eq +sin5e; (cose, +sinb e, (cose +sin} e, 


ee en 
=cos'5 cosy (y ta)eg +sin> sin> (y a)e, 


ee ee ee 
+ sin > cos 5 (=a Je. cos 7 Sins (7 ew 

Recalling that the polar angles (@@) coincide with the Euler angles (Ba), 
we see that the quaternions (sections) o .(x) are parametrized in terms of 
Euler angles by 


0.{x)=4($,6,—$), 
o_(x)=q($.0.¢). 


To complete the coordinatization, we consider the equivariant functions, 
Raa: which constitute the solutions to the problem. Since the 
radial functions are identical to those found earlier, only the angular 
functions need to be considered here. 

It is clear that the angular eigensections calculated earlier are just the 
composition of the two maps o.:%>@ and Die q-C—that is, 
Doe Written explicitly, the angular eigensections are Do 3): 
Using o . (x)=q(¢, 9, =@) and the fact that the domains of definition of o, 
and o_ are R, and R,, respectively, we see that the eigenkets Dace ea)) 
are exactly those of Eqs. (5.2.67). 

The conceptual advantage of using coordinate-free methods is evident, 
but it is also clear that coordinate-free methods have calculational ad- 
vantages as well, as, for example, in the use of equivariant functions over Q, 
which allowed a uniform treatment without any joining conditions. 
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Topic 3. A MINIMAL REALIZATION OF ANGULAR MOMENTUM 
STATES: THE SYMPLECTON 


Preliminary Remarks 


In order to contrast the differences between the standard (Jordan— 


Schwinger) boson operator realization of angular momentum (operators and 
state vectors) and the realization to be developed in this section,!? let us 


'This seetion is based on the work of Ref. [1]. 
2There is still another “nonstandard” boson realization. This is diseussed in Note 1. 
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begin with a few observations on the nature of the standard realization 
(developed in detail in Chapter 5 of AMQP). 

(1) The Jordan—Schwinger realization [Eq. (5.3.3) below], defined in terms 
of a single boson a=(a,, a) having two (abstractly equivalent) states, is a 
“primitive” realization of the generators of SU(2), in the sense that U(2), as 
opposed to SU(2), is impossible. (This is clearly so, since the necessary 
antisymmetric structures vanish identically.) 

(2) The state vectors in this realization, however, are clearly not conjuga- 
tion symmetric, since the boson rule a,|0)=0 constitutes a distinguished 
role for the conjugate boson operators. [This remark may seem paradoxical, 
since the group SU(2) itself has conjugation as an inner automorphism. The 
resolution lies in the observation that to achieve this symmetry one requires, 
in addition to conjugation, an interchange of bra and ket vectors.] 

(3) The Jordan—Schwinger realization is not, however, minimal in the 
sense that the largest algebra one can construct, which is quadratic in the 
boson operators and their conjugates, is not the algebra of SU(2), but that 
of Sp(4) (using the compact real form), the symplectic group in four 
dimensions. 

(4) The existence of the Wigner—Eckart theorem can be traced to the 
existence of an isomorphism between operators and state vectors under 
transformation by the generators J, (i= 1,2, 3). 

To see how this comes about, let us be fully explicit about the transforma- 
tion rules. For operators, © [defined, say, as polynomials over (a;,a,;) with 
complex (numerical) scalars], the transformation rule is the familiar commu- 
tation operation: 


J(0)=[J,, 9]. (5.3.1) 
For state vectors, v=|v), one uses a different rule: 
I(r) =J»). (5.3.2) 


The generators for (infinitesimal) rotations are taken, as in Chapter 2, to 
be the realization 


One notes that these generators all have a destruction operator on the 
right; moreover, every vector » may be written as |») =A,|0), where A, is a 


polynomial over the a; only. It follows that the transformation law for vectors 
is formally identical to that for operators: that 1S, 


J(v)=J,|»)=J,A,|0)=[J,, A, ]]0). (5.3.4) 


The operator-state vector isomorphism is evident, 
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We have emphasized these properties of the Jordan—Schwinger realiza- 
tion only to make it evident that these properties depend in an essential way 
on the validity of the boson postulate a;\0) =0. 


2. The Symplecton Realization of SU(2) 


We wish to demonstrate that there exists another realization of the 
generators of SU(2) that is minimal and primitive in the sense used above. 

Consider a single boson operator, a, and its conjugate a, obeying the 
commutation relation, [a@, a}=1, all other commutators being zero. We may 
realize the generators of SU(2) by 


J,>—4a?, (a ae J, 74 (aa+da). (GES) 


It is easily verified’ that this realization satisfies the desired commutation 
relations: 


tae (eee (5.3.6) 


Since we wish to impose a formal symmetry between a and a (this is the 
meaning denoted by the term “symplecton’’), we cannot define the usual 
vacuum ket. Instead we define a formal ket, | ), and seek to interpret both 
a| ) and a| ) as nonvanishing vectors. 

Operators in this structure will be defined as polynomials over (a, @) with 
complex numbers as scalars. State vectors will be defined as operators 
multiplied on the right by the basic formal ket; that is, 


re =6, |). (Gusa) 


where v is a vector, and ©, is the operator associated with the vector v. This 
establishes the desired operator—state vector isomorphism. The action of the 
generators J is defined as commutation on the relevant operator. 

The crucial question now concerns the definition of an inner product in 
order to convert this structure into a Hilbert space. But first let us attempt 
to motivate our definition. 

Consider the vector a| }. It is reasonable to associate with this the bra 
vector ¢ |a@, where ¢ | denotes the basic formal bra; this leads to the 
numeric, ¢ |Ga| ), which we must now interpret. Writing aa as the sum 


ada=4(aat+aa)+4[4, a}, seers) 
we note that the first term is just 2J,; it is reasonable to associate this first 


'The minus sign (for J) is essential. This choice of phases will be discussed below. 
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term with angular momentum j= 1, m=0. The second term, 4[4, a], gives 4 
and is the scalar (j=m=0) part of da. Accordingly, we interpret the 
operation ¢ |(...)| ) to mean: Take only the j=0 part of the expression (...). 
This rule thus assigns 5 to the vector a| ). 

Proceeding next to the vector a| ), one finds that the j=O part of ad is 
— 7, So that the rule above associates —+ to the vector @| ). This result 
motivates the second rule: The adjoint operation, denoted adj, on the pair of 
bosons is defined by 


adj:(a,@)—>(a, —a). (5.3.9) 


Accordingly, the vector that is adjoint (or dual) to the vector a| ) is 
( \(~a), and the j=0 part of —aa@ is 4, thus associating 4} to the vector 
A | _ | ; 

In order to arrive at the general definition of an inner product, we first 
define the adjoint operation, adj, on an arbitrary polynomial: 


adj: P(a,a)— P*(a, —a)=P*4i(a, a), Geo) 


where P* is the polynomial obtained from P by complex conjugating the 
numerical coefficients. [For example, if P(a,@)=aaa* + Baa, a, BEC, 
then P*(a, @)=a*aa* + B*a7G.] The vector that is dual to P(a, @)| ) is then 
Ceara). 

Let us now give the definition of the inner product of two vectors: 


|P)=P(a.@)| ) and [2 = Paya) soe 


where P and P’ are arbitrary polynomials in the bosons a and a. The inner 
product of the vectors |P) and | P’) is denoted by (P|P’). By definition, 
the inner product is the mapping from the set of pairs of polynomials, 
{(P, P’)}, to the set of complex numbers C given by (P, P')>(P|P’)3C, 
where 


CNS Eo) aa) 
=the j=0 part of the polynomial P*4(a, 7) P’(a, @). 
(5.3.12) 


This definition of inner product is the one suggested by our example 
above, but, to be fully explicit, we must demonstrate how this result is to be 
implemented, and, furthermore, that (P|P’) does indeed possess the prop- 
erties required of an inner product. 

To carry out this step, we first classify the set of all polynomials P(a,a) 
by their properties with respect to the generators J, so that the operation 
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defined on the right-hand side of Eq. (5.3.12) is explicit. The necessary 
results for doing this are given in Appendices A, B, and C, where the 
following three properties are proved: 

(1) The space of all polynomials in a and @ contains characteristic 
eigenpolynomials 9.” (j=0,4,1,...,.m=j, j—1,...,—j) that satisfy standard 
relations under commutation with J: 


[J i 9," = [( j=m)( j+m+ eae — 
Cee (5318) 


(2) The characteristic polynomials in the set CS satisfy the multiplica- 
tion law: 


a+b 
7S 2 ; (cla|by CP, 4 RETF, (5.3.14) 
where 
(clal[b)=(2c+1) ?V(abc), (Souls) 
at+b+c+1)! 2 
V (abe) = ) (5.3.16) 


(2a) Gee ae (eet ie 


(3) The characteristic polynomials in the set {9": j=0,5,1,...3 m=j, 


jJ—\l,..., jy} are a basis of the space of all polynomials in a and a: 
J 
2 ae i, St. (S301) 
j m=-j 


It is important to remark that the results (1)—(3) are proved without using 
the existence of an inner product. [Further properties of these polynomials 
and the symplecton realization of SU(2) are discussed in Notes 2 and 3.] 

The expansion property (5.3.17) implies that the complex number defined 
on the right-hand side of Eq. (5.3.12) exists and is unique. 

It is useful to express the complex number ¢P|P") in an alternative form. 
If we express P in the form (5.3.17) and similarly express P’, then we find 


CAE = See (5.3.18) 


jm 


[The proof of this result follows from the product law (5.3.14) and the 
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property of the adjoint characteristic eigenpolynomial given by 
pm \adj __ i—M oy —m 
(o") =" ae (5.3.19) 


This property of the eigenpolynomials may itself be proved by applying the 
adj operation to Eqs. (5.3.13), using the properties of the generators given 
by 


peasy, jMeas,. i (5-20) 


Since the eigenpolynomials that satisfy Eqs. (5.3.13) are unique up to overall 
normalization, one finds that relation (5.3.19) must be correct up to a 
multiplicative constant depending only on j. Since (9/)*4 = 2 © inercon: 
stant is unity. ] 

Using Eq. (5.3.18) for the complex number (P|P’), one now may verify 
the usual properties of an inner product. 

The basis vector | jm) is defined by 


ya (aa )\e (232210) 
The action of the generators J on this basis is then SiVenuDy Ee qs(5.3.4 ras 
Jj jm) =[J.9"]| >. (3222) 
Using Eqs. (5.3.13), one now finds that J has the standard action on the 
basis | jm). Moreover, one may prove that J is a Hermitian operator 


on the Hilbert space of all polynomial vectors {|P)}, when equipped with 
the inner product (5.3.12). Correspondingly, the set of vectors 


{|jm): j=0,4,...3m=j, j-1,...,-/) (523,23)) 


is an orthonormal basis of this space. 
Some examples of the basis vectors | jm) may be useful at this point:! 


jJ=9, m=0 |(0,05=| ), (0,0/=¢ |; 
j=},  m=4, — [4,d= 2a] y, 2l=¢ (a2, 
m=—}, |-s)=~aly =H =¢ jay): 
j=l, m=1, 1,1)=y2a?| y, 
m=0, |1,0)=(aa+aa)| ), 


eee = See), 
(5.3.24) 


'Note the curious fact that the normalization for both a and a? is y2. 
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This last set of eigenvectors, for 7=1, can be compared with the genera- 
tors, Eq. (5.3.5); differences in both phase and normalization will be noted, 
the latter being unimportant. The phase differences are, however, rather 
more subtle and correspond to the necessary phase changes between opera- 
tors and vectors that are characteristic of the standard (Condon— Shortley— 
Wigner) phase convention for the matrix realization of the Wigner opera- 
tors. It is a necessary (and troublesome) consequence of our use of the 
standard phase convention that there is now a possible distinction intro- 
duced between the two concepts “operators viewed as operators” and 
“operators viewed as creating state vectors.” The j=1 case just mentioned is 
a clear example where this possibility is realized. We avoid this possible 
confusion by restricting the product law to apply to operators phased to accord 
with their role in creating state vectors [see Eg. (5.3.21)]. That this is a 
consistent convention can be proved by direct computation. 

It should be obvious now that this “symplecton calculus” makes essential 
use of polynomials that are completely symmetrized in the variables a and 
a. 


Remarks. (a) The product law (5.3.14) as applied to the definition of the 
inner product verifies the conclusions drawn earlier. In particular (to 
repeat), the j=0 part of the product of two eigenpolynomials vanishes 
unless a=b and a= — £8. Moreover, there is an associated phase, (—1)*-“%, 
verifying the rule for the adjoint operation. (These results are consequences 
of the properties of the Wigner coefficient.) The explicit definitions of the 
various numerical factors verify that the actual magnitude (when a=b, a= 
— B, and using the adjoint operation) is +1. 

(b) The existence of this product relation demonstrates explicitly that we 
have constructed a minimal primitive realization of the group SU(2), which 
is inherently conjugation symmetric. 

(c) The preceding method of introducing an inner product makes crucial 
use of the existence of the set of eigenpolynomials {%/": j=0,3,1,...;m= 
j,J—1,..., js}, the multiplication rule (5.3.14), and the expansion theorem 
(5.3.17). All this may be avoided by introducing an inner product directly in 
terms of two arbitrary polynomials P and P’. We have not followed this 
(basis-independent) procedure at the outset because it appears quite ad hoc. 
For completeness, however, we state this general definition of the inner 
product in terms of the coefficients c,,, appearing in the form P given by Eq. 
(C.2) in Appendix C: 


Gee — Sn eee | ict cay 2) * (5.3.25) 
kk 


This result may be proved by using the coefficients of Eq. (C.5) in Eq. 
(5.3.18) and carrying out the summation over /. 
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(d) An advantage in introducing the inner product (5.3.25) at the outset 
would be that the splitting of the space of all polynomials in a and @ into 
characteristic multiplets (F": j=0,3,1,...;m=j, j—1,..., —j} is then im- 
plied by the standard multiplet construction (see Chapter 3, Section 3 and 
Note 9, AMQP). One need then only prove that each oe G0 
is unique to obtain the entire multiplet structure of the space— see 
Appendix A. 

(e) The triangle function, (abc), which occurs in the product law, has 
gratifyingly simple properties: It is a function defined symmetrically on 
three “lengths” or “sides”—a, b, c—which (from the properties of the 
factorial function) vanishes unless the triangle conditions (that the sum of 
any two sides equals or exceeds the third side) are fulfilled. The present 
realization of angular momentum yields the triangle rule of vector addition 
in a particularly graphic way! 

(f) The triangle function has been introduced earlier in angular momen- 
tum, but on the grounds of convenience (and, of course, symmetry) in 
dealing with certain frequently occurring normalizations. Actually, as the 
proposition shows, the original definition was “upside down” (1/A corre- 
sponded to what we here call v7). 

(g) Let us note that the product law has, as an easy consequence, the fact 
that the triangle function obeys the following transformation law (see 
Appendix B): 


V (acf )Vv (bdf )=(2f+1) 5 Vv (abe) v (cde) W(abed:ef ). (523.26) 


That the Racah function appears in yet another role is interesting, but that 
it should appear as a sort of “tetrahedral” function “coupling” the triangles 
by pairs is rather appealing. 

(1) Consider the square of the operator J, — that is, the operator 


NW eS 5 (Ge 6307) 


i= 


One readily sees that J*, far from being j( j+1), is simply the number — i. 
But, of course, there is no problem for the present realization: The operator 
J? is properly to be interpreted as the double commutator: 


PO)=TICGO))=T[4.8]] ). (5.3.28) 


(7) It is clear also that one can extend this structure by adjoining 
additional symplectons. That is, one considers a symplecton having n 
“internal” states a,, a5,..., a, and their conjugates a), @,...., a,,. Just as the 
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adjunction of a boson with n “internal” states suffices to realize SU(n), 
imposing the boson rule @,|0)=0, so does an n-state symplecton suffice to 
realize the structure Sp(2n). [Recall that SU(2) and Sp(2) are isomorphic 
groups.] It is the particular merit of the product law (5.3.14) that it enables 
one to reduce all questions in Sp(2n) to mere calculation, just as the 
Jordan—Schwinger realization similarly reduced SU(n) questions to direct 
computation. (The symplecton calculus has been studied further by 
Mukunda [2].) 


3. Notes 


1. Nonstandard realization of the generators of SU(2). Holstein and 
Primakoff [3] have given a realization of the angular momentum commuta- 
tion relations in the form 


J,2(Q2S-N)'a,  J_>a(2S—NY', 
J, = SSN. 


where N is the number operator, N=aa, and 2S is a nonnegative integer. (It 
is easily verified from the boson commutation relation [@,a]=1 that the 
angular momentum commutation relations are satisfied.) 

Since this realization is achieved with only a single boson operator (and 
its conjugate), one might— at first glance— consider this realization to be an 
alternative to the symplecton realization. This would not be correct, how- 
ever, since the Holstein- Primakoff realization is confined, by construction, 
to a single irrep j=S. 

In actual applications the Holstein—Primakoff realization is the first step 
in an expansion for large S, and as such, has been the prototypical example 
for constructing model Hamiltonians, using boson operators. (A recent 
example is the discussion of the Iachello-Arima nuclear model by Klein 
and Valliéres [4)]). 

In the large S limit, this realization takes the form: 


1 


QS) J,2%, (2S)"_sa, S~%,-1. 


One recognizes from these results that the commutation relations for the 
limiting operators are those of the Heisenberg group: [a, a]=1, [a,1]=[a, 1] 
=0. In other words, the Holstein— Primakoff realization is tailored to effect 
the group contraction: SU(2)— Heisenberg group. [Expressed in this way, 
one sees that this construction can be generalized: Okubo [5], for example, 
has given a direct generalization for totally symmetric irreps, [m,,0---O] in 
SU(n), taking m,, large. More generally, the pattern calculus allows one to 
eilecigimesseduence ol Himitsin > co, then mj) ),— —6o,.... The ex- 
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tended patterns of Chapter 4 arise in just this way from SU(3); a further 
limit is discussed on p. 117.] 


2. Further properties of the eigenpolynomials. The eigenpolynomials ae 
satisfy several additional properties that are useful. These relations include 
(see Ref. [1]) the following: 

Generating function. The polynomials oie may be generated by expanding 
the form 


(Sa+na)”=[(2j)!/2] D®,,,(60)9"(a,z), (5.3.29) 


where ®,,, are the familiar angular momentum eigenvectors defined on the 


components ({, 7) of an arbitrary spinor: 


AS armani" [( jm) j—m)!]. (6330) 


Transformation property. For each UG SU(2) given by 


fn 4p 
u= (i fal (5.3.31) 


we have the following transformation property of the eigenpolynomials ee 


F(a", a) = B Dim OF" (a, 2), (5.3.32) 
where 
a’ =uyatuy a, @ =a eae (5.3.33) 


Observe that this transformation leaves the commutation relations in- 
variant: 


[a’,a’]=[a,a]=1. (5.3.34) 


3. The symplecton algebra as a semisimple graded Lie algebra. The sym- 
plecton realization is a prototype (Ref. [6]) for a large class of semisimple 
graded Lie algebras (GLA) (see Corwin er al. [7]). 

Let us recall the formal definition of a GLA. One has a graded vector 
Space, L= = L,; that is, L is a vector space, whose elements are finite 


direct sums of components lying in the vector spaces L,, and the index k 
(taken to be an integer here) belongs to a finite abelian group. Then L is a 
graded Lie algebra if we have a bilinear map (Corwin et al. [7], Scheunert 
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[8}) [L, L]—L such that 


PNT, (5.3.35) 
[x, y]=(-1)"""[y. x]. (5.3.36) 
lea lby z||= les it Z| We oles All|, (Shear) 


where xEL,, yEL,. It is clear from Eq. (5.3.36) that both commutators and 
anticommutators will enter the general case. 

It is not difficult to check now the defining properties (5.3.35)—(5.3.37), 
above, and verify that the symplecton structure is indeed a GLA. Denoting 
a general element by x=3x,,7", X,,€C, we see that the {x} have the 
algebraic structure of a ring equipped with a norm and an involution, the 
adj operation adj: x > x*) = $) x* (—1)*-*9—*. (Note, however, that we do 


aa 
not have a Banach algebra.) To carry out the verification, one first splits the 
eigenpolynomials into the two classes, integer and half-integer; that is, we 
grade the space L={x} by the two-element group Z,: 


EL), Ly ={x= DX qoP*: a Eintegers}, 
L, ={x= Dx, 0%": a€half-integers}. (Gs338) 


The product [x, y] is then defined to be 
bere (ae xEl,, yEL,, (5.3.39) 


for k, /=0 or 1, where xy denotes the symplecton product obtained from the 
product given by Eq. (5.3.14) for the basis elements. It is clear that all 
requirements for a GLA are verified. 

It is probably not too surprising that angular momentum theory is rich 
enough in structure to define a GLA, since after all the fermion—boson split 
is Closely related to angular momentum. In fact, the use of a single boson in 
this construction is nothing else than the use of the Heisenberg group to 
define a (two-dimensional) symplectic space Sp(2). If we consider n bosons, 
then the group-theoretic properties of the Wigner coefficients guarantee that 
the symplecton structure generalizes to Sp(2n). This is the conclusion of 
Pais and Rittenberg [9], who show that a general class of semisimple GLA 
are found in this way. 

Physical applications of GLA— to define “‘supersymmetries” and “‘super- 
gauges” — were given by Wess and Zumino [10] and by Volkov and Soroka 


[11]. 
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4. Appendices 


A. DEFINITION OF THE CHARACTERISTIC EIGENPOLYNOMIALS a 
In this Appendix we determine the characteristic eigenpolynomials ae up 
to normalization directly without using an inner product. [This is essential to 
the procedure used in Section 2, since the definition of inner product given 
by Eq. (5.3.12) makes crucial use of the properties of these polynomials. ] 
One finds that the unique polynomial solution to the two equations 


|e fl =O). en sae J integral or half-integral 
(A.1) 
is 

sp J 7 \= 2j 

G/(a,a)=a,a*/, a, EC (A.2) 
for ;=0,3,1,.... We now define a by 

ae on (jt+m)! 2 a ee 
a; (.a)=|_ pr Ge) (A.3) 


where m=/, j—1,.... 
Carrying out the (j7—m) commutations with J_ =a’/2 yields the explicit 
result 


do nas oe a) 2 ai Sqitm a 
oF (4,a)= Dea Ea » amo) Ge) 


Since P/(a,@)=a,a*) and [J_, P/]=0, it follows directly from the 
definition (A.3) and the commutator properties (5.3.6) of the generators that 
the °,” satisfy Eqs. (5.3.13). Conversely, ”" given by Eq. (A.4) is the unique 
solution to Eqs. (5.3.13). 

The complex number a, 1s arbitrary in Eq. (A.4). These polynomials with 
arbitrary @, will satisfy a multiplication rule (5.3.14) in which (cla|b) is 
replaced by 


(2a)1(2b )!22¢ |? 
PE DEEN OR SRN 


aa, 
- cat} 


In order to assign the number a;, We anticipate here the normalization rule 
given by Eq. (5.3.12) and the multiplication rule (5.3.14): The j=0 part of 
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Co. =(- 1) I Ng is given by 


Ef Aa a (a) (2A)! 
(0) i) sy (—1y-mcyo_,, -= Au OI) 
0 oes oe Cn! 
We choose 
a= Peal: (A.5) 


so that the polynomial ae will be normalized to unity in the sense of Eq. 
(Soul): 


B. MULTIPLICATION LAW FoR THE EIGENPOLYNOMIALS ae 
The most economical proof of the product law uses induction. It is crucial 
to the proof to establish the important special case 


SDE ODE NC a ws (B.1) 


To establish this result, we first invert it: 


Cr oC, eas (B.2) 
B 


»Y-B,Y 
We next form the commutator of Eq. (B.2) with J_, using the general 
property 
[s_, 92] =[(d+8)(d—-8 +1) 92! (B.3) 


(This property follows from the definition of the a given in Appendix A.) 
The resulting equation is then reduced to the form of Eq. (B.2), with y now 
replaced by y—1, by using the explicit spin-} Wigner coefficients. Thus, if 
Eq. (B.2) is correct for y, it is correct for y—1. Its general validity then 
follows by induction (on y) upon demonstrating it to be correct for y=c 
(there are two cases, b=c—4 and b=c+3): 


eo, (B.4) 
Ce Gps Boas ta—teets 
Ce GES ae a ai 
Equation (B.4) is trivially verified, while Eq. (B.5) is seen to be the relation 


(Cee Ga |aa || 2(204 laa" 
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which is also observed to be correct. Thus, Eqs. (B.4) and (B.5) are correct, 
and the general relation, Eq. (B.2), and hence Eq. (B.1), is proved. 

Next, let us prove the general results, Eqs. (5.3.14)—(5.3.16). Assume that 
these results have been proved for general 5 and all indices 0,4,1,..., a. We 
must prove that the results also hold for a+ 4. We start with Eq. (B.2) in the 
form 


a@,e—a,e a 


CANES = Cra outa (B.6) 


This result is now multiplied from the right by ae, and the product 
PF *(P*98) appearing in the right-hand side is expanded as follows: First, 
we expand P98. using the assumed validity of Eq. (5.3.14) for general b 


a 


and all indices 0,4,..., a; second, we use the general validity of Eq. (B.1) to 
expand the product of Pi “ and the ®**# occurring in the product ee 
The result is : 


(2a+1)°S5, PP= DPE (clalb)(2e+1)! 
d c 


b “4d ga+4 
| 2 aera = aces 
a 
The sum over a is just 


[(2e+1)(2a+2)]'W(b, a, 4,4; cat} Cher 


Furthermore, the identity 


2at+2)3 
(d|a+ $16)= ¥ (claloy(2e+1) (S225) W(b,a.d.4;c,a+4) 


(B.8) 


follows directly from the explicit algebraic forms of the W-coefficients. 
Equation (B.7) thus reduces to 


PE PP = » Cee en. Ge (B.9) 
which is just the result, Eq. (5.3.14), for a replaced by a+ +. The induction 
loop has closed, and the general validity of the product law is proved. 

The product law can be inverted: 


YBa Wa b 


(elalb So = Siero asa (B.10) 
B 
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In this form, the result appears as a standard coupling of two irreducible 
tensor operators to form a third. It might seem, therefore, that the result is 
not particular to the symplecton calculus, since the derivation of the product 
law, at first glance, seems to entail only general properties of tensor 
operators. The crucial point, however, where the properties of the symplec- 
ton entered the derivation, was in establishing Eq. (B:5)) Indeed) ior c—() 
Eq’ (8:5) reduces te[a,a|— 1. Conversely, consider any set of polynomials 
for which the product law is valid with ‘qe 1. Then the product law implies 
[4,a]=1, where a=P;//2 and @=P 2 /y2. The product law is a unique 
property of the symplecton. 

The general transformation law for the triangle function, Eq. (5.3.26), is a 
consequence of the fact that the product of symplecton eigenpolynomials is 
associative: 


(GES) aay) (B.11) 


One uses the product law in this result, and the standard relations of 
products of Wigner coefficients to Racah coefficients, to establish the 
general result, Eq. (5.3.26). [Note that Eq. (B.8) is a special case.] 


C. BASIS PROPERTY OF THE EIGENPOLYNOMIALS a 
The set of polynomials 


(Oe = Une SP j=0,4,1,...} () 
is a basis for all polynomials in a and @. 


Proof. We first observe that each polynomial P(a, @) of degree 2X may be 
written in the form! 


A k 
Pig) me Seec. a6 "qe ® (C7) 
k=0 m=—k 


by using the property aa=aa+ 1. Thus, we find 


k+m _ kom 
ee ese )'| 2 2 (2) 
km a 


Using the product law given by Eq. (5.3.14) and the explicit value of the 
Wigner coefficient for the special product in Eq. (C.3), we obtain the desired 


. . aad 1 
'The summation is over k=0,3,1,...,A. 
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result: 
p= y Qiney (C.4) 
jm 
where 
m= [itm] j—m)!] 
A 
x > [(-1)* 7 (e+ m) (k= m)!/24(kK-J) fm ME (C5) 
k=; 
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Topic 4. ALGEBRAIC ASPECTS OF PHYSICAL TENSOR OPERATORS 


In Chapter 2 we defined a Wigner operator in terms of its action on a 
specific Hilbert space JC. Indeed, in this presentation of a Wigner operator, 
each operator is itself realized as a sum of monomials defined on the boson 
operators a,, a), and their conjugates. [These explicit polynomial forms may 
be obtained by combining the mappings (2.25) with Eqs. (3.16) and (3.17) of 
Chapter 3.] 

Although this procedure is quite satisfactory for the study of the RW- 
algebra itself, it does not address directly (except through the Wigner—Eckart 
theorem) the tensor operator algebra that occurs in many physical problems. 
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Thus, in physical problems possessing rotational symmetry, we often 
encounter physical tensor operators that satisfy the defining relation, Eq. 
(2.5), where J is the total angular momentum of the physical system. It is 
often useful in the analysis of such problems to construct directly operators 
that shift the state labels {(a), j, m} to a new set {(a’), /’, m’}. The purpose 
of this Topic is to give a uniform treatment! of such “shift operators” within 
the framework of the tensor operator concept and to relate these shift 
operators to Wigner operators defined on physical state vector space. 

We shall use an algebraic approach to the problem that generalizes the 
method given in detail in Chapter 6, Sections 11 and 12, AMQP, for vector 
operators. 

We assume throughout this discussion that (a) T is a given irreducible 
tensor operator with angular momentum label k (components T,) with 
respect to an angular momentum J of a physical system possessing states 
{|(a)jm)} of sharp angular momentum; and (b) the conjugate tensor 
operator T? exists and satisfies the (defining) relation 


((a’) j'm'|T (a) jm) = (Cox) jm| TF |(a’) j’'m’)*. (5.4.1) 


We now give in summary form (without attempting to be rigorous) the 
generalization to an arbitrary irreducible tensor of the algebraic properties 
of vector operators developed in Chapter 6, AMQP. 

Vector space. We define the vector space 3, to be the space spanned by 
the set of all tensor operators generated by repeated commutation of J* with 
T—that is, [J°*,T], [J*,[J?,T]],.... (Note that the tensor operators thus 
generated all have angular momentum label k.) The scalars of this vector 
space inclyde not only the complex numbers but also invariants constructed 
from J and T. The scalar product of S’E%, and SE, is the invariant 
operator defined by” 


(SSS) = 2S) See G4) 
7 


Operator actions on °%J,. We introduce the operator actions of commuta- 
tion discussed at length in Chapter 3, Note 9, AMQP. For the reasons 
already discussed in connection with vector operators, it is convenient, 
however, to redefine the action as taking place to the left. Thus, the linear 


'This treatment is adapted from notes (unpublished) of one of the authors (JDL) written in 
the early 1960’s. Hughes [1], using a somewhat different approach, has addressed the same 
problem. 

*The definition of sealar product has been given in this way to obtain agreement later with 
the convention for Wigner operators [see Eq. (2.33)]. 
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operators C,; and Q are defined by 
Se =|Sak lee 
SQ=[S,J?] (5.4.3) 


for each SE%,. Observe that the definition of an irreducible tensor [See veq, 
(2.5)] assures SC, E3,. The irreducibility of each S@) implies sandiis 
implied by the relations 


SSUES. 


5 C= aS. 
SEZ | ese iene eT) eS. (5.4.4) 


Siteis CoS Ci aC aC, andl C_ SC =2nC,, [the © 26 welll as © ane 


i 


Hermitian operators with respect to the scalar product (5.4.2).] 
Using the definition of Q, we also find the following result for the action 
of 2 on an element SES%;,: 


SO=(S.J7]= ¥([S. 4144S, 4) 


=22 le ae 2 his J), J 
=8(23¢4-c?); 

that is, 

where 


eC -) 6 (5.4.6) 


The action of CJ, on S is given by S(C,J,)=(SC,)J,, where we follow the 
convention of writing angular momentum operators J, to the right. 
Eigenvalue problem. The Hermitian operators C*, C3, and Q mutually 
commute on the space ‘J, (Chapter 3, Note 9, AMOQP). Accordingly, they 
may be simultaneously diagonalized. We seek the elements of 3, such that 


SQ=Swe, (5.4.7) 


where w is an invariant operator. 
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Equation (5.4.5) is the key relation for solving the eigenvalue problem: 
We introduce the operators L, defined by 


Lae (5.4.8) 


with an action on S given by SL, =SJ, — —SC, =/,S. Since the J, and the C 
commute and obey angular momentum commutation rules, the 16; likewise 
obey angular momentum commutation rules. We thus find 


Q=/? -L, (5.4.9) 


This relation may now be used to solve the eigenvalue problem, since it 
follows that 


(SQ)|(a) jm) =S[ j(j+ D876 1) (aya (5.4.10) 


where (from the addition of angular momenta) for given j and k we must 
have 


8€{k,k-1,...,—k}. (5.4.11) 


Since k is to be regarded as fixed and j is generic (and may therefore be 
larger than x), all values of 6 in the set (5.4.11) must be admitted. 

We conclude: The only possible solutions to the eigenvalue problem (5.4.7) 
are those given by 


50 Sa. N= b= losis, (SAD) 
where ws is the’invariant operator defined by 
6g 3 UE) (5.4.13) 
in which dim is the dimension operator: 
dim|(a) jm) =(43* + 1)?|(e) jm) = (2j+1)\(a)jm). (5.4.14) 
The eigenvectors S‘? in Eq. (5.4.12) satisfy 


(SSO )(dim+h—8)=0 forA+6. SAS) 
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Proof. We have 


(SO. S@t WeC= (SQ) SOF 469A. (SO*Q) 
= (SM, ).S@t =oour (aS ) 
=(S-SOF)(8-A)(A—S+dim). a 


Cayley-Hamilton theorem. The operator Q obeys a Cayley— Hamilton type 
of identity on 9: 


H (Q—ws)=0. (5.4.16) 
8=—k 


We prove this result by showing that 9, is, in fact, the space spanned by 
the set of tensors 


T,.TQ,...,TQ2?: (5.4.17) 


hence, 


dimS, <2k+1. (5.4.18) 


Proof. We must show that TQ?**! is dependent on the 2k+1 tensor 
operators (5.4.17). An induction on n may be used to prove the identity 


> (7,25 PLS) = (ie pee 
=0 


Ay 


for each n=0,1,.... where the P‘ are polynomials in J? and J;. In 
particular, the P°**" are independent of J,, hence. are invariants. (The 
induction is carried out by operating on this equation from the right with 
2.) One now sets n=2k+1, noting that 7,C2**'=0 to obtain the desired 
result. 5 

Construction of eigenvectors. We introduce the projection operators Py 
(A= kee —k) defined by 


= I (5.4.19) 
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These (Hermitian) projection operators satisfy the usual relations: 


EO 
I= Dee. 
A 
= Te Oe SAG) 
A 


It follows from the Cayley-Hamilton theorem [Eq. (5.4.16)] that the 
tensors defined by 


Ss) ie OS ln Se (O21) 


are solutions to the eigenvalue problem, Eq. (5.4.12). Moreover, it follows 
from the properties (5.4.20) of the projection operators P, that each SES, 
is a linear combination of the S‘?; that is, the 2k+1 tensor operators 
(5-421) span 3). 

Relation to the Wigner—Eckart theorem. Using the resolution of the 
identity operator given in Eqs. (5.4.20). we have that 


T= ye, (5.4.22) 
6 


The nonvanishing matrix elements of T are thus found to be 


((a’) +8, m+ p|T,|(o) ja) = (a) f+, m+ mS! |(ax) jr) 
=((a')f+SIITII(a)j) CLKITe (5.4.23) 


mip, mrp 
This result shows that up to a multiplicative invariant operator the physical 
shift operator S®? (constructed from T by multiple commutations with J*) 
realizes the action of a Wigner operator on physical state space. 

The Wigner operators that are realized will depend on the particular 
physical tensor operator T that is chosen (recall that we have proved only 
that dim §, <2k+1). For example, choosing T to be the tensor operator of 
rank k constructed from the components of J [see Eqs. (3.441) and (3.442) 
of AMQP] yields a space 9, of dimension 1. 

Null space aspects of physical tensor operators. When carrying out the 
Operator actions in the construction of the solutions to the eigenvalue 
problem, Eq. (5.4.12), the invariant operators w ; occur as scalars and 
possess no further intrinsic properties insofar as one is concerned only with 
properties of the space °%J,. These scalars, however, do possess structure with 
respect to the underlying Hilbert space {|(a)jm)}. The properties of the 
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(invariant) denominators 

k k 

We = WL Qa ei ee) (5.4.24) 

ee ae 

now become important. One sees, in fact, that the action of T, as given by 
Eq. (5.4.22), is not defined on all states {|(a)jm)} because of zeros that 
develop in the invariant denominators in Eq. (5.4.19), when evaluated for 
certain values of j. This result was to be expected, however, in view of the 


existence of the null space of a Wigner operator. Quite remarkably, the 
denominator D of the Wigner operator 


k+6 
2k 0 (5.4.25) 


is exactly [see Eqs. (3.31) and (3.43), Chapter 3] 


k 2 
D=!| II (dim+8+n)| . (5.4.26) 
eo 


This result shows that we should define 
S®|(a) jm) =0 (S427) 


for all j such that D( j)=0. With this definition the action of T is defined on 
all states ;=0,4,1,.... 


Remarks. (a) The two shift operators corresponding to a physical spinor 
operator T are 


SO9=[T(dimt+4)+4Q](2dim)"' 
S~)=[T(dim—4)—4Q](2 dim)". (5.4.28) 
where Q is the spinor operator with components (Q,:,Q_:) given by 


Cee igh (5.4.29) 
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(b) The construction given in this Topic of operators that shift the 
angular momentum quantum numbers ( j, 77) is useful for analyzing the 
irreps (in an angular momentum basis) of groups that contain SU(2) as a 
subgroup (see, for example, Ref. [2]). It is also the algebraic structure that 
underlies the theory of vector spherical harmonics (developed in detail in 
Chapter 6, Section 12, AMQP; see also Rose [3] and Edmonds [4]). 

(c) The fact that the denominator function D* of the Wigner operator 
(5.4.25) is [up to an (arbitrary) numerical factor] just the invariant function 


IT (wes) (5.4.30) 


AE 


defined on the eigenvalues of the commutation operator 2 is another 
important structural feature of a Wigner coefficient, thus relating these 
denominators to classical invariant theory. 
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Topic 5. COMPLEX ANGULAR MOMENTA, REGGE TRAJECTORIES, 
AND REGGE POLES 


1. Physical Motivation 


The problem of treating the scattering of waves by obstacles in the path 
of the wave train is common to the many branches of physics where wave 
phenomena occur—for example, in acoustics, in electromagnetic theory, 
and most prominently in quantum mechanics. If the scattering system has 
spherical symmetry, the scattering problem may always be treated by series 
expansions over the rotation matrices (see Chapter 7, Section 6, AMQP); for 
scalar waves one obtains, as a special case, a series over the Legendre 
functions. In such a series development, the discrete summation variable has 
the physical significance of an angular momentum magnitude. 

For the scattering of waves in a domain where the wavelength is very 
small compared with a typical size of the scatterer, the series approach 
(although valid) becomes more or less infeasible, owing to the large number 
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of significant angular momenta involved. In such a case, the heuristic 
technique of letting the angular momentum variable in the series assume 
complex values, and approximating the sum by an integral, has proved to be 
not only of practical importance but, as we shall indicate below, of 
theoretical significance as well. This aspect of complex angular momenta, 
for the asymptotic treatment of short wavelength phenomena, was devel- 
oped primarily by Sommerfeld [1] and by Fock [2] for electromagnetic 
problems.' These methods have become useful in heavy ion scattering in 
nuclear physics (McVoy [4]). 

We shall discuss the essential ideas of this approach in Section 2 by 
summarizing the work of Sommerfeld [1], Regge [5], and De Alfaro and 
Regge [6]. 

The strongest impetus toward the development of complex angular 
momentum techniques has come, however, from a very different field— 
namely, the field of particle (high-energy) physics, with very different 
motivations and concepts. Not until we have discussed relativistic scattering 
theory from the viewpoint of Mandelstam (see, for example, Omnés and 
Froissart [7]) and of Chew [8] (the subject of Section 4) will the nature of 
complex angular momenta become clearer.” Here it will develop that 
complex angular momenta do indeed have a valid group-theoretic (symme- 
try) origin, and what we began as a heuristic device has in fact a deeper 
significance. 


2. The Regge Treatment of Nonrelativistic 
Potential Scattering 


Let us consider the quantum mechanical problem of the scattering of 
spinless particles by a spherically symmetric potential. This is a classic 
problem in quantum mechanics; of the many treatments, that of De Alfaro 
and Regge [6] is especially rigorous. Our purpose here, though, is essentially 
motivational and descriptive. 

The Schrédinger equation for this system has the form 


h? 
|- Fo +vir)]ys=e00. (S241) 
This equation has the integral equation solution 
ee yee 
eee Ke N i of) Seal = II, ef 
Use er lee: ACA ICG en el 2) 


'There is a very large literature, which may be traced from the citations in the paper of 
Nussenzveig [3]. 

> Textbooks on this Subject include those of Frautschi [9], Newton [10], Squires [11], and 
Collins [12]. See also Frautschi et al. [13]. 
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appropriate to scattering boundary conditions (incident plane wave along 
the direction k with outgoing scattered waves— note that h?k2 =2mE). 
In the standard way, one introduces a decomposition of Green’s function 


by 


e'“®/A4mR, in terms of spherical waves (see Chapter 7, Section 6, AMQP): 
eikR 2) 

res > (21+ 1)j,( ker )ho"*(kr,.) (cos), (5.5.3) 
= 


where cos=%-%’, with X=x/r and X’=x’/r. From this result, one obtains 
the scattering amplitude f(k, @): 


Vox)~et + /(k 0), (5.5.4) 


which, in turn, determines the differential cross section do/dQ given by 


do 5 


Using these results, one finds for the amplitude f(«, 6) the expression 


AE =k Ona eed). (5.5.6) 
0) 


where a,(k)=e'* sin 6,, and the phase shift 6, is given by 


—sin8;=(2mk/h?) f° j(kr’)oy(kr’)V(0" yr? dr’. (5.5.7) 


Here the $,(kr) are the exact regular eigenfunctions, which satisfy the radial 
Schrédinger equation for angular momentum /, and are normalized to be 
phase-shifted regular spherical Bessel functions at infinity. 

The essence of this (standard) development is to obtain a Legendre series, 
Eq. (5.5.6), for the scattering amplitude, expressed in terms of a denumer- 
ably infinite set of (energy-dependent) parameters, the phase shifts 6,(k) 
defined in terms of the potential V(r) by Eq. (5.5.7). 

The representation, Eq. (5.5.6), for the scattering amplitude is adapted to 
low-energy scattering, since, physically, at low energies the centrifugal poten- 
tial prevents all but the very lowest angular momenta from entering signifi- 
cantly. 

The problem is to develop a representation adapted to the high-energy 
limit. To accomplish this, we formally consider the terms in the series as 
functions of a complex variable / and use (as it is now called) the Watson— 
Sommerfeld (Watson [14]) transformation to write an integral representa- 
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Figure 5.1. The Contours of C and L 


tion for the scattering amplitude as a contour integral in the complex 
l-plane. (See Notes | and 2.) For this interpretation to be meaningful, we 
replace the Legendre polynomial by the hypergeometric function, 


A iGr8) 


Ils 6 
(—1)'P,(cos8)=P,(—cos8) =) F,{— 141.1: =| 


which is well-defined for complex /. The scattering amplitude then takes the 
form 


Ak.) = (nik) f gS oo 8) (5.5.9) 


where the contour C is as shown in Fig. 5.1. 

It is easily seen that, by construction, the poles from (sinz/)~' reproduce, 
by the Cauchy formula, the original series. ! 

At this point it is essential to use the analytic results shown by Regge to 
be valid for a large class of nonrelativistic potentials (potentials that are 
superpositions of Yukawa forms, e ""'/r). The elastic scattering amplitude, 
a,(k), for a fixed energy (fixed k), if regarded as a function of /, may be 
analytically continued, Regge showed, into the complex /-plane for 
Re/>-—+. Moreover, the scattering amplitude is meromorphic, with the 
poles confined to the upper half-plane (Im />0). 

On the basis of these results, the contour C may be deformed into the 
contour L (see Fig. 5.1), thus picking up pole contributions. so that the 
scattering amplitude f(k, @) now takes the form 


P,(—cos6) 


f(k8)=(2mik)' f 2" ai(ait a eens 
Bk) 
; Pasay 6088). (SSs0) 


'One might be concerned as to the uniqueness of this representation. Subject to physically 
reasonable requirements on the potential, the uniqueness is guarantecd by Carlson’s theorem 
(see Ref. [15}). Note that the minus sign in the argument of P,(—cos @) is compensated by the 
alternating sign of the derivative of sina/ at odd and cven /-values. 
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In this result the {a,} are the positions of the poles in the complex /-plane, 
and the {£,} are the residues. 

The interesting feature of Eq. (5.5.10) is the occurrence of the pole 
contributions, called “Regge poles,” coming from the singularities of a,(k) 
that are crossed in deforming the contour. The position of the ith pole is at 
the complex /-value denoted by a;. It is important to note that the position 
of a given pole is not fixed, but varies with the energy, a, =a,(k). The 
residue at the ith pole is B,, which is also a function of energy. The path in 
the complex /-plane of a given pole as a function of energy is called a 
“Regge trajectory.” 

For large energy (short wavelengths) the lowest pole (the pole closest to 
the real axis) gives the dominant contribution, and the contribution of the 
background integral (as Regge showed) becomes negligible. 

To summarize: The high-energy limit of potential scattering is dominated 
by Regge poles, which are the singularities in the scattering phase functions 
a,(k) for complex /-values. This is the way in which the term “complex 
angular momenta” was originally introduced. 

The physical significance of a Regge pole—as a scattering resonance—is 
discussed in Section 3. 

An alternative physical interpretation of the scattering represented by a 
Regge pole can be given in terms of the diffraction process for short 
wavelengths. From this viewpoint a given Regge pole contribution is related 
to a “creep wave” (Franz and Deppermann [16], Franz [17]), which channels 
radiation along a region of rapidly varying index of refraction. For sound 
waves, Schlieren photographs exist (Neubauer [18]), showing graphically the 
existence of creep waves on a cylindrical surface. This phenomenon has 
been analyzed in terms of Regge poles, as we shall now sketch. 

Let us consider a Regge pole at the complex angular momentum a= 
a, +éa,, and assume that both a, and a, are large and positive. The angular 
dependence of the contribution from the pole is given by P,(—cos@). Using 
the asymptotic form of P,, valid for large a, one finds (see Ref. [1], p. 288) 


g>0. 55a 
sin 7a (wasin@ ) * ( ) 


Ze CO 
The contribution, e**2)®, from the Regge pole is interpreted as a creep 
wave in @, decreasing exponentially as @ increases— that is, moving into the 
diffraction region.! 
Exactly this sort of exponential dependence on the scattering angle is seen 
in nuclear reactions taking place at the surface of strongly absorbing nuclei 
(McVoy [4]). 


'Creep waves in the opposite sense, for decreasing @, exist for the opposite side of the 
diffraction ‘region. 
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Creep waves can be considered as an interesting special case in a 
generalization of the Fermat principle of geometric optics. Keller [19] has 
shown that a ray falling tangentially on the surface of an object, running 
along a geodesic of the surface, and emerging tangentially to move along a 
straight line to the image point is a (relative) minimal path joining source 
and image point. 


3. An Illustrative Example 


It will be helpful in understanding these ideas to consider a simple, 
explicitly solvable example for potential scattering. For this we take the 
Coulomb potential, even though the long range of this potential causes 
special features not found in the general (exponentially falling off, Yukawa 
type) potential.! 

The scattering function (S matrix) for the /th partial wave is easily found 
to be 


pp DUNO E Eat) 
= The sara (onl) 


where the Sommerfeld number, y (a function of energy), is given by 


_ Z,Z,e2m = ( 2%" \(F) en! (5.5.13) 


The analytic extension to complex /-values is immediate from the properties 
of the I’ function. Let us denote complex / by a(k), as is customary. Since 
the function T~'(z) is an entire function, and, moreover. T(z) has only 
poles, the only singularities are simple poles at the negative integers: 
es || = a 

Hence, for each integer N=0,1,2,... we find a Regge trajectory: 


ay (kj=— Nein (B (o5a14)) 


that is, the path of the Nth singularity is given as an explicit function of 
energy. 

To interpret the meaning of this trajectory, let us consider the contribu- 
tion to the scattering amplitude as given by the singular terms in Jere. 
(5.5.10),— that is, the Regge pole terms. A single trajectory contributes the 
term (By /sin may) P, (—cos@), where the residue By is found from Eq. 


"Considerations based on a Square-well potential, although explicitly solvable, must be 
viewed with caution, since the typical length (from the sharp edge) is zero, and hence some 
aspects of the limit arc singular. 
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(5.5.12) to be By =(—1)*/N IT (2a, +2+N). (Note that this is an entire 
function.) 


To interpret this contribution to the scattering amplitude f(k,@), we 
expand this term as a Legendre series, using the formula 


[P)(cos8)P,(—cos 6) sind d0= z Sea) (or. 15) 
0 


TAG! (aaa le 


Thus, the Nth trajectory contributes to the scattering amplitude a term 
corresponding to angular momentum / with the magnitude 


Dire 1 
me (Gig) Ge eae ID) 


(5.5.16) 


Consider the situation where Re a, =/ at the energy level E,. Expanding the 
trajectory function near this energy, we find 


2By(E;) pee 
| ay(E,)+/+1] (25 | a(Rea)/ aes. ima, ce). 
(25109 


This result shows that the contribution to the scattering amplitude has the 


Breit— Wigner form, and hence constitutes a resonance of width 
Imay 


< d(Rea)/dE 

Regge gave qualitative arguments that d(Rea)/dE was positive for sharp 
resonances, and hence (since Ima is positive) the width I is positive, as 
required physically. 

It is this elegant result that provides the interpretation of the singularities 
(Regge poles): Each trajectory function, a( E), corresponds to a physical 
resonance or bound state whenever Rea is an integer (including 0). 

Turning the problem around, we may now consider the set of bound 
states and resonances arising from a given potential and view the trajectory 
functions as interpolating functions uniting the resonances and bound states 
into families. The set of trajectories is therefore an alternative, and equiva- 
lent, formulation of the information contained in a potential. The remark- 
able nature of this insight lies in its suggestiveness for applications in 
high-energy physics. 


. If Ima, vanishes, we have a bound state.' 


'One finds that for the Coulomb case there are on/y bound states, but this is a peculiarity of 
special choice of potential. 
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The Coulomb problem is solvable for the relativistic (Dirac) electron 
problem; a corresponding discussion (in closed form) for a relativistic 
problem (with spin) is thus possible, but unnecessary for our purposes here. 


4. The Mandelstam—Chew Viewpoint 


The formulation of Regge poles and trajectories given above is, despite 
the elegance and novelty of the concepts, not essential for potential scatter- 
ing problems; a direct treatment would lead to the same physics. The critical 
importance of these ideas lies instead in the realm of high-energy physics 
where there are, as yet, very few valid general theoretical structures, or 
procedures, available. Quantum field theory—the best available theoretical 
structure—is quite limited, and its applicability to the problem of strong 
interactions is unreliable. It was Mandelstam and Chew who saw in the 
Regge trajectories the key concepts for a possible alternative approach, 
which we now sketch. 

We begin with a discussion of the kinematic preliminaries. Let the mass, 
spin, and four-momentum of the particles in the two-particle! scattering 
process be denoted by m,, s;, and k;, with i=1,2.3,4. All the momenta are 
taken to be directed into the Scattering diagram (Fig. 5.2), and conservation 


of four-momentum implies >) k,=0. 
i=l 
There are three invariants defined by the four-momenta, denoted, as is 
customary, by s,¢, and u: 


s=(k, +k, y= (k,; +k, Ne 
(=(k, +k3)= (k, eal) 
w=(k, +k, =(k,+k,)°. (6.5012) 
Each of the momenta, k;, has a fixed length given by k?=m?. The three 
invariants i ‘,u) are not independent but satisfy the constraint 
a ee 
=a 


There are three physical processes associated with the scattering diagram 
Oh bigeo-2 


23-4 “s-channel,” 
14+3>2+4, ‘‘t-channel,” 
1+452+43, “ y-channel.”” 


'We assume that the energy is such that only two-body final states are possible. 
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Figure 5.2. Two-Body Scattering Diagram 


In the s-channel (“direct channel”), particles | and 2 with momenta k, 
and k, are incoming, and particles 3 and 4 with momenta —k, and — —k, are 
outgoing. In this channel, the invariants s and ¢ have the follow signifi- 
cance: The quantity s is the energy in the Lorentz frame for which the total 
three-momentum vanishes (center-of-momentum), and 1 is linearly related to 
the scattering angle, cos @, in this same frame. 

The ¢-channel (“crossed channel”) reaction describes the physical process 
in which particle | and antiparticle 3 with momenta k, and k, are incoming, 
with antiparticle 2 and particle 4 (momenta —k, and a outgoing. The 
invariants (t,u) now play the role of energy aed angle variables in the 
center-of-momentum frame. 

An analogous interpretation holds for the remaining u-channel. 

The constructive principle in the Mandelstam—Chew approach is the 
assumption that the scattering function (the S matrix, which is a unitary 
Poincaré invariant function) is a meromorphic function of its arguments, 
possibly with cuts, and that crossing symmetry obtains. Thus, the scattering 
matrices in the s, t, and u channels are to be analytic continuations of one and 
the same function. These postulated properties are not in conflict with any 
basic principles, and have been verified in special cases, but they are as yet 
generally unproved from any more basic structure. 

When the postulate of crossing symmetry is combined with the concept of 
a Regge pole, a remarkable result can be obtained.' To see this, consider a 
single Regge pole in the direct channel. One has the relation 


ats) pce ee) So.) 


Fyagis3(8 C080) = ary 


where we use s to denote the center-of-momentum energy in this direct 
channel. 


'A different application of crossing symmetry is discussed in Note 3. 
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Using crossing symmetry, we may view this same contribution, Uieao He 
the crossed channel, the t-channel, for which the energy is the invariant ¢ 
that is linearly related to the variable cos. Thus, for large r (large energy) 
we obtain 


irene (iunetion of s 72°), (55520) 


In other words, we have shown that the /ow-energy resonances in the direct 
channel determine the Regge poles which in the crossed channel govern the 
high-energy scattering. This remarkable interrelation of previously separated 
regimes is a result that could not be obtained experimentally, and was not 
obtained theoretically until Mandelstam and Chew saw the implications of 
Regge’s work. This application of Regge poles has been found experimen- 
tally and theoretically to be significant. Although details have had to be 
modified, the concept itself has survived, playing a key role, for example, in 
the later dual resonance models (Susskind [20}). 

Let us now indicate how these ideas relate to angular momentum theory. 
In the reaction 1+2—>3+4 there are two invariant variables. Using the 
freedom to choose any Lorentz frame, we may choose these two invariants 
in the s-channel as the center-of-momentum energy, s, and the associated 
scattering angle, cos @. 

The corresponding stability group in the s-channel is the group of 
rotations, SU(2). It thus follows from general principles that the unitary 
scattering matrix may be expanded in angular momentum functions defined by 
the SU(2) little group. This is the group-theoretic basis for a relativistic 
generalization of the Legendre expansion used in Section 2, which in the 
more general case (with intrinsic spins) becomes a rotation matrix expansion 
in the helicity basis (see Chapter 7, Section 8e, AMQP). 

Consider now the same reaction, but looked at in the t-channel. The 
relevant Lorentz frame is now the “brick-wall” frame in which the total 
energy is zero, and the total momentum is along, say, the z-direction. Thus, 
in the ¢-channel the stability group is SU(1,1). This is the group of “complex 
angular momentum,” and, at long last, we see the group-theoretic basis! for 
the Regge poles.” 


'This interpretation of the “unphysical” Poincaré irreps (having spacelike momentum) is due 
to Joos [21], to Domokos and Suranyi [22], and to Toller [22a]. A direct attempt to give a 
meaning to complex angular momenta, per sc, has been reported by Beltrametti and Luzzato 
[23], but some of the group properties arc lost. 

* The Poincaré group has, for non-null momentum, three little groups, two of which [ SU(2) 
(partial wave analysis), SU(1,1) (Regge poles)] have been discussed above. The third little 
group, £(2), for lightlike momenta, also has a physical meaning (as pointed out by Patera er al. 
[23a]): it corresponds to the eikonal expansion. 
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It is worth noting explicitly that the physically forbidden (one particle) 
Poincaré irreps thus have a valid physical application as states of a com- 
posite system viewed in the crossed channel. 

Can one now assert that the scattering matrix may be expanded in the 
spherical functions of the SU(1,1) group? No, because there is no guarantee 
that the scattering matrix is square-integrable [unlike the s-channel case, 
where the unitarity relation guarantees the possibility of expanding in SU(2) 
spherical functions]. The singular terms that prevent the SU(1, 1) expansion 
are just the Regge poles (Boyce [24], Iverson [25]). 

To clarify this result, let us determine the irreps of SU(I, 1). 


5. The Irreducible Representations of SU(1, 1)! 


The algebraic method we used in Chapter 3, AMQP, to discuss the irreps 
of SU(2) generalizes directly to the noncompact group SU(1, 1). The SU(1, 1) 
group is the group of nonsingular transformations in a two-dimensional 
complex plane C*, which leaves the following Hermitian form invariant: 


Pw=Viop=vry, Yeh. G52) 


This group has been discussed extensively in a paper of Bargmann [27] as 
incidental to his discussion of the Lorentz group. 

From the definition of the group, it follows that it consists of 22 
complex matrices {S} satisfying the relation 


C5, —5e (62522) 


The matrix S thus has the general form 


a B 2 % 
= ee = =], ees 
Sy A al lel 8 l (655723) 


The group U(1) of diagonal matrices of the form 


yD 0 
plea . jenele 6525) 


UNC | 0 Exp| =a/2) 


'The symmetry group SU(1,1) enters physics in surprisingly many ways. Besides the 
application discussed in this Topic, this group enters in the analysis of radial integrals (Topic 
6), in the symmetry of the motion of an electron in a constant magnetic field, and as a 
subgroup of the symmetry of the continuum (nonrelativistic) Coulomb problem and _ the 
(nonrelativistic) magnetic monopole problem (Topic 2). 

* The section is adapted from the work presented in Ref. (26}. 
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is a maximal compact subgroup of the double covering of SU(1,1). The 
corresponding Lie algebra su(1,1) is the set of matrices given by 


su(1,1)={A:0,A'o, =A} (S525) 
and has the explicit basis 
= 505, k= 107, (5.5.26) 


It should be noted that the matrices k, are the generators of the two- 
dimensional nonunitary representation defining SU(1, 1). 

In a unitary representation of SU(1,1), the corresponding basis elements 
are self-adjoint operators (K,, K,,K,) acting in a Hilbert space and 
satisfying the commutation relations: 


[K,, K,]=—ikK,, 


[K3, K,]=iK, 
[K,, K,]=iK,. (5.5.27) 
Hence, the invariant operator K?=—K?—K}+K? is self-adjoint, but 


indefinite. 

Let us now consider a unitary representation of SU(1,1) in a Hilbert 
space JC. The space St is necessarily infinite dimensional because all faithful 
unitary irreducible representations of noncompact Lie groups are infinite 
dimensional. We assume that the unitary representation {S=2U(S): SE 
SU(1,1)} is continuous in the sense that the inner product (¥, U(S)®) for 
Vv, ® ES is continuous in S. 

This representation decomposes with respect to the U(1) subgroup into a 
direct sum of one-dimensional unitary representations. Correspondingly, the 
Hilbert space splits into a direct sum of one-dimensional spaces JC ,,,.): 
ete (75228) 


mnt 


The action of the unitary operator QL (a) corresponding to U(a) [see Eq. 
(3.5.24)] on a vector y,, EX, ,) iS given by 


vil (a)y,, =e mee (ae) 


Since the values of a given by 


a=0(mod4z ) 65.20) 
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correspond to the identity element in the group, it follows that m is integer 
or half-integer (double covering). 

It is essential to recognize that this quantization of m does not follow 
from the Lie algebra, but only from a global property. This reflects the fact 
that, unlike SU(2), which is its own universal covering group, SU(1, 1) is not 
simply connected. As Bargmann [27] shows, the group manifold (parameter 
space) is homeomorphic to the direct product of the circle with a two- 
dimensional Euclidean space. The group manifold of the universal covering 
group of SU(1,1) is then the three-dimensional Euclidean space and covers 
SU(1,1) infinitely many times. 

If JC is an irrep space carrying a unitary representation of SC (al ethen 
in the decomposition of IC given by Eq. (5.5.28), each m appears at most 
once.! 

Let us next consider the Lie algebra sw(1,1). In terms of the raising and 
lowering operators K. =K,+iK,, the commutation relations (5.5.27) are 
expressed by 


Low EEK... PR = aie, Gent) 


The operator K, is the generator of the one-parameter subgroup U(1) [see 
Eq. (5.5.24)], and its action on an arbitrary vector yEM is realized by the 
differential operator —id/da. Thus, we find 


KY, =my,,- 222) 
Using next the commutation relations (5.5.31), we obtain 


K,K_y,, =(m— Wee, 
Kok ae (7) ae (53.23) 


These relations show that K_y,, and K,wW,, are eigenvectors of K, with 
eigenvalues m—1 and m+1, respectively. 

Consider then the squares of the norms of the eigenvectors K _y,, and 
IS gee 


|| K Wp, ll? Ss K,K_y,,)20, 
Ke ey aK. ie (5.5.34) 


Since 


Ke Kk eek Akh Kae hk, (525.35) 


'This assertion is a consequence of Theorem | of Godement [28]. 
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we conclude from Eqs. (5.5.32) and (5.5.34) that 


Gl We x0), 
Cee 20), (336) 


where K”? denotes the (real) eigenvalue of K? on the vector y,, (the operators 
K? and K, are mutually commuting and Hermitian! on so that they may 


be simultaneously diagonalized): 
KOM as (555.37) 


[In the compact case SU(2), the quantities on the left-hand sides of Eqs: 
(5.5.36) must be negative or zero.] 

For sufficiently large |m|, the positivity conditions of EGm (315.356 rane 
both satisfied. Assume that among the allowed m there exists one positive m 
and its corresponding state y,, (negative m’s are treated analogously). The 
infinite chain of states 


We Veena (35:38) 


obtained by applying K , repeatedly on y,, all exist and are different from 
zero, since 


We l= ee Keka.) 
A Rt 
=2m|ly,, ll? +I K_d,, ll? >0. (5.5.39) 
If the lowering operator K_ is applied repeatedly to w,,, one of the 
following alternatives occurs: (i) The chain never terminates; or (ii) the 
chain terminates. 
Consider case (i): The positivity conditions [Eq. (5.5.36)] in terms of 
eigenvalues for all m imply 
K” <0, _ if mis integral, (5.5.40) 
K?<-!) if mis half-integral. (so4 1) 
In case (ii), let Y,,, be the last nonvanishing vector in the descending 
chain; that is, 
Kay =O (42) 
‘One must be careful to distinguish //ermitian operators from self-adjoint operators when 


there can be domain problems (see Note 2, p. 350). It is customary in the physics literature to 
use these terms somewhat loosely and essentially interchangeably. 
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Then, we find 


UCN) = | ECE, = (5.5.43) 


mo 


that is, the eigenvalue of K* on the vector yf, is 


K”? =m,(m)-1). (5.5.44) 


Equation (5.5.39) applied to ¥,,, Shows that m, must be positive and 
nonzero. 
The case my =0 occurs only in the identity representation for which 


on =) 0 (5.5.45) 


and K’?=0. [Note that there are three representations corresponding to 
K’ =0 (a=0) (see Fig. 5.3).] 

The representations obtained under cases (i) and (ii) are unitary (by 
construction) and irreducible (again by construction, since every vector of 
these representations is cyclic'). It can be shown that the representations so 
constructed constitute all the irreducible representations of SU(1,1). The 
representations with m integral are representations of SO(2, 1) [the Lorentz 
group with signature (+,+,—)]; the half-integral m-values correspond to 
projective representations of SO(2, 1) (see Note 4). 

It is useful to recapitulate these results in a notation that will prove 
convenient for more general cases. 

The first step is to factorize the Casimir invariant in terms of two 
symmetric variables— that is, 


[RO salah (5.5.46) 


In terms of these variables, the operator K_K., takes on the symmetric 


form on y,, given by 
b 

K_K ty =(m—$\(m—3 |, (3.5.47) 

where we require 
anv 2, (5.5.48) 
Similarly, one obtains 
ae b’ 
KK y= (m 5 }(m 5 JY (5.5.49) 


‘A vector is cyclic if upon applying the enveloping algebra one generates the whole space of 
the representation. 
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TYPES OF REPRESENTATIONS FOR SU(2) AND SU(1,1) 


xxXx xx REPRESENTATIONS OF SU(2) 
//?1¢77 > REPRESENTATIONS OF SU(1,1) 


I. DISCRETE SET (—)2™ = (~) 2a 


b b’ aay 
(1) EA ee a> 0 INTEGER 
v4 0 . Pa 2m 
eae IDENTITY 
(2), FAARR-+-#R§ + a=0 | E =; BOTH FOR 
2) B 2m SU(2) + SU(1,1) 
(a=b} (a'=b'} 
(3) HEE AS Eto = 1 
-1 o 1 2m 


ll. CONTINUOUS SET 
(1 


PRINCIPAL SERIES: 


a=—1+ia 
(AIA 4 eo 
m INTEGER OR HALF- 


INTEGER 
(2) SUPPLEMENTARY SERIES: 

=) <4 <9 

ttt $A (-)2m = 44 
2m 
Figure 5.3. 
where 

aap =2 and ay =a. (S550) 


We may identify the variables (a’, b’) with (a, 6) in four ways, the most 
useful being 


a =@r 2. 
iY =p 2. (S551) 


The purpose of this notation is to make the boundaries for the raising and 
lowering operators clear. Thus, (a, b) represent boundaries for the raising 
operator K,, and (a’, b’) for the lowering operator K_. 

The different representations of both SU(2) and SU(1,1) may now be 
plotted as in Fig. 5.3. 

It is useful for understanding the procedure by which these irreps were 
generated to make explicit the following three points: 


(¢) The boundary points (a, b)/(a’, b’) Separate positive and negative 
Tegions fom K 2 a7 Ke yaae 
(t/) Motion toward the left terminates, if at all, at a’ or b’; toward the 
right at a or b. 
(tit) The motion is discrete; one may Jump over unallowed regions. 
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The critical condition that separates the cases is the coincidence of two of 
the four variables (a, b, a’, b’). 


6. Concluding Remarks 


If we now reconsider the formal results of the Watson—Sommerfeld 
transform— given in Eq. (5.5.10)—in the light of the irreps of SU(1, 1), the 
structure of the Regge pole analysis becomes clearer. One sees that the 
background integral is nothing but the expansion of the scattering ampli- 
tude in terms of the principal series of SU(1, 1). (See summary in Fig. 5.3.) 

The content of the Regge approach is to assert that, although the full 
amplitude is not square-integrable over the SU(1,1) parameters, the re- 
mainder after removing the Regge poles is square-integrable. 

Thus, as has been emphasized by Iverson [25] and O’Raifeartaigh [29], the 
Watson—Sommerfeld transform can be considered in two distinct ways: 
Physically the Regge poles are the important terms (for short wavelengths), 
and the background integral is a minor correction. Group-theoretically the 
background term is the interesting term in an expansion in spherical 
functions of the group, and the pole terms are incidental to providing 
convergence. 

To explain why only the principal series occurs in Eq. (5.5.10), it is useful 
to note a result (due to Bargmann [27]) to the effect that a square-integrable 
function can be expanded in terms of the principal series and the discrete 
series for />— 4. The absence of the discrete series for Eq. (5.5.10) has been 
explained in Refs. [24] and [25]: these series do occur for scattering in the 
general case having nonvanishing helicities (intrinsic spins). 

Accordingly, we conclude: The introduction of (unphysical) complex 
angular momenta, although originally a technical device for obtaining 
asymptotic results, nevertheless turns out to have a valid interpretation in 
terms of the symmetry of the noncompact group SU(1, 1). 


7. Notes 


1. Splitting of the amplitude f(k, @). Although (for simplicity) we chose not 
to do so in our discussion, it is important in applications in particle physics 
to split the amplitude f(k, #) into odd and even “signature” parts f ~ (k, 4), 
since these two parts are independent quantities. 

The origin of this splitting comes from the possibility of introducing 
exchange potentials (nonrelativistically) or (relativistically) from crossed 
channel terms. 

It has been emphasized by Frautschi [9] that this splitting has been 
wrongly confused with parity, and, in fact, the signature splitting is valid 
even if parity is violated. 
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2. Integral representation of the Legendre series. The transformation of the 
Legendre series into the integral representation of Eq. Gao ris duewte 
Watson [14]. Sommerfeld’s [1] contribution was to relate the short-wave 
limit directly to a new form of Green’s function, thereby providing a new 
technique for the treatment of the exterior boundary value problem for 
scattering. The Green’s function found by Sommerfeld has many technical 
advantages; among other properties, the change in form icra ol 
r,) <r; see Eq. (5.5.3)] is now avoided. 

3. Crossing matrices as Racah coefficients. Crossing symmetry can be used 
in a significant way to implement the symmetry (invariance) properties of 
the scattering matrix. Since the scattering matrix is a rotational invariant, 
the s-channel amplitude M,(J,) (see Fig. 5.2) can be expanded in terms 
of the rotation matrices d” to yield the angular momentum common to the 
entrance channel 1+ 2 and the exit channel 3+4. The ¢-channel amplitude 
similarly can be expanded in terms of d’, where J, is the total angular 
momentum in channel 1 +3 and in channel 2+4. Crossing symmetry implies 
that the terms in the two expansions, M,(J,) and M,(J,), are related by a 
“crossing matrix,” which, in simple cases, is a Racah coefficient (Dyson [30]). 
(This is intuitively clear from the fact that the various angular momenta 
have been recoupled.) 

For strong interactions, the scattering matrix is invariant under isospin 
rotations, the group SU(2), and also under unitary symmetry, SU(3). The 
corresponding “crossing matrices” are the recoupling (Racah) coefficients of 
the particular invariance group. (A careful discussion, with proper attention 
to phases, is given in Carruthers [31].) 

The concepts underlying crossing symmetry stem from the earliest appli- 
cations of (relativistic) perturbation theory; the Fierz transformation of beta 
decay theory may be considered as an example involving the symmetric 
group Sj. 

4. Wigner coefficients of SU(1,1). The problem of determining the Wigner 
coefficients of SU(1, 1) has a fairly extensive literature, which can be traced 
from Refs. [33]-[34]. Alternatively, the problem may be considered as the 
analytic continuation of the known series for the SU(2) Wigner coefficients. 
Particularly interesting results have been obtained by Verde [35]. Applica- 
tions of the principal series coefficients occur in the evaluation of radial 
integrals (see Topic 6). 
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Topic 6. RADIAL INTEGRALS AND THE LIE ALGEBRA OF Scar) 
1. Introduction 


The Hamiltonian of an isolated physical system is a rotational invariant. 
It is but one of many rotational invariants that may be constructed from the 
position, linear momentum, and spin vectors of the particles constituting the 
system. Thus, the determination of the properties of the Hamiltonian itself 
may be subsumed under the more general investigation of properties of 
rotational invariants. 

One sometimes finds in the set of all rotational invariants not only the 
Hamiltonian of a particular physical system, but also several other rota- 
tional invariants that together with the Hamiltonian constitute a basis of a 
Lie algebra. In such favorable cases, the representation theory of Lie 
algebras may be used to determine properties of the states of the system 
going beyond those implied by the angular momentum itself, 

In this Topic we consider the Coulomb problem and the n-dimensional 
isotropic harmonic oscillator problem from the viewpoint of rotational 
invariants. For these problems, one finds that the Hamiltonian is an element 
of the Lie algebra of the noncompact group SU(1,1). (This statement must 
be qualified for the Coulomb problem—see the Remarks at the end of 
Section 8.) Moreover, one may, by an appropriate change of variables, 
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transform the physical realization of the Lie algebra to a standard form 
involving first- and second-order differential operators acting on associated 
Laguerre functions. Thus, although the realizations of the Lie algebra in 
terms of physical rotational invariants for the Coulomb and oscillator 
problems are quite different in appearance, it is the same set of basic 
properties of the associated Laguerre functions that underlies the mathe- 
matics. 

The principal new result obtained by considering the Coulomb and 
oscillator problems from the viewpoint of the Lie algebra of SU(1,1) is the 
explicit evaluation of a class of integrals of radial wave functions in terms of 
the Wigner coefficients of the noncompact group SU(1, 1). As we shall show 
in this Topic, these Wigner coefficients are the generalized coefficients 
defined by Eq. (3.45) of Chapter 3. 

The relationship between radial integrals for the Coulomb and oscillator 
problems and the Wigner coefficients of SU(1,1) was first pointed out by 
Armstrong [1-3], and has been developed further by other authors - 
(Cunningham [4], Moshinsky er al. [5—7], Miller [8]). 

The subject of radial integrals may be approached from either a physical 
or a mathematical viewpoint. In the physical approach one would start with 
the Hamiltonian for the system in question and seek those invariant 
operators that define the SU(1,1) algebra. One would thus deal separately 
with each physical problem. Alternatively, one may emphasize the proper- 
ties of the special functions at the outset (in our case the associated 
Laguerre functions), thus illustrating still another occurrence of Wigner 
coefficients in a classic subject. We shall follow this latter course, since the 
several physical problems considered are simple transformations of the 
general results for associated Laguerre functions, as noted in detail in 
Section 8. 

We have summarized in an Appendix a number of well-known properties 
of the associated Laguerre polynomials and functions without giving proofs, 
since the results are available from standard references, or are easily 
derived. We make frequent use of these results in the developments below. 


2. Associated Laguerre Functions and the Lie Algebra of the 
Group SU(1, 1) 
We define the functions ®,,,, for each real value of j such that 27+1>—1 
and for each m=j+1, j+2,... in terms of the associated Laguerre func- 
tions [see Eq. (A-11) in the Appendix] by 


ea) 


= ale . 
= ee ee ecm) x): (5.6.1) 
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where Li(x) denotes an associated Laguerre polynomial [see Eq. (A.1)], and 
I'(z) denotes the gamma function. 
We next introduce the differential operators H, (i=1,2,3) defined by 


fed CG er =1)) 
=~ ix S45), (G56.2) 
A, =x(A3,41+4). 


where 


dl, 
MB i4)=- a tt+ (5.6.3) 


[Ho A=, (5.6.4) 


where H..=H,+iH,. Moreover, the action of these operators on the 
functions ®., is given by [see Eqs. (A.13)-(A.17)] 


jm 


A,®,,= [(m—j)(m+j+ I] *o, ce 


H_ LS [lm Mme s— 113 
H,®,, =m®, (376.5) 


jm jm 


H29. =|H,(H,-1)—H,H_ |@ jm eal) jms 


jm 


jel, eat) (5.6.6) 


The functions ®,,, may be generated oon the function ®, ;., by repeated 


application of the raising operator (Gly 


— ayer | = )— Il 
b= [ (pope Se ot (5.6.7) 


The set of functions 


(ue Mi ote area (5.6.8) 
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is an orthonormal set with inner product defined by 
_ ee) 
(Dns Bin =f dx D(X )® i (x) =S nm (5769) 


In general, the functions ®,,, and ®,,,,, are not orthogonal for jj’ using the 
inner product (5.6.9) [see, however, Eq. (5.6.15) below]. Note also that the 
operators H; are not Hermitian with respect to the inner product (5.6.9); 
furthermore, they do not possess the derivation property—for example, 
AC fg )ASUM 8) + (A, fg. 

In the following sections, we use the Lie algebraic properties of the 
associated Laguerre functions summarized above to evaluate integrals of the 
form 

(Dae |) J real. (5.6.10) 
It is interesting to note that Schrédinger [9] calculated the integral (5.6.10) 
[see Eq. (A.18)] in one of his first papers on wave mechanics for the purpose 
of evaluating radial integrals of the hydrogen atom wave functions. [Actu- 
ally, Schrédinger’s derivation, using generating functions, is applicable to 
nonnegative integral values of the parameters a’, a, p; the extension of Eq. 
(A.18) to arbitrary complex a’, a, and Re p>-—1 is a consequence of using 
the more general definition (A.1) of the associated Laguerre polynomials. ] 

Before turning to the derivation of the integral (5.6.10), it is useful to 
interpret Schrédinger’s result, Eq. (A.18), in terms of generalized Wigner 
coefficients. 


3. Integrals Involving Associated Laguerre Functions 


Using the integral (A.18) and the definition (5.6.7) of the functions ®,,,, 
and setting p=J+j+)’+1, we obtain 
(® 


jim 4 


x7D i, )=N(j'm’; jm)T( jf’ tj+F42) 


xy PS Ua) ares a 
: a leas Aa — ys Ss : 


(5.6.11) 


Bin 8 =f — 7 Ve ay Sey (ESS = ey ; 
ee) (a1) Gaeta: ee 


where we henceforth take j’, m’, 7, m, and J to be real parameters satisfying 
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the conditions 


277 ele a fale (Oy aie te 
Eps = Il, Deal tc ee (5.6.13) 
Pap Se. 


{Note that in the integral (5.6.11) there are, in general, no relations between 
parameters except those expressed by Eqs. (5.6.13).] 
In general, the functions ®,,,, and ®,,, (jj) are not orthogonal, as 
already noted. Equation (5.6.11) gives the general overlap integral as 
(® 


jim? 


oF 


J=N(j'm’; jm)T(j’+j+2) 


hes! f=) feces) 
S| ae lle | § 


(5.6.14) 


Observe, however, from Eq. (5.6.11) that we have the following important 
orthogonality relation in /: 


re AO, =e) (5.6.15) 


for all j’, j such that j’+j20. We also obtain the following special overlap 
integral from Eq. (5.6.14): 


i (m =o) eae 
ae ae ae 
(Gin2 Bin = (—1) (Cae), (5.6.16) 


TORY ==, 

For restricted domains of definition of the parameters (5.6.13), the value of 
the integral (5.6.11) is closely related to the generalized Wigner coefficients 
discussed in Chapter 3, Section 2. Thus, if in Eq. (5.6.11) we put j/=j+A, 


m’=m+M, and consider J=0,4,1,.... with the restriction that A=J. 
J—l,...,—J and M=J, J—1,..., —J, then we obtain the remarkable result: ! 
di —_ wW,—-A } , 
(Dae has x ®,,,)=(- 1) ANE Cl) sere A). WW; 715 Bah, 
(5.6.17) 
'For J=0, 5,1... and Sea hae), the integral (5.6.11) vanishes unless also 
WE lo dl = Waone —J} [see Eq. (5.6.29)]. For A¢ (J, J—1...., —J} we must appeal directly to 


Eq. (5.6.11) for the value of the integral, 
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where we have utilized the notations of Chapter 3: 


A, =J+A, »=J-A, W,=J+M, W, =J—M, 
Zi fi le 2, =) +n, (5.6.18) 
k=min(A,,A,,W,,W). 


[In obtaining Eq. (5.6.17) from Eq. (5.6.11), we have used the exchange 
symmetry (3.41) of the polynomials P,.] 

The polynomial P, in Eq. (5.6.17) is given in Chapter 3 by Eqs. (3.39) 
(four cases), and the pattern calculus factor, NPCF, is evaluated by apply- 
ing the pattern calculus rules (see Chapter 3) to the labeled arrow pattern 
for the shift pattern 


E W, =a (5.6.19) 


using Pip =2 711, Px» =0, py =j+m. 
Using Eq. (3.45), we obtain the expression for the integral (5.6.17) in 
terms of generalized Wigner coefficients: 


1 


(Cones x0, )= co eee) Gy eee (5°6.20) 


where we have defined! 


| 2 aid See EAL 


(5621) 
Cr (en) Ce a, u, =max(0,A—M ). 
(G16.22) 
In these results we have J=0,3,1,..., and the values that M and A may 
Bsn atce) el = lee ll Amealtenative denvation of Eq. (5.6.20) is 


sketched below. ] 


‘Let us recall that the notations (x), and [x], denote rising and falling factorials, respec- 
tively: (x),=x(x+1)---(x+a—1) and [x] ,=x(x—1)--+(x~at 1), a=1,2,.... 
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Another result of interest for the radial integral problem is obtained by 
replacing J by —J—1 and setting /’=/+ A, m’=m+M, in Eq. (5.6.11): 


Cay ile Nae 
(m—j-1)IT(j+mtll(j+m4+1+A4+mM) 


xy eens ee aaa eri, 


= — 1 = 
(Doe yee 0 |= 


} Peis 
IN Gee a=), (66.23) 


where the summation is over :=m—j—1,m—/j—2,..., u, =max(0, A—M). 
For the cases of subsequent interest, we also take 


Ae) ae eee Joie (5.6.24) 


In addition to these restrictions, one must choose HPN Sones EUG) 
m+M=j+A+1, 7+4+2.,... in order that the functions @ 7 and’) es, 
are defined and also 2 ;—J/+A=20 in order that the integral exist. 

Selecting J and A from the values given by (5.6.24) and choosing 


2 j/2J—A, we find from Eq. (5.6.23) that the following integrals vanish: 


(le ey unlessA—) 2) — |) =F 
(5.625) 


[This result was discovered (in the context of the hydrogen atom radial 
integrals) in 1962 by Pasternack and Sternheimer [10].] 

Now restricting A and M to the values J, J—1,..., —J, we may introduce 
the parameters (5.6.18) into the right-hand side of Eq. (5.6.23) and obtain 
the following relations: 


Dial 
(Dalat ®,,,) 


covncey! 3 (Mian) ce 


. (= oa) eee 


S=uy 


(W,)!(%)! (NEC) en Ay tae cea) 


(4,)!(4,)! (4 
MEP) iy) eset 
Je JM Oy aac 


(5.6.26) 
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where u; =max(0, A; — W,). Thus, when the integral on the left a it has 
a dima relation i fie integrals of x’. (We restrict J=0,+,1,... and 
A, M=J,J~—1,...,—J in this result.) The first identity on the right-hand 
SIsle oH Jem, (Ge. 26) i is quite difficult to prove directly, and we establish this 
result by proving below [Eq. (5.6.31)] the identity of the integral on the left 
side to the last expression on the right side of Eq. (5.6.26). A proof of this 
relation, using the generating function for associated Laguerre polynomials, 
may also be found in Ref. [11], Part III. 


4. Iteration Method for Deriving the Integrals 


The preceding results, Eqs. (5.6.11)—(5.6.26), have been obtained from 
Schrodinger’s integral, Eq. (A.18). An alternative procedure, which shows 
directly, at each iteration, the occurrence of the Wigner coefficients in these 
integrals, is to write Eqs. (A.12) in the ( jm)-notation and then to iterate the 
relations, which read [see Eq. (5.6.42) below}: 

2D =— (Mj Bt matt (MJY Dg gat 


jim 35 m~ys 


= (aia Da mei (M—j—1)? By 4 42 


=(2j+1)? * Che jie fee m+p 


=(2j+1} 5 Cul be, Ze, Dy, m+p (bo) 


These equations express the fact that on the space JC; spanned by the set 
of orthonormal vectors {®,,,: m=j+1, j+2,...} we have an identity be- 
tween fundamental Wigner operators: 


tote) 


This circumstance could not occur in SU(2) because of the perpendicularity 
of the spaces JC, and JC,,1 (which itself followed from the Hermitian 
property of J). Tie eal ‘of the Hermitian property for H? in the present 
case allows this unusual result to occur. 

Equations (5.6.27) may be iterated to obtain the following relation: 


df ul 
40,,=(j+AllJ Ils) » ioe Eee Mee aie 
M=—/ 


(5.6.28) 
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The choice of A=J, J—1,..., —J is arbitrary in this result, and the various 
choices yield relations between the functions in the set (Oe Oo 
J,..., —J}. Using the orthogonality relation, Eq. (5.6.9), we now obtain the 
Tesi Equ(s-6:20)-as well as 
(cn ees C0 (5.6.29) 

ROUT ido VE —) 1 eee 

A similar iteration procedure may be used to obtain the expansion of 
ue ao One first inverts the pair of equations, (5.6.27), thus obtaining two 
forms for De, one a linear combination of ®,, tv and Daa en the 
other a linear combination of 2 and Oy en lteratloneot incre 
relations then yields 


Dot ae Ge) eee 
0 = (areas es, eA) Cen Oar 
(5.6.30) 
where M—/J—1\...,—J may be chosen arbitrarily (7 =0, ae eee 


We now use the orthogonality relation (5.6.15) to obtain from Eg (5.6.50) 
the result 


==] 
(Decry, x ®,,,) 


= ASW Daf =a Gen 
=(= 1 ( ee IM ee 
(—1) sim} (jFoat+NG+alTy 631) 


This result is seen to agree with the last expression in Eq. (5.6.26) upon 
noting that 


2 df tA -\2 Ci Sr) 
(22, \ralvily) et 6.6.32) 


Equation (5.6.30) and the orthogonality relation (5.6.15) also imply! 


oat = 
(@. a Ms x DF 0 


'For WEE HAT = laoane —J} we must appeal directly to Eq. (A.18) for the value of the 
tatezial\ (Or x me 6 tore. eee 
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On ee A A lee). Uhissresult isea re-expression of Eq. 
(S262): 


5. Further Properties of Generalized Wigner Coefficients 


The set of generalized Wigner coefficients 


Cl ae ey yee 
eee ’ J : pad ‘ (5.6.33) 


c= 0S 
where m=j+1, j+2,..., with j an arbitrary real number satisfying 2 = 
J—A, enter significantly into the properties of the associated Laguerre 
polynomials as shown by the preceding results. We therefore list several 
additional properties of these coefficients: 
Orthogonality relations: 


a 
ae Feat A 
(= Vt Cee ren el ae =(- ee Oy ars (5.6.34) 
Vea! 
gb Jk Sy —.,. J+M 
Dl) Ge Cte en Bua (5.6.35) 
——s 
where 
Ce (el) Ce ee uj =max(0,A~M). (5.6.36) 


Recursion relations: 


eer ee eee 
=| ee aie) Oe (576-27) 


—[(J+M)(J-M+1) PCR sem 


= [( j++ m-+A)(m—j—B—1)] Ce im 


a [(j+m—M )(m—j-—M— De ee (5.6.38) 
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Wiletce (=O) ean el AV — ey) see 


(JM) CHITA, 


I 
Ps 


(J+A)(2j+J+4+1)( j+A+m) 


= Cit —3fth-3 
_ (2j+2A4+1)(2/+2A) m—M,M-4,m—4: 
CED) ae 
(77 25a ea) m—-M,M—1,m-—3° 


(5.6.39) 


Thewlast relations ise valid for /— le A—J, 7 — ee = 
J—1,...,—/ +1. The extremal coefficient corresponding to M=—/J 1s given 
by 


Cig (1 el 


(j+All JI) 
(5.6.40) 
Symmetry relation: 
oe 2fj+QAS1 2 = 44; 
Ce oy =| | Co eee (5.6.41) 
Table of J= % coefficients: 
Cn a Mim 
] ] 
A\M 7 = 
1 james ia eae 
2 2jF1 | 27+ 
; (5.6.42) 
at = lines | jtmti 2 
' 277A 2j+1 


Remarks. (a) The generalized Wigner coefficients were defined for all 
2) td Oy J Se 2A A ee ee EGia(3:4a)s 
Chapter 3}. Observe from these results that for m ja lj eee thie 
coefficients (5.6.33) may be written out directly from the tables of standard 
Wigner coefficients by reversing the sign of all factors under the square root 
(this is the NPCF) of the form j—m+a—that is, by replacing each such 
factor by m—j—a. 
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(5) It follows from Remark (a) that the coefficients (5.6.33) satisfy 
orthogonality relations similar to those for the standard coefficients [see 
Eqs. (2.34) and (2.36)], the required modification being to include a phase 
factor to account for the reversal of signs carried out in (a). The phase 
factor in Eq. (5.6.34) may be found by determining the number of common 
factors of the form j—m-ta that occur in the NPCF for each of the Wigner 
operators in the product [see Eq. (2.33)]: 


J+A took! 
27 0 2d Oe 
JM Jove 
The number of such common factors is the number p of opposing arrows 


going between point | of the top row and point 1 of the bottom row in the 
arrow patterns for the shift patterns 


ig oe 


ie aa cal 


JM yl 
By direct verification of all cases (six in all), one may show that p=u,+ 
ui +(J+M)—(J+A)—max(0, A’—A). Inserting the factor (—1)? in the 
standard orthogonality relation, Eq. (2.34), then gives the result, Eq. (5.6.34). 
The second orthogonality relation, Eq. (5.6.35), is implied by the first one. 

(c) Recursion relation (5.6.39) may be iterated to obtain all coefficients 
except those corresponding to M= —J. The proof of Eq. (5.6.39) is obtained 
by making the reversal of signs described in (a) above in a recursion 
relation for ordinary Wigner coefficients given in Ref. [12]. Relations 
(5.6.37) and (5.6.38) are similarly obtained. 

(d) Symmetry relation (5.6.41) is proved directly from the explicit form 
of the generalized coefficients. 

(e) The orthogonality relation (5.6.35) together with the symmetry rela- 
tion (5.6.41) may be used to derive Eq. (5.6.30) directly from Eq. (5.6.28). 

(f) The properties of the set of generalized Wigner coefficients given 
above are incomplete. In particular, the analogs of Eqs. (2.60), (2.62), and 
(2.64), involving Racah coefficients, have not been developed. 


6. Interpretation of Integrals in Terms of the Lie Algebra of 
SU(A, 1) 


The lack of unique expansions for x” and x“ in terms of unit tensor 
operators [A is arbitrary in Eq. (5.6.28) and M is arbitrary in Eq. (5.6.30)] 
precludes any consistent interpretation of powers of x in terms of tensor 
operators in the usual sense. Nonetheless, it is possible to utilize the Lie 
algebra (5.6.4) and tensor operator theory to derive the special case A=0 of 
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Eq. (5.6.28) (hence, J is integral). This special result is a consequence of the 
relation (see Ref. [6]) 


= 28L, = 154) (5.6.43) 


[see Eqs. (5.6.2)]. It follows then from the Lie algebra (5.6.4) that the 
commutators 


Pees | andl) ii | (5.6.44) 
will be (finite) polynomial forms defined on the components (H.,., H,, H_,) 


of H. 
Noting next that the operators (J), J, J;) defined by 


J, =if,, J, =if,, J, =H, (5.6.45) 
satisfy standard angular momentum commutation relations, it follows that 


it must be possible to express x* as a linear combination of the tensor 
operators 


ok <= = es 
3*(J), oak ee k (5.6.46) 


introduced in Note 9, Chapter 3, AMQP. and tabulated in Table Al of the 
Appendix of Tables. [Observe that the Hermitian conjugate relation Si 
(invalid now) is inessential in the definition of the operators (5.6.46)]. We 
thus seek the coefficients in the expansion 


(i) cE =) = aioe (oy. (5.6.47) 


Using Eq. (3.45) of Chapter 3 in AMQP to express J; as the rotation of J. 


we may write the left-hand side of Eq. (5.6.47) as (see Table Al) 


ent] eee a (2.2, )549 (Z.-e,). 
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thus yielding 


ES) 
> 
— 


A @n'| oan | 2s 4 


=(-i)" fea eal (5.6.48) 


[see Eq. (3.79), Chapter 3, AMQP]. 
Restoring the operators H in Eq. (5.6.47), we now find the desired 
expansion: 


= 3-01 24) /(2E)] shen. (5.6.49) 


where 9. a *(H) is obtained from 2S, ‘(J) by replacing JeDY ise s 2 byte 
and J; by H, (see Table Al) without sign changes, and u=max(0, a 
Taking ate elements of Eq. (5.6.49) and accounting for the reduced 
matrix element 


Ci SCD A) =[[27], (2742), ]°, (5.6.50) 


we obtain Eq. (5.6.28) for the special case A=0. 

We have thus shown that Eq. (5.6.28) is implied by the Lie algebra of 
SU(1,1) in a special case, but we have found no corresponding interpre- 
tation for the general results given by Eqs. (5.6.28) and (5.6.30). 


7. Interpretation of Integrals in Terms of Tensor Operators 


Armstrong [1,2] has derived results equivalent to Eqs. (5.6.20) and 
(5.6.31) for the special case of integral values of j,m, and J. We describe 
here briefly how this method works (extending the technique to half-integers 
as well), since it illustrates nicely the concept of tensor operators for a 
noncompact [SU(1, 1)] group. 

Using a slight variation of the technique of Miller [8] and Armstrong [1], 
we introduce the functions W,,,(x, 4) of two variables (x, @) with 0<x<oo 
and 0<6@<4z7 defined by 


at 


e ime zi 
Vin X; = ®,,,(x) (5.6.51) 


Wor SOA nese SGP ae 
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The motivation for this definition is easily understood when one examines 

Eqs. (5.6.5) and (5.6.15). In consequence of Eqs. (5.6.5), the action of H, on 

Vin(x,9) is 10/08; in consequence of Eq. (5.6.15) and the exponential 
factor in the definition (5.6.51), one finds that the set of functions {¥,,,: j= 
0,5,1,...;m=j+1, j+2,...} is orthogonal with inner product defined by 


(Val a) 


= ("a0 f" x dx V8, 0) Vi (X58) 
= 505m (5.6.52) 


More generally, we have 


ee oe ote ea. nee FTE ar yee le ( oon Oey 


(5.6.53) 
for arbitrary & (for which the integrals exist) and p=..., —1, —4,0,4,1,... 
Using the fact that the action of H, on (x, @) is eu by 10/08, we alle 
find from Eggs. (5.6.2) and (5.6.51) that the operators 
0 ) el! 
= = | oY en ee ee 
Mae Pape 7a 
a 
K, ye (5.6.54) 


satisfy the hyperbolic commutation relations (5.6.4) and have the same 
action on the functions (U7) as G02 2, oon the Disco qc a(oaranl 


jm 
Let us next rewrite Eqs. (5. 6.20) and (5. a 31) in terms of the inner product 


(5.6.52), Defining 7), (J —0-5, ha i — J 7 | by 
Ti, = ( 25 “xT tly IMO, (5.6.55) 
we obtain from Eqs. (5.6.20) and (5.6.53) the result 


Care nt |Th| ‘= Oe ts TATE ee eae M> (5.6.56) 


where 


(J+ ATA) S[(2F+2A44+ 1)(2/+1)P2G+AllILZ). (5.6.57) 
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Similarly, defining Sj, (J=0,3,1,...; M=J,J—1,...,—J) by 
=f wre Bal ae =i 
S1=(-1) ee) x te imo. (5.6.58) 


we obtain from Eqs. (5.6.31) and (5.6.53) the result 
(V0. mlSEA Vn) Soran ae IFAS ACLS ays (5.6.59) 
where 
(j+AilS7 ll j)=(-1)""*/(2j+2A441)(j+AllJ lf). (5.6.60) 
Equations (5.6.56) and (5.6.59) express the fact that Tj, and S¥, are tensor 


operators with respect to the group SU(1,1) (generated by the Lie algebra 
with basis K . , K3). Indeed, one verifies directly the commutation relations 


II 


[K,,7]=[(J-M)(J4+M+1)]73,,,, 


[K_,7{]=-[(V+M)(J-M41))TH_,, (5.6.61) 
[K3, Ty] =MTy, 


with an identical set of relations when Tj, is replaced by S¥,. 

If we take matrix elements [basis {Vn} of Eqs. (5.6.61) and utilize Eq. 
(5.6.56), we are led to the recursion relations (5.6.37) and (5.6.38) for the 
generalized Wigner coefficients. Armstrong [1-3] used this type of proce- 
dure (iterating the recursion relations) to establish the Wigner—Eckart 
theorem for the tensors Tj, and Sj, defined on the space spanned by the 
{¥;,,}, thus validating Eqs. (5.6.56) and (5.6.59). 

Remark. Chacon et al. [7] have discussed (in the context of several 
physical problems) the close analogy that exists between the transformation 
from the Schrédinger representation of quantum mechanics to the 
Heisenberg representation and the transformation of operators 


Kae es (5.6.62) 


I 


which results from the transformation of functions 


Te 
YW CSU)= eee BETO ACs) (5.6.63) 
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8. Radial Integrals for the Harmonic Oscillator and the 
Coulomb Potentials 


The radial functions for the harmonic oscillator and the Coulomb poten- 
tials are related to the functions {®,,,} by a transformation of the form 


OM 2) ae (cae (5.6.64) 


where X is an integer or half-integer. If we carry out the transformation of 
the operators H.,H, given by H!)=x~/?H.x*/?, then the operators 
H), H\ also satisfy the hyperbolic commutation relations (5.6.4), and the 
action of each of these operators on the {0} is still given by Eqs. (5.6.5). 
The operators H{") are given in terms of the H, by 


d ae 
= fash fy eet ee babii 
eb Hi, OE ae 
HY =H, —i%, (5.6.65) 
HM=H ee 
3 2 dx 4x’ 


The group SU(1,1) thus enters into both the harmonic oscillator and 
Coulomb radial problems, and the Wigner coefficients GE Aro em will occur in 
the radial integrals. The details of this relationship will depend on the value 
of A, the identification of x with the radial distance for the specific problem, 
and the normalization of the functions given by Eq. (5.6.64). We summarize 
these details in this section. 

Harmonic oscillator. The harmonic oscillator in N-dimensional Euclidean 
space has the Hamiltonian 


H=}(p* +x’), (5.6.66) 


where x=(x,,x2,...,Xy) and P=(P). P2.---s Py), Py =—id/Ox;,; that is 
p= —1V. (We have transformed the physical Hamiltonian to dimensionless 
coordinates and set A=1.) Introducing the generators of rotations (in 
Euclidean N-space) in the (i, /)-plane given by 


ep NLD Se Pc Pj 1, (5.6.67) 
N 
and the (Casimir) operator, Q?= > (L,,)?. one finds that Q2 is the 


. . . . ie | 
rotationally invariant function of x*, V?, and x- V given by 


PS ae aR 9), (5.6.68) 
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The eigenfunctions of the (positive semidefinite) Hermitian operator 0? 
of physical significance for the oscillator are homogeneous harmonic poly- 
nomials {P,} of degree / (/=0,1,2,...): 


ye 0), aye) — ee (5.6.69) 
Using this result in Eq. (5.6.68), we find 


O?P,=I(1+N—2)P,. (5.6.70) 
Putting 


¥(x)=R(r)P,(~ )=r (Rr) PCX), (5.6.71) 


and noting that 2? commutes with any differentiable function of r= 
(x?-+ +--+ +x3)2, whereas x V commutes with any differentiable function 
of x/r and has the action rdR(r)/dr on R(r), we again use Eq. (5.6.68) to 
obtain the action of V7 on y,(x): 


Whe r dr 2 W(x). 


r 


d?R(r) Peel (| I(I+N—2) 


Vv (x)= | 
(5.6.72) 


On the other hand, using the boson operator representation (see Chapter 
5 of AMQP), one finds that the Hamiltonian (5.6.66) takes the form 


— (5.6.73) 


and has the normalized eigenstates given by 


ry 4a)" N\q _(a;)" 
H I ——= |) = n+ I] eae 0 (5.6.74) 
=1 [(a,)!]? | 2 ) [(@,)!]° 


where the a, (i=1,2,..., N) are nonnegative integers such that Sia 

(= 2c.) . 
Using Eg. (5.6.72) and the eigenvalue [n+(N/2)] of H, we now obtain 

the radial differential equation for the N-dimensional harmonic oscillator: 


2 — PEIN =2 
d (a) dy ( ae 


1B rae 72 Rp aN Re 


(5.6.75) 
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Making the change of variable x=r* and writing G(x)= R(Vx ), we find that 
this equation is transformed to 


Hi) G(x)=mG(x), (5.6.76) 
where H{”) is obtained from Eqs. (5.6.65), (5.6.2), and (5.6.3) by putting 


a=!—1+(N/2), A=(N—-2) /2. m=(2n+N)/4, 
j=(e-1)/2= (21+ N—4) /4, (5.6.77) 
i i (ay 2. 


For each /=0,1,2,..., the allowed values of the principal quantum number 
fae =) 2) 4 ee southat for each / of the form (2/+ N—4)/4 the 
allowed values of m are j+1, j+2,.... 

We thus find that the normalized radial eigenfunctions are given by 


a1 [oe (Ce) (5.6.78) 


where j and m are expressed in terms of n, /, and N by Eqs. (5.6.77) and the 
nomalization is such that 
NST D 
f ama ea) ee Dee ae (5.6.79) 
[A phase factor in Eq. (5.6.78) has been chosen such that the operators 
(5.6.65) with A=(N—2)/2 and a=I—1+(N/2) have the standard action 


(5.6.5) on the functions x ~~ /4@,, (x).] 
Introducing the notation 


Co [te Oe eg VE Siecle). (5.6.80) 
0 


we then find the following important relation for the radial integrals of the 
N-dimensional oscillator: 


Ee Va = (® 


jam 


| oe (Gay) 


for all k for which the integrals exist. In particular, the results expressed by 
Eqs. (5.6.20), (5.6.25), (5.6.26), (5.6.29), and (5.6.31) are of special impor- 
tance for the oscillator problem.! 


"The results expressed by Eqs. (5.6.81) and (5.6.1 1) are, of course, more general than these 
particular cases, which involve the generalized Wigner coefficients. 
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Remarks. (a) The three physical rotationally invariant operators [in- 
variant under O(3) as well as O(7) transformations] that define the SU(1, 1) 
algebra for the oscillator are 


is +x); 
H,=(x-pt+p-x)/4, (5.6.82) 
Bh (p° Pe )/4. 


[The operators H”? [A=(N—2)/2] of Eqs. (5.6.65) are just the “radial part” 
of these operators transformed by x=r?.] One can, of course, investigate 
directly, using Lie algebraic methods, the properties of the operators (5.6.82) 
on the space of oscillator wave functions. This has been carried out in Ref. 
[6]. 

(6b) Many explicit values of radial integrals for harmonic oscillators have 
been given by Shaffer [13] and by Shaffer and Krohn [14]. 

(c) A detailed analysis of the N-dimensional oscillator wave functions has 
been carried out in Refs. [11] and [13]. 


Hydrogen atom. The radial functions for the Coulomb problem are given 
by (see Chapter 7, Section 4, AMQP) 


Ral =(-1 [x 40,,(2)) nary 6.6.83) 


where /=0,1,2,... and n=/+1,/+2,.... [The operators H{” given by Eqs. 
(5.6.2) and (5.6.65) (j=/,A=1) will then have the standard action (5.6.5) 
(m=n) on the functions x2, (x).] These functions are normalized 
according to 


fora Ru) P=), (5.6.84) 


Introducing the new variable £=(n+n’)r/nn’, one may obtain the follow- 
ing expression for the radial integrals of the Coulomb problem: 


for aR (Ral) 
0 


pies, oC n)* 2né ] 2n’é 
a a= sed fieclie j] 
=(=1) (n'+n yer? afr gn \ at Pin i aR 


n’'—I'—nt+l 2(n'n): ; ,) Anes nl xkt lo ) 
=(- 1) Fo) > ni’,m l'nt'? im}? 
Cn’ tn)” mart) mai 1 
(5.6.85) 
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where 


rpm a1)" Qn)" Qn" (naa 
(4n'n)(n' +n)" "| 


ail eee oa pari fez )] 
po lesa Nee m—/1-| : (5.6.86) 


The general result, Eq. (5.6.85), has been obtained by using the scaling 
(dilatation) operation (A.10). 
In the case n’=n, one has the much simpler result: 


mm 


kt 
Pata 


i pS GMI fie = 2) kel (on lee (5.6.87) 


where, again, cases of special interest are those corresponding to Eqs. 
(5.6.20), (5.6.25) (the Pasternack~Sternheimer result), (5.6.26), (5.6.29), and 
(6.6051): 


Remarks. (a) The occurrence of 2r/n as the “intrinsic”? dimensionless 
variable in the hydrogen atom problem complicates the Lie algebraic 
approach to the Coulomb radial integral problem. Although one may 
attempt to remedy this difficulty by introducing a scaling operator, this 
procedure is of no help (Armstrong [2]: Cunningham [4]) in understanding 
the general result (5.6.85) from a group-theoretic approach. See, however, 
the treatment by Moshinsky er al. [6] for the case /’=/. 

(b) The radial hydrogen atom functions (R= lt 2) Weare 
orthonormal, a result that is not explicit in the form (5.6.85). Thus, although 
Eq. (5.6.85) is fully explicit, it is not the optimal way of expressing these 
integrals. 


APPENDIX: SUMMARY OF PROPERTIES OF ASSOCIATED LAGUERRE 
POLYNOMIALS AND FUNCTIONS 
Definition of associated Laguerre polynomials: 


K a C TX 3 
i4(s)= 3B - on ; 


s=0 


(A.1) 


a arbitrary, k nonnegative integer. 
Functional relations: 


XL(x)= (2k bat I)LE(x)—(kt+a)LE_\(x)—(K+IDLE, (x), 
(A.2) 
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Lp Ae JSS ECS Eee (A.3) 
Bie (N (ietaeae L(x )—(k+- ha (a), (A.4) 

d @ = Gr Mf <3 

Wx eC) = LE), (A.5) 
LLY x )=RLY( x) ~ (K+ ES (x). (A.6) 


Generation by exponential operators (King [15]): 


—] kK 
B(x) =F taxh, (A.7) 
We d 
Or oe TGS Des (A.8) 
Orthogonality: 
06 Pikie+] 
f ds x°e*L4(x)LE(x)=8y¢ ee. (A.9) 
[Rew = ||: 
Scaling property: 
kK [atk e 
Ose = OS Lat ks yy PEO ec (A.10) 
ce Gia)! 3 
Definition of associated Laguerre functions: 
ea( ‘= ae ee : a/2 Cae Be ) (A.11) 
(NOES GE) | 
fomrealsa = ll k—0) I... ). 
Functional relations: 
Pe) (roe) Oo) (eral) e, 21 x) 
=(ktatlyeet'(x)—Keet(x), (A.12) 
Oe yal beter b NE oe) — | eth 8) ses ae 
—[(k+1)(kta+1)]?2%4,(x), (A.13) 


(2x +1) 2¢(x)= [Cet I(kpat HEE (a) [ak +a] 2E (2). 


(A.14) 
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Orthogonality: 
fax Oe) ca) ro ee (A.15) 
0 
Differential equation: 
Zict Gol A 
Se ee ee = er = A.16 
(- a3 +A Se) 2 )oe(x)=o, (A.16) 
2 2 
oe ee ea (A.17) 


Integrals: 


[xte LS ( Sa bral: )) ae 
0 


=r(es Bis (28) (0-1-1), 


(A.18) 
[Re p> — 1] (Schrédinger [9]). 
[axe x°L4(Ax) Le (ux) 
0 
_T(K+k’+a+1) (b-A)‘(b-p)* 
: ; Dh) 
Zool =[k, =k 5s =/k=/p 7 GA) 0) 4 

(A.19) 


[Rea>~1, Reb>0] (Erdélyi er al. [16]). 
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Topic 7. UNCERTAINTY RELATIONS FOR ANGULAR MOMENTUM! 
1. The Role of the Uncertainty Relations 


Heisenberg’s [1] discovery of the uncertainty relations for position and 
momentum measurements in quantum mechanics played a fundamental role 
in clarifying the physical content of quantum mechanics (see Refs. [2] and 
[3]). Using the terminology devised by Dirac, one says that quantum 
mechanics considers two types of observables: commuting classical-type 
observables (““c-numbers’’) and quantal-type observables (“q-numbers’’), the 
latter obeying noncommutative, but associative, algebraic rules. The basic 
quantal observables for a particle—position x and momentum p—are 
postulated in quantum mechanics to satisfy the Heisenberg* commutation 


‘We thank Professor Michael Reed and Dr. Michael Nieto for discussions on the content of 
this Topic. 

*Alfred Landé has mentioned that in point of fact it was Born, not Heisenberg, who first 
wrote out these commutation rules in their final form (Heisenberg having found the diagonal 
elements); but the concept (if not the result) is indisputably Heisenberg’s. Hence, we stick to 
the common usage. The historical context for the uncertainty relation is discussed in the 
eloquent Heisenberg memorial lecture by Mehra [5a]. 
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rule (Heisenberg [4], Born eg al. [5}): 
ees, |= a0. (7D 


The existence of a nonvanishing commutator between two observables 
implies a restriction on the possibility of preparing quantal states in which 
the two observables simultaneously take definite values. The Heisenberg 
uncertainty relation for position and momentum measurements, 


Ap,Ax,2th, (Sige) 


gives a precise statement of this restriction, which asserts an inequality 
relating the two dispersions, Ap; and Ax,, that occur for measurements on a 
physical system in the state |p): 


(Ap) =(bl(p;— (PY |¥), 
(Ax;)=(Wl(x,- (x) |v), G73) 


where the expectation value, (4), of an observable A for a system in state 
|v) is defined by (A)=(¥Afy).! 

From the Heisenberg uncertainty relation, Eq: (5.7.2), it is clear that a 
position measurement of great accuracy, having small dispersion Ax~e 
(Ax=0 is both physically and mathematically excluded), necessarily re- 
quires a very large uncertainty Ap~h/e for a simultaneous momentum 
measurement. It follows that in quantum mechanics—in sharp contrast to 
classical mechanics—there can be no meaning to such a concept as “the 
path of a particle.” Bohr’s Principle of Complementarity, formulated at the 
Solvay Conference? of 1927, was an attempt to capture the qualitative 
implications of the uncertainty relation. This principle asserts that atomic 
phenomena cannot be described with the completeness demanded by classi- 
cal mechanics; some of the elements in a classical description (particle 
versus wave nature—that is, position versus momentum aspects) are actu- 
ally mutually exclusive, but these complementary elements are all essential 
in the description of the phenomena. This principle is a basic tenet of the 
Copenhagen interpretation of quantum mechanics, which is the standard 
viewpoint of essentially all physicists (see Jammer [6]). 


'The general definition of the dispersion 4A of an observable 4 measured in the state lw) is 
(AA)?=(H\(A—(A))P? WL), where (A)=(y|Aly). Note then that, in general, ¢A) is a real 
number that depends on y, and AA is a nonnegative real number that depends on w. It is 
customary in the physics litcrature to suppress this (functional) dependence on the state. 
However, note that in Eq. (5.7.2) the right-hand side (the minimum value h/2) is independent 
of the state |p). 

°This conference marked the beginning of the Einstein—Bohr controversy over quantum 
mechanics (Robertson [3, pp. 143ff.}). 
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The uncertainty relations are accordingly one of the essential elements in 
interpreting and understanding the physical content of quantum mechanics 
(see Note 1). The purpose of the present Topic is to discuss in a precise 
mathematical way the uncertainty relations for angular momentum observa- 
bles. This is clearly of intrinsic interest, but it is a task of particular 
importance, since the literature contains many confusions and errors. To do 
this properly it is useful to review first the situation for position—momentum, 
to which we now turn. 


2. Résumé of the Position—Momentum Uncertainty Relation 


The essential fact to recognize in any attempt to discuss the uncertainty 
relation {Eq. (5.7.2)] with precision is that the operators (observables) 
entering Eqs. (5.7.1) and (5.7.2) are unbounded: Both p=p, and x=x, have 
the real line as spectrum. It is a consequence of the Toeplitz—Hellinger 
theorem’ that unbounded operators can be defined, at best, only on a dense 
subset of Hilbert space. This unfortunate fact of life is the source of much 
difficulty (and suffering) in quantum physics and a chief stock-in-trade of 
mathematical physics (see Notes 2 and 3). 

There is an elegant way to avoid some, but not all, of these difficulties in 
the case at hand. This is to use Weyl’s idea of replacing the unbounded 
operators p and x by the unitary (and, hence, bounded) operators defined 
by 


U=exp(idp/h), 
V=exp(ipx/h). (5.7.4) 


One thereby obtains the Heisenberg commutation relation in the Weyl form 
[S273]: 


eG, (Gas) 


Operators in the Weyl form do not in general suffice for the purposes of 
physics (U and V, for example, are technically not observables). To justify 
the (standard) physicist’s manipulations to follow, we shall assume that 
there exists a (dense) domain invariant under p and x, and in the domains 
of both. 

To establish the uncertainty relation, Eq. (5.7.2), let us fix an arbitrary 
(normalized) Hilbert space vector |) and consider the operators P and Q 


'The Toeplitz—Hellinger theorem (Reed and Simon [7]) asserts that a symmetric operator [an 
operator A that satisfies (Ay, ~)=(p, Ay)] defined on ail vectors in a Hilbert space is 
necessarily bounded. The term “Hermitian” is used interchangeably with “symmetric.” 
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defined by! 


P=p—(y| ply). 
O=x- Gly (S716) 


Applying the Schwartz inequality to the vectors P|) and Q|W), one finds 


(PYPY) (OVO) >|( PY QyY))’. (5.7.7) 


To evaluate the right-hand side in this relation, we note that 


KK PvOv>P=|(vIPOW)/? 
=al(¥|LP. Q]ly) +<vPO+ OPlp)/? 
S4l(Hl[P. Q]yyP=4A2, (5.7.8) 


Since ||| ark 

This result establishes the uncertainty relation? of Eq. (5.7.2), since the 
dispersion (Ax)° is given by (Ax)? =(Q¥|QOy), and, similarly, (Ap)? = 
(PY|PY). 

It is interesting to pose the question: What is the class of states for which 
the uncertainty relation actually achieves the minimum? These are the 
minimum uncertainty states that were defined? by Schrédinger [10] and that 
play a major role in quantum optics (Glauber [11], Klauder and Sudarshan 
[12], Louisell [13]). There are two conditions to be fulfilled: (a) For the 
Schwartz inequality [Eq. (5.7.7)] to be an equality requires that the vector 
P|) bea multiple of the vector QO|p); that is, 


P\P)=AQ|y), AEC: (5579) 

and (b) for Eq. (5.7.8) to be an equality requires that 
(v|(PO+OP )ivy=0. (5.7.10) 
Consider Eq. (5.7.10) first. Using POQ=QP—ihl and then QP=PQ+iAl, 


' Observe that these operators are functionals of W (sec footnote 1, p. 308). 

° This conclusion is inescapable for p and x Hermitian operators defined on a dense subset of 
a Hilbert space with the assumed domain properties. (The proof we have given is essentially 
that of von Neumann [9, pp. 230ff.]. It follows that an eigenvector of p or x cannot be a vector 
in Hilbert space, since such an eigenvector would satisfy P]) =0 or Q|W) =0, thus contradict- 
ing Eq. (5.7.8). The conclusion is: The commutation relation (5.7.1) is a valid operator identity 
only when applied to vectors in a common dense invariant domain of Hilbert Space; it is clearly 
invalid when acting on eigenvectors of p or x. (This is discussed further in Section 3) 

*Von Neumann {9, p. 237] attributes these states to Hcisenberg. 
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we find that a minimum uncertainty state must satisfy the two conditions 
expressed by 


(Y\PO|Y)=—ih/2 and = WIP] Y) =1h/2. (5.7.11) 
Using next the requirement (5.7.9), we find the relations! 
(Ap)'=—ihad /2, (eno GAT) 


Note that we recover from these two relations the minimum uncertainty 
relation 


ApAx=h/2, (Gus) 


as well as the relation 
Ap/Ax=—in. (era) 


Conversely, these two relations imply Eggs. (5.7.12). 
Using Eq. (5.7.14) in Eq. (5.7.9), we now obtain the following equation 
that must be satisfied by a minimum uncertainty state |y): 


[(Ap) 'P—iAx) ‘@]|y)=0. (Guia) 


Using the Schrédinger realization of the operators p and x [ p> —ih(0/0x), 
and x is the multiplication operator by x], we can integrate the relation 
(5.7.15) to obtain the following generic form for every position~momentum 
minimum uncertainty state, Y(x)=(x|p): 


Wee = [rh(a/4p)] te - [span +2(p)x IF (ez le) 


At first glance this result is a curious one, since (p), (x), and Ax/Ap 
are properly to be thought of as functionals of w itself. On the other hand, 
the relationship is self-reproducing in the sense that one may set (p)= 
hb(— 0<b<0o), (x)=a, (— 0 <a<oo), and h(Ax/Ap)=p (0<p< oo) in 
the right-hand side of Eq. (5.7.16), and then calculate by direct integration 
the values ( p)=bh, (x)=a, and hAx/Ap=p, using Y(x)=(a, b, p; x). 
This result shows that, in fact, |W) is to be interpreted as a three-parameter 


'Note then that we must have A=/g(W), where 0<g()<oo for all states W in the Hilbert 
space of states of a physical system (see footnote |, p. 308). 
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family of states 


Ya, darsx)=(any exp] (EP it} Conn) 


where the real parameters a,b, and #1 may assume any values such that 
]<0- 0, © -—) ao, and 01 =< co: 

Since the minimum uncertainty state (5.7.17) is generic— that is, it refers 
to no particular (one-dimensional) physical system—it is valid for every 
such physical system. Each member of this family is a minimum uncertainty 
state for any physical system and may be realized for that system by 
suitable (position—momentum) measurements. 

The family of minimum uncertainty states (5.7.17) is in one-to-one 
correspondence with the ground states (lowest energy states) of a family of 
harmonic oscillators. [This statement is to be contrasted with the less 
carefully phrased one often found in the literature, which (misleadingly) 
asserts that the states (5.7.17) are “harmonic oscillator states.””] 

To see more clearly the relationship of the minimum uncertainty states 
(5.7.17) to the harmonic oscillator, we operate on Eq. (5.7.15) from the left 
with (2m)~'[Ap)~'P+i(Ax)~'Q]. The result is 


We D He 
a(x a) |I6(a, BB) = sa Ya. Bo). 


(5.7.18) 


l 2 
nea ue hb) as 


The operator in the left-hand side of this equation is the Hamiltonian for a 
particle of mass m in a harmonic oscillator potential centered at x=a and 
observed from a reference frame moving in the x-direction with momentum 
hb. Moreover, the frequency of the (classical) motion is w=h /mp, so that 
the energy of the oscillator [right-hand side of Eq. (5.7.18)] is hw/2. Thus, 
|¥(a, b, #)) is the ground state of a harmonic oscillator with fixed physical 
characteristics (as determined by the mass m and the frequency w=h/m.), 
which has equilibrium position x=a and is observed in a moving reference 
frame having momentum hb. 

It is important to note that each member of the family of minimum 
uncertainty states {|P(a, b, p’):0<p’< oo} is a minimum uncertainty state 
of the oscillator described above with mass m and frequency w=h/my’; 
only one member (p’=p) of the family coincides with the ground state of 
the oscillator with physical parameters (m, jt). (Coherent states for a particu- 
lar oscillator are a subset of the position-momentum minimum uncertainty 
states.) 
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We refer to the literature for further discussion of minimum uncertainty 
States and coherent states for other physical systems (Nieto and Simmons 
[14], Perelomov [15]; a recent review is by Santhanam [15a)). 


3. Uncertainty Relations for Angular Momentum! in Two 
Dimensions 


It is customary (in textbook treatments) to discuss the uncertainty rela- 
tions for angular momentum by considering in effect only the special case of 
the subgroup of rotations generated by the orbital rotation operator L,. 
Such a restriction limits the discussion essentially to (two-dimensional) 
planar rotations, a very special case indeed, which (as will be shown below) 
grossly distorts the actual three-dimensional situation. Since the treatment 
of rotations in two dimensions is, however, important in its own right, and, 
moreover, illustrates rather clearly certain typical technical difficulties, it is 
helpful to discuss this case first. 

We begin therefore with the orbital rotation operator L; defined by 


— 4 a ; 
L,= i( mgd aah (5.7.19) 


and seek to determine the position variable that is conjugate to L;. Let us 
define the angle ¢ by 


Cae 7) (5.7.20) 


that is, we take @ to be the angle of rotation in the (x,—x,)-plane 
measuring the position x=x,é,+x,€, of a particle initially at the point 
Oe where — (ec. +x2)2, 

One can verify—at this stage heuristically— that L, and ¢ apparently do 
satisfy the desired canonical commutation rule 


since L, has the Schrédinger realization 


L,=—i(0/d¢). (GAD) 


‘Angular momentum states which minimize the uncertainty relation AJ, AJ, =|(J;)|/2 have 
also been called “minimum uncertainty states” and discussed in the literature (see Bacry {15b], 
and references cited there). We are concerned here, however, with states minimizing the 
uncertainty for an operator and its conjugate observable, as in the prototype Heisenberg 
relation. 
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This conclusion agrees intuitively with one’s physical understanding of 
planar rotations, and it agrees with the Dirac quantization prescription 
whereby the Poisson bracket (PB) is mapped into the quantum mechanical 
commutator: ! 


[L3.¢] pp(ih) '[Ly.9]. 


The problem one faces in a precise treatment is to postulate Eq. (5.7.21) as 
valid, and then to determine the exact sense in which the operators L, and 
p—especially the appropriate space on which they act—are to be interpreted. 

That this is not simply a matter of overly fastidious mathematical taste 
can be seen from the following “fallacy”: Taking matrix elements of Eq. 
(5.7.21) between eigenstates of L,, one obtains the result (m’—m)(m'|o|m) 
=6,.7m, Which is absurd, since it implies (for m=m’) that 0=1. This 
“fallacy” has been known since the beginning of quantum mechanics 
(Jordan [16]) and is continually being rediscovered (for example, see 
Perlman and Troup [17]). The resolution of this situation is nor to deny the 
commutation rule (as in Ref. [17 ]), but, as emphasized above, to find the 
precise conditions for its validity (Kraus [18]). 

We begin by observing that L, is unbounded, and hence defined only on 
a dense set of Hilbert space (see Note 2). Next we observe that the most 
suitable function space for the present problem is the space AC[0,277) of 
absolutely continuous square-integrable functions on the interval [0,27) 
(see Note 4). For such a space the fundamental theorem of the calculus is 
valid, and for each function f in the space there exists a derivative f’ almost 
everywhere. The operator L; is then defined as the operator acting on 
functions f€ AC [0,27) given by 

L;: f(¢)> 8) (SAC | O27), f(O)=f(27) =0. 
(e723) 


Here the domain of definition for the operator L, (denoted “)) is the set of 
functions defined by “)= { f€ AC[0,27): f(0) = f(27)=0}. The domain ‘D is 
dense in AC[0,27), and therefore Eq. (5.7.23) constitutes an adequate 
definition for L,. 

If we interpret the operator ¢ as the multiplication operator in AC [0,27) 
defined by 


&: f(o)-of(¢), (5.7.24) 


"Recall that L, in Eq. (5.7.19) is in units of A, so that these results are dimensionally in 
accord. 
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then ¢ is a bounded operator, defined everywhere. In particular, the domain 
of the product of the two operators, pL; and L,, coincides with the 
domain °). Thus, it follows that the commutator given by Eq. (5.7.21) is 
well-defined on the domain ©), which is dense in AC [0, 277). 

This is quite reassuring, but it is far from the end of the story! There are 
several problems yet to be discussed: 


(a) The operator L,, although indeed well-defined on and Hermitian 
on %), is not self-adjoint. This is important physically, since the spectral 
theorem (which validates quantum mechanical applications) applies only to 
self-adjoint operators (Reed and Simon [7], Weyl [8], von Neumann [9]). 

(b) The domain % is not physically satisfactory, since the boundary 
condition [¢(0)=$(27)=0] spoils the rotational symmetry of the physical 
problem. 

(c) The operator ¢ is also physically unsatisfactory, since it fails to be 
cyclic at the boundary. 


Let us consider the problem of self-adjointness, item (a) above. The 
operator L, is sufficiently simple that one can determine the adjoint! L* 
quite directly without using the complicated analysis developed by von 
Neumann for the general case.* Consider the defining relation for the 
adjoint operator L}. For fE%(L,) and ge) L*), we have (using an 
integration by parts) 


(Lif, g)—-(f, Lig) =f (27) (27) —f (0) g(0) =0. 


Since fE°)(L,), it is required that f(0)=/(27)=0, and hence the right- 
hand side vanishes with no conditions on the function g [aside from g€ 
AC(0,27)}. It is clear that the domain of L¥ is larger than (and includes) 
that of L,; in symbols, L,C L¥, as required by the general analysis. 

In order to construct a self-adjoint extension of L,, it is evident that one 
must weaken the boundary conditions on the admissible functions in such a 
way that the same conditions apply to both “)(L,) and %)(L¥). There is a 
continuous family of such self-adjoint extensions, which we denote by L{”. 
Then LS” is the operator —i(d/d@) acting on the elements W of the domain 
9), defined by 


6) ={p: pEAC[0, 27), (27) =ay(0), aEC, fa|=1}. (5.7.25) 


'In this section only (and in related Note 2, p. 346), we follow the custom in mathematics 
and use the asterisk to denote the adjoint of an operator and the bar to denote complex 
conjugation. 

?This discussion is taken from Reed and Simon [7, pp. 141ff]. This same example also 
appears in von Neumann [9]. 
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Expressed in words: The self-adjoint operator LS) has the domain %,, 
which is defined to be the space of absolutely continuous functions on the 
interval (0,27) satisfying the boundary condition ¥(27)=ay(0), where « is 
a complex number of modulus 1. We note that L,C LS°=L?" CL¥, as 
required by the general theory. 

This result is satisfactory in that it validates the commutation relation, 
Eq. (5.7.21), not only for a self-adjoint operator but also on a larger space. 
The freedom to choose a is also satisfying, since this choice is a matter of 
physics, and it allows one to choose a=1 as the physical space of cyclic 
functions, f{(¢)=f(@+27), as required by rotational symmetry. [Let us note 
that the other choices of a correspond each to a group contained in the 
covering group of the circle (the circle group having a=1); this freedom 
results from the fact that the circle group is infinitely covered.] 

This nicely disposes of items (a) and (b) above, but it worsens the 
problem presented by item (c), since the operator @ no longer leaves the 
domain °), invariant! Let us now turn to this problem, the task of finding a 
satisfactory definition of ¢. It is not particularly helpful (although it is 
possible) to define (Nieto [19], Susskind and Glogower [20]) @ as a multipli- 
cation operator everywhere modulo 27. Let us rather make use of the 
suggestion of Jordan [16] and consider, instead of $, the operator e'®. This 
disposes at once of the problem, since this operator is everywhere invariant 
under ¢>@+27, and moreover leaves the domains o) invariant. The 
commutation relation then reads 


[nee fewe (5.7.26) 


where we now understand the operator L, to be the self-adjoint operator 
denoted earlier by L§*~"). This commutation relation is valid on the domain 
ee 
We remark that this resolution of item (c) is not without objection, since 
technically the operator e'® is not a physical observable. We may, and shall, 
replace e'* by its physically observable components sing and cos@ where 
necessary, and regard this final difficulty more as an inconvenience than a 
genuine flaw. 

Before developing the uncertainty relations that follow from EGa( 5.726), 
let us note explicitly the resolution of the “fallacy” with which we began. 
The flaw lies in taking matrix elements of Eq. (5.7.21) using the eigenfunctions 
of L,=LY~"), since the operator $ takes the eigenfunctions out of the space. 
Equivalently, the operator identity expressed by Eq. (5.7.21) is invalid when 
applied to an eigenfunction of L,. This resolution of the problem is rather 
analogous to the resolution of a similar “fallacy” for the Heisenberg 
commutation relation itself. This latter fallacy results from taking matrix 
elements between “eigenvectors” of the position operator. The flaw here is 
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that the “eigenvectors” are improper, and not vectors in the Hilbert space. 
Thus, in both cases, the resolution of the “fallacy” is to deny the validity of 
the commutation relation when acting on eigenvectors. 
Let us turn now to the uncertainty relations. It is convenient to consider 
first the operators sin@ and cos ¢ defined by 
Si — (ee 97 27 
cosp=(e* +e?) /2, (Sa) 


for which the commutation relations are 


Ae sin |=" cos oe 
[ L,,cos @]=ising. (5.7.28) 


Consider the first commutator in Eqs. (5.7.28). Let us define the operators 
Land X by 


ii 
X=sing—(sing). (729) 
Using [L, X]= —icos$, we may now repeat the procedure given by Egs. 


(5.7.7)—(5.7.14). We find that the minimum uncertainty relation 
AL,A(sing )=3|<cos })| (5.7.30) 


will hold if there exists a (minimum uncertainty) state |), which satisfies 
the following conditions: ! 


L|P)=AX|¥), 
(AL, ) =—id<cos $) /2, 
(A(sing ))’=i¢cos) /2A. (Gea) 
Using L,;=—i0/d0, we may integrate the first equation in (5.7.31) to 


obtain the following relation that the minimum uncertainty state ¥(¢)= 
(|W) must satisfy: 


b(@)=N~2exp i[(L,)o—Acoso—Xsing)$], (5732) 
where N is a normalization factor. 
'One must be particularly cautious with the (standard) notation used here. For example, 


(cos) is not a function of ¢, but rather a complex number whose value depends on the state 
|W) —namely, (cos ¢) =(¥p|cos 6|P) =a(b)=complex number. 
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The requirement that 1(¢+27)=y(¢) forces the relation 
CKpi27 | Ly sing | — 2. 
that is, 
(La) Asin) i (657-33) 


where m=0, +1, +2,... . Thus, we find a denumerable infinity of minimum 
uncertainty states of the form 


Pal) HN ~ Feline —Acoso) m=O, 22), =Zoscor (5.7.34) 
where we note from Eggs. (5.7.31) that A is a pure imaginary number of the 
form A=ip with 4 >0 (see footnote, p. 311). 


Let us digress a moment to give several integrals that are useful for 
interpreting the results given by Eqs. (5.7.30)-(5.7.34): 


2aly(2u)= [dger*or*, 
2a1,(2p)= f *"dbe2# 5% c0s b=2p f "dpe?" sin? g, (5.7.35) 


= [Pdee**sing. 
0 


In these results, /, is a modified Bessel function (Watson [21]), and p» is an 
arbitrary real parameter. 
We next introduce A= ip explicitly into Eq. (5.7.34) and define 


Van (P ime = 2g? anease (5.7.36) 


for all m=0, +1, +2,... and for all positive values of De 

The results given by Eqs. (5.7.35) now allow us to give explicitly the 
normalization of the states (5.7.36) and the expectation values of cos¢, 
sin’ @, sing, and L, for these states: 


N=2n1,(2p), 
(Cos $) =2p (sin? 6) =1,(2")/1o(2p), (Eu) 
(sing) =0, 
(L,)=m. 


We conclude: The states in the set (iY Oh =o 0) ane 
minimum uncertainty states for the observables L, and sing. The disper- 
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sions of these observables in the state lv.) are given by 


(AL,)°=p(cos@) /2, 
(A(sing))’= (sin? 6) =(cos 6) /2u (5.7.38) 


and satisfy the minimum uncertainty relations 
AL,A(sing)=}|<cos )| (5.7.39) 
associated with the commutation relation 
[ L,,sing]=—icos ¢. (7 40) 
These dispersions also satisfy the relation 
iy Asics ie ai 


The explicit dependence of AL, and A(sing) on p is determined by Eqs. 
(227-38) and 


(cos $) =Iy(2) /Io(2u). (5.7.42) 


A similar result to that stated above also holds for the observables L, and 
cos @. [Interchange cos ¢ and sin¢ in all of Eqs. (5.7.36)—(5.7.42), replacing 
also i by —i in Eq. (5.7.40)]. 


Remarks. (a) The only parameter in the uncertainty relation (5.7.39) is p. 
For large one may show, using asymptotic properties of the modified 
Bessel functions, that (cos¢)~1—1/4u. In this case we see from Eas. 
(5.7.38) that AL, is large and A(sin@) is small. Since (singé)=0 and 
(cos@)=1, the uncertainty Ad in @ is small, and we recover the usual 
uncertainty relation result that AL, is large when Ag is small. 

(b) For the opposite extreme—p small—we find that (cos@)~p, (AL;) 
~p/V¥2, and A(sing)~1//2. Thus, in the limit »—>0, the uncertainty 
relation (5.7.39) becomes trivial (both sides zero), thereby escaping the 
dilemma (A@ undefined) of the incorrect result based naively on Eg. 
(121); 


Appendix to Section 3. Quantum mechanics of discrete rotations. Weyl, in 
his discussion of quantum kinematics (Ref. [8, pp. 272—276)], recognized 
that the Heisenberg commutation relations were a particular instance of a 
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much more basic view: ! 


We have thus found a very natural interpretation of quantum kinematics as described by the 
commutation rules. The kinematical structure of a physical system is expressed by an irreducible 
Abelian group of unitary ray rotations in system space. The real elements of the algebra of this 
group are the physical quantities of the system, the representation of the abstract group by rotations 
of system space associates with each such quantity a definite Hermitian form which “represents” it. 
If the group is continuous this procedure automatically leads to /feisenberg’s formulation; in 
particular, we have seen how the pairs of canonical variables then result from the requirement of 
irreducibility, whence the number of parameters in such an irreducible Abelian group must be 
even.” 


Weyl recognized further that “our general principle allows for the possi- 
bility that the Abelian rotation group is entirely discontinuous, or that it 
may even be a finite group.” 

In our opinion, the full import of this insight has yet to be obtained. As 
an illustration, we shall consider the example of discrete rotations (that is, a 
finite group) in some detail. 

Let U and V represent a pair of canonical elements corresponding to the 
finite group analog to Eq. (5.7.5). Thus, U and V are unitary transforma- 
tions of a finite-dimensional Hilbert space that satisfy the relation 


UV=eVU, 


where e=exp(27i/N) is an Nth root of unity for some integer NV. Thus. one 
has 


U'v*' SS AAS Ae 


(In the applications to angular momentum to be discussed in Section 4. the 
integer N will be taken to be equal to 2 +1.) 

In his discussion of such discrete Weyl systems, Schwinger? [22] found it 
advantageous to introduce the (bra-vector) orthonormal basis 


Gale eee el 
where 
CW ee), hb ee 


with (a**'|=(a'|. Thus, two bra-vectors, |a*’) and |a*), are equal if 
k’=k(mod N). 


‘The italics in the quotation are in the original text. 

53 . * , Ra 

Sec also the references in [22] to Schwinger'’s papers in the Proceedings of the National 
Academy of Sciences. We follow Schwingcr’s notation and presentation of the discrcte Weyl 
systcms. : 
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Repetition of the action of the unitary operator V defines a sequence of 


linearly independent unitary operators, V,V?,V?... with the actions given 
by 


CaO aK, eae 
until one arrives at 


NW =a 7 ae 


; SO ea, Vane NY. 
Thus, V™ is the unit operator, 
VN=4, 


This result shows that the eigenvalues of the operator V are the N distinct 
complex roots of unity: 


(0 —eoe— and ka ee 
We may now factor the equation V” —1=0 in the form 
N-1 i 
(Ca le (7) 0: 
k=0 


This result, in turn, shows that the expression for the projection operator 
P(v*) for the eigenspace corresponding to the eigenvalue v* is 


Nee | 
Pa) Nem S ee 27ikI/N yt 
/=0 


Letting |v") denote the eigenvector of V corresponding to the eigenvalue 


v*, we may also express the projection operator P(v*) as 


P(v*)=|v*)¢v*]. 


Applying the operator P(v*) to the basis {¢a” 


}, we thus find 


(a | Poa 
Noel 
=) > ee AN 
/=0 
Nea! 
—=N7! 2 Oma on as || 
/=0 


bs 


322 Special Topics 


These results determine the transformation coefficients between the two 
bases, which, with a particular phase choice, read 


G | v!) =N ae 2mikI/N 
(v'|a*) =N ae —2nikI/N 
This is equivalent to expressing the eigen-bras of V in terms of the original 
basis {|(a‘|} as given by 
al 
Co Nee y Cae me Ne 
io 


The operator U—in the canonical pair U,V—has the effect of cyclically 
permuting the basis {(v*|}, in a way similar to the action of V on the basis 
{<a'|}. In particular, one has 


pW Gi"); 
which, in turn, implies that VU" =1, in accord with 
U'vk =e2MikI/N kot 
The eigenvalues of the operator U are the Nth roots of unity, just as for 


the operator V. In fact, the vectors in basis {{a*|} can be seen to be 
precisely the eigenvectors of U, so that 


ale |) 


The complementary pair of operators, U and V, are the generators of a 
complete orthonormal operator basis for the set of all operators mapping 
the space spanned by {(a"]} into itself. This operator basis may be taken to 
be the set of N? operators given by 


X(m,n)=N77U™V", ni, nO) ee |: 


The orthonormality and completeness (which may be shown by Schur’s 
lemma) are expressed by the relations 


(Xm, n)| Mn = 66 


mi <nn’ 


{Or 71, ft 1, =O NN — 
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Remarks. (a) Schwinger has shown that a kind of ergodic theorem is valid 
for this operator system, in which an average over spectral translations is 
equated to an average over states. 

(b) The importance of these discrete Weyl systems lies in the fact that the 
pair of operators U, V generates a complete operator basis (for any NV), and 
the two operators are maximally incompatible, as expressed by the aspect of 
complementarity. 

(c) In the limit where Noo, one recovers the Weyl representation 
theorem for operators of the Hilbert-Schmidt class. Thus, one finds that 


A= > a(m,n)X(m,n), 
tr(ATA)= > |a(m,n)}? 


mien 


becomes Weyl’s result in the limit: 


A= il dodra(o,7r)e°4—?), 


re il dodtla(o, Ties 


where p,q denote a canonical pair of momentum and position operators. 

(d) One can extend this construction to products of Weyl systems defined 
over the prime numbers and to the infinite prime (thereby obtaining 
Schwinger’s “special canonical group,” which is an alternative approach to 
Dirac’s delta function). There would seem to be many interesting generaliza- 
tions of the Weyl system to, say, idele and adele groups and the like.! 

Let us conclude by noting that minimum uncertainty states do exist in 
discrete Weyl systems, although, for reasons of brevity, we shall not give 
these states here. (It should also be noted that this basic structural insight of 
Weyl has been extensively developed for continuous systems. A guide to this 
literature may be found in Grossmann [24a] and Wolf [24b].) 


4. Uncertainty Relations for Angular Momentum in 
Three-Dimensional Space 


Introductory remarks. The first question that must be settled before the 
desired uncertainty relations can be obtained is this: What is the canonical 
set of variables for the discussion of angular momentum? We have, of 


'Segal [23] discusses some of these possibilities briefly; Mackey [24, pp. 52-53] also 
mentions such possible generalizations. 
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course, no problems as to the angular momentum operators themselves, J, 
and their commutation rules; the question concerns only the conjugate angle 
operators. There is a standard way to find the desired answer. One considers 
the corresponding classical problem, specialized to orbital angular momen- 
tum, resolves the problem within the algebraic framework of Poisson 
brackets, and then (following Dirac) maps these answers into the corre- 
sponding commutators, preserving all algebraic relations to the extent possi- 
ble. This is the route we shall follow.! 


Classical discussion using canonical transformations. The question as to 
what constitutes a canonical set of variables has a complete answer in the 
Hamilton-Jacobi theory. A set of variables { p,, q;} will be termed canonical 
if all the variables in the set satisfy the Poisson bracket relations: 


LP: lle lb 
[4:4] pp=9, 
[4:. Py) pp= 8, (Or) 


where the Poisson bracket is defined by 


3 
04 3B aA OB 
» 


A,B |e a | 5.7.44 
| Irs i=. \ 99; OP; 9; 94; ( ) 


Here the variables { p,, q,} are, by postulate, a set of canonical variables (the 
fundamental set). 

The importance of the Hamilton-Jacobi theory of canonical transforma- 
tions lies in the fact that the Poisson brackets are canonical invariants. The 
quantal statement of this result is more immediate and is simply that 
commutators are invariant to unitary transformations (see, for example, 
Goldstein [26] and Van Vleck [27]). 

To apply the standard transformation theory, it suffices to consider a 
particular Hamiltonian having the angular momentum as a constant of the 
motion and determine the desired canonical variables. For this purpose, 
consider the motion of a mass point constrained to move on a spherical 
surface of radius a. The Hamiltonian is simply 


H=p’/2m, (Ss) 


in which p-é, =0 and r=a, or, equivalently, H is expressed in terms of the 


'This discussion is adapted from the work of Ref. [25]. 
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orbital angular momentum L as 
H=L?/2ma?. (5.7.46) 


Introducing spherical polar coordinates—that is, the canonically con- 
jugate pairs {(6, pg), (4, P,)}—the Hamiltonian (5.7.46) takes the form 


H=(— }[ oi+ 25). (5.7.41) 


2ma? sin’ 6 


To determine the canonical transformation S(q,P) to action—angle variables 
{(@), P\),(@), Py)}, one uses the Hamilton-Jacobi equation 


H(q,0S/dq)=E, q=(6,¢), (5.7.48) 


and assumes S separable. In the standard way, one finds 


d0. (5.8.49) 


2 


di 6 J 
=e ees 7 come 
S(q,P)=5 + £ fl(ien) Sees 


The momenta P=(P,, P,)=(Jg,J,) are the action variables, and the 
(@), 4, )=(a9,a,)=(IS/dJg,0S/dJ,) are the angle variables. (We have 
followed the customary notation.) A more familiar form results if we note 
from Eqs. (5.7.46) and (7.5.49) that 


[valaed, (I ys 
aoe (S70) 


Using a, =0S/0P,, one finds the canonically conjugate coordinates. 

We summarize the results of this analysis: The canonical set of variables 
for orbital angular momentum (in classical mechanics) are the conjugate pairs 
given by 


(L2)? and y=—sin”'|cos4/(1-L3/L?)']., 
ihe and x=o+sin”"| L,cot 6/(L?-13)'| 
=—sin"'|2,/(1?7-12)'|. (5.7.51) 


These variables necessarily obey the definition of canonical variables and 
satisfy the Poisson bracket relations of Eq. (5.7.43). That this is indeed 
correct may be verified directly (although the algebra is somewhat involved). 
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The angle variables found above are rather complicated in appearance, 
and it is desirable to interpret them further. To do this, consider the moving 
frame ( f,, f,, /:), whose instantaneous orientation with respect to an inertial 
frame (é,, 6, 6;) is given by the Euler angles (aBy) as illustrated in Fig. 5.4 
(see Chapter 2, Section 6, AMQP, for a detailed discussion of Euler angles). 
We now take the angular momentum vector L and the position vector x to 
be along the moving frame axes as given by 


L=L/(L2) =f, é.=x/r=—f,. (5.7.52) 


(See Fig. 5.4.) 

Using the explicit direction cosine matrix given by Eq. (2.37), Chapter 2, 
AMQP (or the spherical geometry from the figure), we may now interpret 
the significance of the Euler angles (aBy) in terms of the angle variables x 
and w that are conjugate to L, and (L?):: 

The angle 6 is determined by the constants of the motion 


cos B=L, /(L2): 
the angle x is a—7/2; and the angle yw is y. 


Proof. The result stated for B is obvious. Since sinx=—L, /(L? — L2)?= 
—(f,°é;)/sin B= —cosa, we obtain the result stated for x. Finally, since 
sin y= —cos0/cosB and (x/r)-é,=cos0=—f,-é, =—sinysin B, we find 
also the last result, J=y. a 


Remarks. (a) The canonical angle x conjugate to L; is just the precession 
angle of the orbital plane, or, apart from a constant the azimuthal angle a of 
the angular momentum L. The canonical angle W conjugate to (a )? is the 


Figure 5.4, 
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angle ~=y swept out by the particle in the orbital plane, measured from the 
line of nodes (the axis #, in Fig. 5.4), 

(b) It should be emphasized that the planar angle @ associated with the 
particle position vector x /r=(cos@sin 6,sin@sin@,cos@) is clearly not the 
angle conjugate to the momentum L,, and the contrary assertion (sometimes 
found) is clearly a confusion based on the two-dimensional problem. 
[Indeed, if we restrict L— L, (by going from three to two dimensions), then 
it is (le and its conjugate y that go into the planar canonical variables. ] 

In the three-dimensional problem the momentum L, is conjugate to the 
azimuthal angle of the angular momentum vector L itself, not that of the 
particle vector x. 


Heuristic quantal treatment. Let us now consider the quantal transcription 
of these results. The Dirac formulation of quantization postulates a corre- 
spondence between quantal operators (denoted A, B,...) and classical varia- 
bles (denoted also A, B,...) such that the quantal commutators [A, B] 
correspond to the Poisson bracket; that is, 


(ih) '[A, BJOLA, B] py. 


Note that there is no guarantee in this correspondence that the algebraic 
relations within the Poisson bracket structure will necessarily be preserved 
in the commutator structure; moreover, the form of the quantal operators 
need not be a literal replacement of the corresponding classical variables. In 
other words, the Poisson bracket results are to be considered only as strong 
hints as to the desired quantal formulation. [A good example of the sort of 
behavior that can occur will be seen below, where not only is there a 
generalization to operator-valued spherical harmonics with noncommuting 
angle operators (so that the variables change form), but also the commuta- 
tor structure itself differs from the Poisson bracket structure.] 

To avoid the necessity of working with inverse trigonometric functions, 
and the problem of cyclic angle variables, we shall introduce the exponen- 
tials of the angle variables 0, =pta/2=y+7/2 and Q, =a=x+7/2. It 
is desired then to generalize the classical results given by Eqs. (5.7.51), 
which we rewrite now as 


(las fi? ors, S258, 
(1-13 /12)*sinQ, =6,-(é,x£)=[(L’)',2,-¢,| aa 


(IL? = 5) Gos, = Ly, 


Ce abe ectinyess exe (5.7.53) 
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Of these four equations, clearly only two are independent. 
We take then for the definition of the canonical angles Q, and Q, the 
general forms 


ef2if, +e 21g, =) =). 
eee eye (5.7.54) 


where we will require that A be a (normalized) vector operator with respect 
to L— that is, [L,, A )=ie; 4, Ax- ; 

We seek to determine the operators f,, g;, A, from the properties implied 
by the canonical equations 


(5555) 


Note that P, >(L7)?, P, >L,; that is, the P. only correspond to the classical 
results and are not necessarily of the same form. Note, moreover, that we 
are assuming the existence of observable (self-adjoint) operators P,, P,. —). 
and Q), as well as canonical commutation relations, so that the analysis so 
far is heuristic (“physical’’). 

The quantal operators L; are taken to satisfy the relations ee 
ie; ;,L,; this corresponds exactly to the Poisson bracket result, and, at the 
risk of some confusion, we do not distinguish notationally the quantal and 
classical angular momentum operators. 

The operators jf; and g; are necessarily functions only of P, and P, in order 
to satisfy Eqs. (5.7.55) (we take these functions to be analytic— that is, 
representable by power series). It is easily shown from Eqs: (5.7.53) that 
P,e~'@: =e!” p+), and from this result that for an analytic function 
h(P,, P,) one has the relations 


AUP, Py Jee (Peps), 


A(P,, P, je"? =e'22h( P,P, 1), (756) 


Using this result and the (assumed) Hermitian property of L, and Ax we 
find from Eqs. (5.7.54) that the f,, g; must satisfy the relations 


By ( Pita) fa (Ceeepag) and 23 Pin Pet =f Pi Ps): 
(S.757) 
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Consider now the following double commutator: 
[ei22f, ae Oe [2 ep +e | a [Ly a hy I] = (2.7258) 


The left-hand side may be evaluated by using Eqs. (5.7.55) and (5.7.56), 
with the result 


PTW Sa yar Wo eis ile Ps yh) eye p72 


If we identify P, as the angular momentum operator L,, we thus obtain 
the finite-difference equation: 


f(P), Ls) go(P), Ly + 1)—f(P,, Ly —1)g2(P,, == (7 2k, 
The unique polynomial solution to this difference equation is 
fy(Pi. L; hel JF tp) ie, = 1)|/4, 


where the function &(P,) does not depend explicitly on L. 
Using P, =L, and the form of L, given by Eq. (5.7.54), we obtain 


Hh eg| |= se (5.7.59) 


This result when combined with L, as given by Eq. (5.7.54) and the 
properties (5.7.56) now yields the relation 


(Ay 2) ars) ee L,—1)g,( Py, L,)+A(P, L3)g( Pi, L,+1) 
=|k(P,)-13] 2. 
Since Lj + L3=L?— Lj, we conclude that k(P,)=L? and, using Eq. (5.7.57), 
eos el) C2) thal 
ip aee) (/2) Ee Ey) |*, 


ee 2) |Pe (1, —1)|* (5.7.60) 
The arbitrary phase involved in determining f, is absorbed into the defini- 
tion of the angle Q,. 


The canonical angle Q, has thus been determined and is given by the 
defining equation: 


e'@:/1? —1,(L, +1)]' +e2[1? —L,(L,—1)]?=2L,. (5.7.61) 
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By forming the commutator of this relation with L,, we obtain a similar 
result for 25; 


e/2/[? — jhe += 2 P= 11) =i. (5.7.62) 


These results may be expressed in a more suggestive form by writing them 
in terms of the ladder operators L .. =L,=+iL,: 


L, =o 12,2 
La =k (5) 7.63)) 
Loe = = 


We shall interpret the result expressed by these equations after we have 
determined the operators Q, and P,, noting here, however, that the right- 
hand side defines precisely the vector Wigner operator having A=0. 

Let us turn next to the determination of P, and Q1, continuing to work 
heuristically. Although f, and A are Gide ennined in the first of Eqs. 
a 7.54) [recall that g,(P,, P,)=f*(P,; —1, P,)], the requirement that 

=(A2)24 be a vector operator essentially determines f,, as we now show. 

as algebraic theory of vector operators was developed in detail in 

Chapter 6, Section 12, AMQP, and in a more general framework in Topic 4 
of the present chapter. 

An intrinsic property of any vector operator (using the notation of Topic 
4) is given by 


A Il (Q—ws)=0. (5.7.64) 


In this result 2 is the operation of commutation defined by AQ=[A, [Gea 
and the ws are the (operator) eigenvalues given by ws = —8(dim+6), where 
dim is the dimension operator dim=(4L? + 1)?. 

Consider now any Hermitian vector operator with the A,-component 
given by 


Pls NUE ey ae aha (08, IL) 


We seek to determine A itself. Using L*? =k(P,) and the properties (5.7.56), 
we find 


Ao( 2~ wy )= el (P,, Ly) +e ~'?1g6(P), Ly), 
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where 


Vo Cape tey) — | Pieri) A Pilea lf (Pead, )e 
Gey | Pil) Po. e( Py Le). 


Thus, applying Eq. (5.7.64), we find, since Eq. (5.7.64) holds for an arbitrary 
vector operator, that A(P,) must satisfy the two equations 
I [k(P,=1)—k(P,)—w,] =0. 
These two equations determine that 
(RUE = be 22 ae I) (oe .o3)) 


Consider next the operator A itself. Since A is to be a vector operator, its 
spherical components 


nee =—(A, +iA,)/j2 ; 
Ay =A3, (5.7.66) 
: = 
A_,=(A,—iA,)/y2 


may be generated from A): 


[L,. 49 ]=2 44, 
[Bel Spee (5.7.67) 


It is clear from these relations, the explicit forms of L. given by Eqs. 
(5.7.63), and the multiplication properties (5.7.56) that the form of 4,(u= 
gel O= 1)is 


= pi(QitHQ>) —i(Q, HQ) 
Ay Sy ar Og Aare (5.7.68) 


Using the known form (5.7.63) for L together with L? =P,(P, +1), the 
multiplication rules (5.7.56), and [L., , A , ,]=0, one may now derive recur- 
sion relations that determine f, ,(P,, L;) and g.,(P,, £3) up to arbitrary 
operators depending only on P,. Using these results, in turn, in Eqs. 
(5.7.67), one then obtains recursion relations which determine fy and gy, and 
f_, and g_,. We phase all operators such that the standard definition, 
[L;, A,]=ie; ,A,, of a vector operator (with respect to L) holds, and we also 
apply the Hermitian condition gf(P,, L;)=fo(P, — 1, L;) [Eq. (5.7.57)]. The 
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results of this analysis are the following: 


fer =a(P,)[(P, +L, 4+1)(P, +L, +2)/2], 

fy=a(P,)[(P, Ly +1)(P, +1, 41)]?, (5.7.69) 
fy =a(P,)[(P,-L,41)(P, -L, +2)/2]': 
8,,=—a*(P,—-1)|(P,-L,)(P, -£,-1)/2), 

By =a*(P,—-1)[(P,-L,)(P, + £5). (5.7.70) 
g-)=—a"(P,-1)[(P, +1, )(P, +L, -1)/2]?. 


In these results a(P,) is an arbitrary function of the invariant P,, and 
hf, =f P), £3), 8, =8,( P;, L3). Moreover, the Hermitian property of A— that 
is: Ay =(—1)* A_, —follows from 


Goede = (1 UP eh) (S771) 


We conclude: Every Hermitian vector operator A with respect to L with the 
A,-component defined by 


Age Ce em 2 oye (5.7.72) 
has the form 
fly eV B22) ea (7728) 


where the f, and 8, are given by Eqs. (5.7.69) and (5.7.70). [This result is, of 
course, subject to the canonical commutation rules (3.7.55). and ‘the 
Hermiticity of the P. and Q,, where we recall also that fad 
V=P(P, +1). 

To put Eq. (5.7.73) in a more familiar form, it is convenient to introduce 
the standard basis {|(@)/m)} for the orbital angular momentum L: 


L,|(a)im) =[1U+ DO! aula) mtp). (5.7.74) 
We then have 
Pi\(a)lm)=1\(a)im). (5.7759 


Let us now interpret the results given by Eqs. (5.7.63) and (5.7.68)—(5.7.70), 
first using the Wigner—Eckart theorem for vector Operators and the defini- 
tion of unit tensor operator to write out the nonvanishing matrix elements 
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of the operators L, and A,. We obtain the following results (the operators 
H>> are defined below): 


Cae m+ pw] Ly |(a im) = Baya lM VD] CL, (ipa) | OP eh es ia 
. 
=e a mal (2 0 jim 
l+p 


=O et | )] cee + we (S746) 
((a’)I+A, m+plA,|(a)im) = ((a’ +A IAll(a)1) 
Oe Act fh eae) Ge eee) inn 


=((a’+AlAll(a)/) (5777) 
Mare 
cts (2 jim 
I+p 


=((a’)I+AllAll(a)lyCutr4 


m,pb,m+ pe? 


where the reduced matrix elements are given by 


((a’)I+ IAI (a)l) = ((a’)lla( P,)|(a)), 
((a’)IAI(a)/) =0, (Ga) 
COUT = 6 OUTS Naa av. 


One may take A= + 1,0, —1 in Eq. (5.7.77), but observe that one obtains 
0 for the A=O matrix element. This is a consequence of A-L=0, a property 
that follows directly from Eqs. (5.7.63) and (5.7.73). 

Up to phases and factors depending on /— that is, P; —the operators in 
Bgs. (5.7.76) and (5.7.77) denoted by H{“(P,, L;) for A=+1,0, —1 are, 


respectively, the square-root factors in the expressions for ifs Teng ING are 
More precisely, one has 
iri aid Calis ls J Lis) yak OL alter Fb (5.7.79) 
Observe from the properties 
Lye 21 +H22) = gAQi+HO2)(1, +p), 
Pe A 21 FH22) = e401 +02) P+ A) (5.7.80) 


that it is the exponentiated angle operator that effects the shifts m—>m+ up, 
/>1+A in Eggs. (5.7.76) and (5.7.77). 
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Equations (5.7.76) and (5.7.77) provide us with the desired interpretation 
of the angle operators Q, and Q,. We have that 


1+A . 
2 Oe eS eae: (Sri) 
eit 
where 
2P,+1=(4L2 +1), ae (5.7.82) 


We conclude: The angle operators Q, and Q, are to be defined in terms of the 
factorization of the vector Wigner operators into polar form.' 

Observe that this significant result (obtained by heuristic arguments) is 
independent of which vector operator A we employ. It is an abstract result 
relating to the concept of a Wigner operator itself. Choosing different vector 
operators A simply leads to different physical realizations of the shift 
operators (proportional to the vector Wigner operators) A®? constructed 
explicitly in Chapter 6, Section 12, AMQP. It is, however, the case that there 
is only one general class of vector operators with respect to L that satisfies 
A-L=0—namely, A=(ax+bp), where a and b are invariant operators. For 
definiteness in the definition of the Q,, one often chooses A=x/r. This then 
leads to the explicit representation of Wigner operators given by the shift 
operators R®? in Chapter 6, Section 13, AMQP. and to the theory of vector 
spherical harmonics. 

Using the vector spherical harmonics, one may now introduce explicitly a 
Hilbert space and determine directly whether or not there exist operators P,, 
P,, Q,, Q» that have the properties that have been assumed in our heuristic 
approach. 

An alternative approach, which we develop in the next section, is to 
utilize the fact (mentioned above) that Q, and Q, are determined by the 
polar factorization (5.7.81) of the (2 0) Wigner operators, and we may 
therefore use any convenient realization of these operators acting in a 
Hilbert space. The boson realization discussed in Chapter 2 is ideally suited 
to this purpose. 


Remark. From Eqs. (5.7.53) in the classical case and (5.7.81) in the 
quantum case it follows that the respective algebras of the canonically 
conjugate variables {L,,(L7)?,Q,,Q,} and {P,. Py, e'2', e'22} are larger 
than the enveloping algebra of the generators of the (classical or quantal) 


'Polar forms for operators— that is, C= UH (U a partial isometry and H Hermitian positive 
definite) are the operator analogs of the complex number decomposition z=re'® (Reed and 
Simon [7, p. 197]). 
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rotation group. The problem of finding the conjugate angle operators to the 
rotation operators L, and therefore of establishing relevant uncertainty 
relations, cannot be solved within the Lie algebra of the rotation group. 


(This point is not made clear in many papers; see, for example, Delbourgo 
[28].) 


Precise treatment using the boson operator realization. We have succeeded 
in the above subsection in identifying the problem of constructing orbital 
angular momentum operators and their conjugate angle operators with the 
problem of writing a vector Wigner operator in polar form. To investigate 
the existence of this polar form (hence, of the conjugate angle operators), we 
may use any convenient realization of the Wigner operators acting in an 
explicit Hilbert space. The boson realization for angular momentum— which 
has proved so helpful in AMQP and in Chapters 2 and 4 of the present 
volume— not only allows one to extend the theory to half-integer angular 
momentum, but also allows a precise formulation of the problem. 

Let us recall that the boson operator realization [Eqs. (2.15), Chapter 2] of 
the angular momentum J is given by 


a= Jeri 0,05. 
(a dd 2 (S286) 
Ys ai 
A significant feature of this realization is that the operator N/2= 
(a,4,+a,a,)/2 is a linear operator (commuting with J, above) whose 
eigenvalues are the angular momenta /=0, 4, 1,... [see Eq. (2.24)]. Thus, this 
operator is to be identified as the canonical momentum P,, in full accord 
with the properties established for this operator in the heuristic analysis [Eq. 
(5.7.75)]. Let us identify then the canonical operators P, and P, as the 
operators 
Nee fist) 2 
P,=(N, —-N,)/2; (5.7.84) 


where N, and N, are the boson number operators 


=e, (Gues) 


What are the conjugate angle operators? The desired operators are 
precisely the operators found in the heuristic analysis above, transcribed to 
boson operator language. Thus, for a uniform derivation for e'22 and e!2), 
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we need to transcribe the Wigner operator expressions! 


] 
(3 : =o OG 
2 


2 
( 0 Jaen (5.7.86) 
l 


into boson relationships. We find, using Eq. (5.7.79) and the explicit 
definition of the Wigner coefficients and the operators N, N,, and N,, that 


Ho =—- 2N,(N, +1) ; 
oll N(N+2) ; 


(5.7.87) 


poy ie Cael) 
Mo -| (N+1)(N+2) ir 


On the other hand, using the relationship (2.25) between fundamental 
Wigner operators and bosons, and Egs. (3.20) and (3.25) for the relevant 
vector Wigner operators, we find 


9) (0) ee P 


=-2a,a,[N(N+2)] 2. (5.7.88) 


(2'0 = (10) (10) 
1 I 0 
=\2a,a,[(N+1)(N+2)]-?. 


Comparing these results with those obtained by combining Eqs. (5.7.86) and 
(5.7.87), we obtain the desired realization of e'22 and e!®' in terms of boson 
operators: 


e'@2 =a,a,[(N,+1)N] 2, 


ON ray GN ee 1 UPR. (5.7.89) 


'One must pay particular attention to the null space of these Wigner operators in validating 
the results below. 
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A similar procedure, using again Eq. (5.7.81), leads to 


e'@ =a,a,[N,(N,+1)] 2, 
pel giaj( NN, (5.7.90) 
It is important to emphasize that these boson operators for the angle 
operators e*'2' and e*!2? are not arbitrary, or ad hoc, but have been 
determined by the analysis leading to Eq. (5.7.81). 
The angle operators e~'®! and e ~'2? may be put in a more elegant form 
in terms of the shift operators! S, and their conjugates S, defined by 
S;=a,(N,+ = ea 
S=a(N) *=(N,41) 2a, =e (5.7.91) 


In terms of the basis states |n,n,) defined by 


eee | OO) Nie fo — 0) 2 ee 5792) 
[Cm ) Mn )!77 


one then has the following actions for the S, and S:: 


S\|njnz)=|n, + 1,72), S,|myny)=|n,—1, 79), 
Sy |72)=|1,2 +1), S)|n\nz)=|n,,n.—1), G73) 
where we note that 
Sy Sa) =O rp = Oe, eaeenn(6-7. 94) 
Let us also note that the angular momentum states | jm) are given in terms 
of the notation (5.7.92) by 
[ia =| tes ae) (5.7.95) 


so that |0 0)=|0 0). . . 
The angle operators e~'2| and e*'@? are now given in terms of the shift 
operators S; and S, by 
effi =O 55, e '@ ere 


B26, S,. Cu — 55). (5.7.96) 


'It is interesting to note that these shift operators were explicitly defined by Dirac [29, p. 
125] in the first edition of his book, but were omitted in all subsequent editions. 
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It is important to note that these angle operators inherit the null space of 
the associated Wigner operator; that is, 
CONT) 6 i ret ey eae ar ei) 
for all 7=0,5,1..3. 
The shift operators satisfy very simple algebraic properties that we now 


summarize for the purpose of working out the multiplication properties of 
the P, and the angle operators: 


S\S,=S,S,=1,  S,S,;=1-A,, SSS 1h, 
[5,, SJ=(S,, 3)= [S,, 3 1=(5,, 5,]=0, (5.7.98) 
[P,. 5, J=S, /2, [P), S,J=S, /2, 
[P),SJ=—S,/2, [P.5,]=—S,/2, 
[Py SiJ=S,/2,  [P,,S,]=—S,/2, 
ep S/S = SP 
In these results A, and A, are the (Dirac) projection operators defined by 


M=ZAIMKAH —— AL= DAML (5.7.99) 
# i 


where the summations are to be carried out over all j=U ye These 
projection operators satisfy the rules 


Ce Sh, Co 
A,A,=A,A,=|0 0><0 O}. (5.7.100) 


The occurrence of the projection operators A, and A, in the products S,S, 
and S,S, is a direct consequence of the null spaces of the (2 0) Wigner 
operators used in identifying the angle operators and cannot be avoided. 

From these relations, it is now straightforward to show that 


[Pe ore (5.7.101) 


eT) 


Since also [P,, P,]=0, we have thus validated all the required commutation 
relations except those for the angle operators themselves. 
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Using Eqs. (5.7.96) and (5.7.98), we find, for example, that 
ae Al [S,5), S,S,] =S?[S,, S)] = ly 
Since S?| j7)=|j+1, 7+1), we thus obtain 


[e'2, ef: ]=— S| j+1, f+ 1) ¢i iI. (57102) 
Jj 


Observe then that e'®' and e'®? fail to commute because of the existence of 


‘ ] 
the null space of the Wigner operator (2 09 


A second difficulty is that angle operators e'2' and e'2? are not unitary 
and, in consequence, there exist no Hermitian angle operators Q, and Q,. The 
root cause of this behavior is again the existence of the null spaces of the 
(2 0) Wigner operators. The multiplication properties of the angle opera- 
tors may be determined from Eggs. (5.7.98) to be 


e ZeiQi=4, 

Po Nei Sb] Sy EO Ol, 

e~1229@2=(1—A,), e'22e~Q2=1—A,, (5.7.103) 
ee 2S (le ef22e'Qi= GF? 


Let us conclude this subsection by giving the forms the sine and cosine 
Operators take in terms of the nonnormal shift operators S, and their 
conjugates (the shift operators are called nonnormal, since S,S,;#S,S,): 


SOCp=| SS SS SiO, SSS — Sy) 2 
80805 SSS aes sth lS. Se. 
(5.7.104) 


These operators then satisfy the commutation relations with P, and P, given 
by 


[ee sin@)\|— = 1cos 0. [ P,,cosQ,}=isin Q,, 
[ P,,sin OG, |=—icosQ,, [P,,cosO,]|=isinQ,, (5.7.105) 


where we recall, however, that [sin Q,;,cosQ;]#0. 


Remarks. (a) The commutation relation (5.7.102) is acceptable in the 
classical limit (Poisson bracket), since the right-hand side is of negligible size 
in the limit (N versus N? in weight). 
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(6) Although the end result of this (more precise) analysis is the conclu- 
sion that there do not exist observable (self-adjoint) angle operators obeying 
canonical commutation relations for the quantal rotation group SU(2), this 
conclusion is not as disastrous as it may appear. The nonnormal angle 
operators e'@: and e'@2 do indeed exist and—using the observ- 
able (self-adjoint) sine and cosine operators—do lead to physically 
important uncertainty relations, as shown in the next subsection. 

(c) The fundamental reason for the failure of an observable angle 
operator Q, to exist is the fact that the spectrum of the conjugate operator 
2P, (the magnitude 2 7 of the angular momentum) is the set of nonnegative 
integers. ! 

Since the spectrum of the operator P,(=J;) is discrete and finite, one 
would expect (see Appendix to Section 3) that there should exist a discrete 
conjugate angle observable. This is, in fact, possible. The resulting discrete 
structures have the operator realization given by 


U=e'@2, 
y= ZiE 
pea 


These operators then satisfy the (discrete) Weyl! commutation relation: 


UVv= e27/2P, Be Dy. 


The disadvantage of this operator structure (versus e'2: and P,) is that V 
does not commute with e!2', 

(d) The use of nonnormal operators is (as yet) unusual in physics 
(Lévy-Leblond [30]). It is worth remarking that the analysis of shift opera- 
tors (such as S, and S,) has received a definitive analysis under the concept 
of invariant subspaces (Helson [31]). It is particularly worth noting that the 
eigenspaces of the (downward) shift operators iy have been fully classified in 
terms of inner functions, Blaschke functions, and singular functions (Helson 
[31]), a point of importance for physical applications. 

(e) We can now appreciate the reason for asserting that the use of 
two-dimensional rotations (for the analysis of uncertainty relations) is a 
gross distortion of the actual situation. The confusion as to the meaning of 
the angle @ (discussed earlier) is minor compared with the qualitative 
distinction over the lack of an observable conjugate angle operator. Simi- 
larly, the topology of the circle (possessing an infinite covering group) is 


'This situation is the analog in angular momentum theory to the lack of an observable time 
operator in quantum mechanics (which results from the fact that the energy spectrum has a 
lower bound). 


Uncertainty Relations for Angular Momentum in Three-Dimensional Space 34] 


qualitatively different from the compactness of the quantal rotation cover- 
ing group. 

(f) Since the two-boson structure—having as conjugate pairs of opera- 
tors N, and S;, i=1,2—-satisfies a set of six canonical commutation relations 
in the Jordan form, 

[N,. 5] =8,,8 [Nal |S,.Sal=ce (5.7.106) 


Ua 
one might wonder as to why the innocuous-appearing transformation 
i CN ers) 2, Teas) 2, 
ie Nee eos Si (5.7.107) 


should fail to be canonical. The reason, as might be suspected, lies in the fact 
that the shift operators S, are nonnormal in consequence of the existence of 
the null spaces of the (2 0) Wigner operators. 

The uncertainty relations for angular momentum. The determination of the 
uncertainty relations for angular momentum is relatively straightforward (at 
least in principle) once the proper set of variables—the {P,,Q,} of the 
previous section—has been determined. We shall develop the uncertainty 
relations by constructing explicit minimum uncertainty states (where possi- 
ble). 

Let us first consider minimum uncertainty states in the total angular 
momentum magnitude P, and the conjugate angle Q,. We have seen that the 
angle operator Q,, as well as the (properly cyclic) exponential operator e’?', 
is not an observable; either of the Hermitian operators sinQ, or cosQ, is, 
however, a suitable candidate for an observable involving the conjugate 
angle Q,. Note that these two operators do not commute, since they satisfy 
the commutation rule 


[sin Q,,cosQ,]=i( A, +A, —|0 0)¢0 0}) /2. (5.7.108) 


(The right-hand side is a projection operator onto the “boundary states” 
sear (=O). lle 

Let us consider the observable operators sinQ, and cosQ,, which, from 
Eq. (5.7.105), satisfy the following commutation relations with P, and 
I ihe 


[2 sinO) |= 10s, [J,,sinQ,]=0, 
[ P,,cosQ,]=isin Q,, [ ,,cosQ, ]=0. (5.7.109) 
We may use either of the commutation relations of P, with sinQ, or cosQ, 


to determine minimum uncertainty states. We shall consider here only the 
lower pair of commutators in (5.7.109). 
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The action of each of the operators P;, J,, cosQ,, and sin Q, on the 
angular momentum states | jm) is well-defined and, indeed, given explicitly 
by 

P,| jm) =j| jm), J,| jm)=m| jm), 
Cos) — a) tll ae yl (5.7.110) 


. eae ee 
SHO 1728 olla 4 ee oe let 


The construction of minimum uncertainty states given in Sections 2 and 3 is 
therefore applicable. We thus find that a minimum uncertainty state |W) for 
the observables P, and cosQ, must satisfy the relation 


(P, tiycosQ,)\b)=Alwv), (7) 


where 
Nee Pari cos Oy, 


y=AP, /A(cosQ,), Goh 
AP, A(cos Q,)= 3|¢sin Q,)|. 


In order to determine the minimum uncertainty states |), we expand 
| in terms of the angular momentum basis functions {| jm): j=|m|, || 
+ 1,...} having sharp eigenvalue m of J; and use Eqs. (5.7.110) to determine 
a recursion relation for the expansion coefficients. For simplicity, we choose 
(cos Q,)=0 and set (P})=|m|+ko. (Using this form for (P}), one finds 
that both ky and the coefficients in the expansion are independent of m— a 
result that we anticipate in determining the expansion coefficients below.) 

We thus put 


[Yn d= Lay |A+[m|.m), (S73) 
k 


where the summation is over k=0,1,2,.... and apply condition (5.7.111) to 
obtain the following recursion relation for the expansion coefficients: 


(iy/2) (ay, +4,4))=(Ky —k)a, (5.7.114) 
with a_,=0. 


This recursion relation is of the type satisfied by the modified Bessel 
functions (Watson [21, p. 79), and we find the explicit result for the 
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expansion coefficients in Eq. (5.7.113) (Carruthers and Nieto [32]): 
a,=(—i)"1,_, (7). (Sits) 


Let us recall that the modified Bessel function J,(x) is defined for all 
values of the parameter v such that Re(v++4)>0 by the integral representa- 
tion 


is) = 


tule 


ae es eee “i +xcos@ + 2p op 
Tot )r yd, e sin’) (3,7.116) 


and has the ascending series expansion given by 


(ey 


He)= Di ACE a (Gay) 


Using the integral representation (5.7.116), one may show that 


eee) ae 
T(x) y+8" 


so that for a large value of the index »v compared to the value of x—that is, 
vy>35x—the ratio of two consecutive terms in the expansion (5.7.117) is 
strictly less than 1, and by the Weierstrass criterion the series converges for 
all finite values of the argument. 

Since we require that a_,=0, one finds that J_,_, (y)=0; that is, the 
expectation value k, must satisfy 


2A eke 2h, =O, leon. (alle) 


We thus obtain the class of normalized minimum uncertainty states for 
the observables P, and cosQ;: 


[Yn = Nini (= yen pede ale (5.7.19) 


where k, €{0,1,2,...} is required to satisfy Eq. (5.7.118), and 


= yee mele 


k 


y=AP, /A(cosQ, ). (627.120) 
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Fach state in the family {|¥,,,): m=0, +3, +1,...;0<y<oo} then gives the 
minimum uncertainty in the dispersions AP, and A(cos Q,): 


AP, A(cosQ,)=3<sinQ,). Grae) 


In order to give the proper interpretation to the minimum uncertainty 
states given by Eq. (5.7.119), one requires the eigenvectors and eigenvalues 
of the operator cosQ,. This is easily accomplished by assuming an expan- 
sion of the form (5.7.113) and using the middle equation in (5.7.110) to 
derive a recursion relation for the coefficients. Carrying out this procedure 
leads to the following results: 


cos Q,|m,cos q,) =cos q,|m,cos q,), 


Im.cosq,)= y= Dsin[(k+1)q,][k+|m|,m). (5.7.12) 
k 


The parameter q,, which specifies the eigenvalue cos q, of the operator 
cosQ), may assume any value in the interval 0<g,<z, and to each such 
eigenvalue there corresponds a single eigenvector |m,COsq)). 

The eigenstates given by Eqs. (5.7.122) are not normalizable and do not 
properly belong to Hilbert space. One has, instead, the Dirac delta function 
normalization and completeness relations given by 


(m’, cos qi|m, cos 91) =SrmO( 91 =a 
D fday|m.cosq,)<m.cos qy|=1. (S37 3125) 


For completeness, let us summarize the analogous results for the operator 


Sle 


sinQ)|m,sin q,)=sing,|m,sing,), 


. ere. k 
Imsing,) =) = © (i) cos} (k++ 1) + A] k+l, 
k 
(5.7.124) 


where there is a one-to-one correspondence between eigenvectors and 
eigenvalues for each value of the parameter q, in the interval (—7/2)<q,< 
(7/2). Again, these eigenvectors satisfy the normalization and completeness 
relations given by 


(m’,sin g{|m,sinq,) SU) geil a, =), 


aye ; . 
Sah APNE SIE) SEN Haale (SMS) 
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The physical interpretation of these results, Eqs. (Sei) = (57123) is 
much simpler than might appear from our (necessarily complicated) de- 
termination of the states themselves. If there is no dispersion in the total 
angular momentum (that is, 7 is sharp) then (sinQ,) is 0, and the uncer- 
tainty relation (5.7.121) becomes the uninformative 0=0. The dispersion in 
cos Q, can easily be calculated directly. One finds that for states not on the 
boundary (m*#=+/) the expectation value (cosQ,) is 0, and os.) —). 
(For states on the boundary, (cosQ,)=0, but (cos?Q,)=1. This peculiar 
behavior reflects the fact that a genuine angle observable does not exist, but 
the “angle” is nonetheless as random as possible.) 

For states sufficiently far from the boundary, the expectation values 
(cos”Q, sin”Q,) are precisely the expected result! for a randomly distributed 
angle. (“Sufficiently far” means that m and n are not large enough for the 
angle operators to shift the state to the boundary.) 

Let us next consider states that have a sharp value for the observable 
operator cos Q,. For such (nonnormalizable) states the dispersion A(cos Q,) 
vanishes; the expectation value (cos q,|sinQ,|cosq,) has a finite value, and 
hence from the uncertainty relation, Eq. (5.7.121), the dispersion in the 
angular momentum, AP,, becomes unlimitedly large. 

This behavior is exactly as would be expected on physical grounds. A 
maximally sharp “angle” observable implies a maximally unsharp /-value. 

The existence of normalizable states |W) realizing the minimum uncer- 
tainty relation (5.7.121) guarantees that states having the “most classical 
possible behavior” do exist for {P,,Q,} and go smoothly into classically 
observable states in the classical limit. These states are, however, technically 
difficult to work with and have not been investigated in much detail. 

In the discussion above, the variables {P,,Q,} have been essentially 
ignored, or taken to have convenient values for the analysis. [For example, 
P, =J; was taken to be sharp in the minimum uncertainty states of Eq. 
(5.7.119).] 

Let us now consider the variables {P,,Q,}. As a first possibility— which 
is of practical importance—let us take P, to be sharp (and, hence, the 
“angle” Q, is as random as possible). Note that P; commutes with both P, 
and Q.,, so that sharp P,; presumably does not affect these variables. 
However, the value of P, does affect the spectrum of P,(—j<m<y), so that 
the spectrum of P,—for P, sharp—is both discrete and finite. Accordingly, 
the proper observables for {P,,Q,} are the exponential operators {U,V} (p. 
319ff.), and these are both normal operators of cyclotomic type. Thus, we 
deal with discrete angles, and the uncertainty relations are precisely those 
that occurred in our earlier discussion of the finite Weyl systems (see also 
Carruthers and Nieto [32)). 


'The discussion of Ref. [32, Section D], which asserts that deviations always occur (even far 
from the boundary), is incorrect and based on numerical error. 
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The final case to consider is that in which neither P, nor P, is sharp and 
some sort of “minimum uncertainty state” in the complete set of angular 
momentum variables {P;, P,,Q,,Q,} is to be obtained. Physically, one 
expects such states to exist, but, because the angles Q, and Q, do not 
commute, it is not clear that such states can really exist, short of the 
classical limit. 

One reasonable approach is to exploit the fact that the minimum uncer- 
tainty states {|¥,,,)} were determinable uniformly with sharp, but arbitrary, 
values of m for P,; accordingly, we may form wave packets over the 
eigenstates of P, =J, of the form 


[y= Drea (5.7.126) 


and seek to minimize the joint dispersion in {P,Q,}. In this result the 
states |y,,,) are the minimum uncertainty states for P, and cosQ, given by 
Base 7a), 

This approach, although reasonable, cannot be successful in simulta- 
neously defining minimum uncertainty states for {P,, cos Q,} and 
{P),cosQ;}, since cosQ, and cosQ, do not commute. Before considering 
this aspect of the problem, we need to determine the minimum uncertainty 
states for the observables {P,,cosQ,}, taking P, sharp. 

We seek minimum uncertainty states of the form 


; 
= 2 eal. (Gaiam 
w==] 


which satisfy 
C5 tiycos Q, )|¥,)=0, Gis) 


where y is a real positive number, O<y<oo. (For convenience we choose 
(J;) =(cos Q,)=0.) If |W, exists, it will be a minimum uncertainty state; 
that is, it will yield dispersions satisfying 


AJ,A(cos Q,)= 4] (sin QI. 
AT (COTO) — (5.7.129) 


Using J3| jm) =m| jm) and cos Q,| jm) =(|jm+1)+| jm—1))/2, we find 
that the coefficients in Eq. (5.7.127) must satisfy the recursion relation 


ry i 
Pe et en SO. (5.7.130) 
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with a, ,.,=a;,_;-, =0. Starting with Ay p+) 


downward in m leads directly to the result 


=a Dy sa ( fo Say CHREID 


0 and itcraune Eq.(s 7.130) 


where k=0,1,..., 2j, and the summation is over s=0, 1,. Kfe (k even) or 
(k—1)/2 (k odd). [We have arbitrarily chosen a, (= 1/2iP J] 

We must ascertain that Ge cu by aa a ea) ce a 
before concluding that the desired minimum uncertainty states have been 
found. Setting k=2 j+1, we find 


joe DRE lae en ileal meek 


For integral 7, one has 


pee 0 all y, (5.7.133) 


since the binomial coefficient for each term s=0,1,..., jin the sum vanishes. 
Moreover, in this case, one may show directly from Eq. (5.7.131) that 
ae (aliea j integral. (5.7.134) 
For half-integral 7, however, no term in the right-hand side of Eq. 
(OF aes (G0 Mecon Fora. Ci, aalesal, Grey ds just the 
condition that the set of 2 7+1 equations (5.7.130) has a nontrivial solution. 
(This last result is also correct for integral /, but is satisfied for all y.) Thus, 
in order that minimum uncertainty states of the type (5.7.127) exist for / 
half-integral, we find {multiplying Eq. (5.7.132) by y/2i] that y must satisfy 
the characteristic equation of degree 2 +1 given by 


y OE ot \(2)"=0. (5.7.135) 


by 
For j=4, 3, and 3, the characteristic equations for y are, respectively, 
y?—-1=0, 
y¥° —6y*+45y? —225=0. 


The first equation has the positive root y=1, the second equation has no 
real roots, and the third equation has a single positive root in the interval 
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V5 <y<y6. These results show that, for half-integral 7, minimum uncer- 
tainty states of the type (5.7.127) exist only for isolated values of j and y. 
For example, the state 


] | l i 
[¥) 2 2° 2 2 2 
is a minimum uncertainty state for {J3,cosQ,} having explicitly 


(J;)=(cosQ,)=0 


and 
AJ; =A(cosQ,)=(sinQ,)=4. 


There are no other minimum uncertainty states (5.7.127) for a spin-+ system. 
The results obtained above for half-integral j are surprising and, to a 
certain extent, disheartening, since they imply that in a minimum uncer- 
tainty state (when it exists) a simultaneous measurement of AJ, and 
A(cos Q, ) will yield numbers that are independent of the measuring process! 
Moreover, since y assumes only isolated or nonphysical values (that is, y is 
not positive and real) for half-integral J, whereas it may assume arbitrary 
real positive values for integral j, one cannot mix states of integral and 
half-integral angular momentum in forming the states (5.7.126). 

We conclude from the preceding results that only for integral j is it 
meaningful to formulate the problem of finding minimum uncertainty states 
simultaneously for {P,,cosQ,} and {P,,cosQ,}. That there are no such 
solutions may be seen directly from the explicit solutions (5.7.119) and 
(5.7.127) for the separate problems: Any simultaneous solution |o) must 
have the form 


8) = J aL br = Deby). (5.7.137) 


This requires a relationship of the following type to hold for all (Jj, mt) with j 
integral: 


B= ae eG \=ca, Cn) (S.7.138) 


In this result £,, is to be independent of j, and c, is to be independent of m. 
Since the coefficients 4jm(¥2) do not factor into a product of j-independent 
and m-independent terms, it is impossible to satisfy Eq. (weles 

We conclude: There exist no simultaneous minimum uncertainty states for 
the angular momentum observables {P,,cosQ,} and {P,.cos OTe 
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The basic reason for the nonexistence of simultaneous minimum uncer- 
tainty states for {P,,cosQ,} and {P,,cosQ,} is the failure of cos Q, and 
cos Q, to commute, and indeed one sees that the state |@) must also satisfy 
the condition [cos Q,,cos Q,]|¢) =0. This condition may be used to give an 
alternative proof that the only simultaneous minimum uncertainty state ip) 
is |o6)=0. 

Since our attempt to find states with minimum dispersions in all four 
operators {P;,Q;} has failed—the ultimate reason being the lack of truly 
canonical commutation relations in the {P,, Q,}—it would seem appropriate 
to return to the variables {N,,$;}, which do indeed have canonical commu- 
tation rules. The point of view being taken is pragmatic, that we wish to 
define minimum uncertainty relations for states in a (two-dimensional) 
lattice space (j,m), and the use of a particular coordinate basis; that is, 

Te aeING NE, 
(CNa. 5) versus aa a 

The desired minimum uncertainty states are now simply the direct 
product of minimum uncertainty states in each of the pairs {N,, ,}. These 
states should then provide the “best” states for the desired joint dispersions 
in the physical variables, since in the classical limit the transformation is 
canonical.' Such states do indeed exist. 

Such minimum uncertainty states in the two sets of variables {N,, ,} have 
not so far been systematically examined, and it would be of considerable 
interest to carry out this construction, to determine if such states are 
acceptable approximations to minimum uncertainty states in {P., Q;}. 


, if canonical, should be exploited. 


5. Notes 


1. Essays on the uncertainty principle. There has recently appeared a 
collection of essays (Ref. [33]) devoted to commemorating the fiftieth 
anniversary of Heisenberg’s discovery of the uncertainty principle. In these 
essays the significance of the uncertainty principle for the foundations of 
quantum physics is examined in great detail, from many viewpoints. 

An unusual application of the uncertainty principle (not discussed in Ref. 
[33]) has been developed by E. C. G. Stueckelberg [34] and discussed in a 
series of papers with his collaborators. These authors formulate quantum 
mechanics in a Hilbert space over the real numbers where all symmetry 
operators (see Topic 1) are necessarily linear. In order for an uncertainty 
principle to exist, it is necessary that there exist an operator 4, acting in the 
Hilbert space, that is linear, antisymmetric, and commutes with all observa- 


'Technically there is stili a difficulty in this approach, owing to the fact that the states of 
integer and half-integer angular momentum are inherently mixed, in these product states. 
Presumably this difficulty can be overcome by doubling the lattice spacings, and considering 
states on the two sublattices. 
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bles. In effect, the operator 4 corresponds to the imaginary unit / of complex 
Hilbert space; Stueckelberg’s analysis thus shows the basic reason why the 
imaginary unit enters quantum theory. [A similar analysis as to why Hilbert 
space (for quantum mechanics) is complex has been given by Mackey [24, 
pp. 107-109]. Although apparently unaware of Stueckelberg’s analysis, the 
conclusions reached by Mackey are much the same. | 

There is a kind of “uncertainty principle” operative in the measurement 
theory for angular momentum. For a precise measurement of the z- 
component of the angular momentum, the measuring system must itself 
possess unlimitedly large values of angular momentum. An approximate 
measurement can be accomplished with the measuring system possessing 
bounded values (the bound increases as the precision increases). This result 
is a special case of the general result (for additively conserved operators 
with a discrete spectrum) obtained by Wigner [36] and proved in more detail 
by Araki and Yanase [37]. (This general result has been referred to in the 
literature as the “Wigner—Araki-— Yanase theorem.’’) 

2. Unbounded operators. The analysis of operators that are unbounded, 
and hence not defined on all of Hilbert space, is a problem requiring 
considerable mathematical finesse (von Neumann [9], Riesz and Sz-Nagy 
[35]), which cannot be avoided. The requisite techniques are developed very 
clearly in the Reed—Simon textbooks [7], in a style accessible to physicists. 

For a given unbounded operator T, let us denote its domain by (T) (the 
set of vectors on which the action of T is defined) and its range by A(T) 
[the set of vectors Tg, g€(T)]. One has then the following, distinction 
between Hermitian (equivalently, symmetric) and self-adjoint operators: 

Let T be a (densely) defined linear operator on a Hilbert space with 
domain %)(T). Let D(7*) be the set of fEK for which there exists an f* E3C 
with the property (/, Tg)=(f*,g) for all g€(T). For each such se 
“)(T*), we define the adjoint operator, 7*, by 7? (—f >. Whe Gpetaten % 1s 
called Hermitian (or symmetric) if TC T*—that is. if (T)CD(T*) and 
Tj/—T*}_ jor all fee?) Equivalently, T is Hermitian if and only if 
(f,Tg)=(Tf, g), all f, gE D(T). T is called self-adjoint if T= T*—that is, if 
and only if T is Hermitian and NT )=(T*). In general, one has for 
symmetric operators the relation 


dO ey sO) Bae 


The significance of self-adjoint operators lies in the fact that the spectral 
theorem (which is essential to quantum theoretic applications) applies only 
to self-adjoint operators. Further discussion, accessible to physicists, is to be 
found in Reed and Simon [7] as well as in Jauch [38]. 

3. Hardy’s theorem and the uncertainty relation. The mathematical struc- 
ture underlying the Heisenberg uncertainty relation is that a function f and 
its Fourier transform f cannot both “decrease too fast.” A precise version of 
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this assertion is Hardy’s theorem: /f a and B are positive numbers, if 
f(x)<(constant)exp(—ax?) on the line, and if f(y)<(constant)exp(— By”) 
on the line, then either f=0, or f is a constant multiple of exp(—ax*), or else 
there are infinitely many such functions f according as aB>1?, aB=7’, or 
aBb<r?. 

From a physical point of view, this theorem is rather obvious (using 
Heisenberg’s result), since the minimum uncertainty states for (x) =¢ p)=0 
are an explicit construction of the aB= case, while the excited states of 
the harmonic oscillator yield the infinity of states for aB<r°. 

Let us mention one further point. Dym and McKean [39] in their fine 
textbook call Hardy’s theorem ‘“‘a sharpening of Heisenberg’s inequality.” 
This is clearly true in a purely mathematical sense, but from another point 
of view it can be misleading. Heisenberg’s result is an assertion about the 
physical attributes of momentum and position involving Planck’s constant A. 
Without this quantal relationship the inequality becomes merely an interest- 
ing mathematical assertion about an abstract property of functional analy- 
Sis. 

4. Absolutely continuous functions. A function f on the interval [a, 5] is said 
to be absolutely continuous if, given e>0, there is a 6>0 such that 


S [Aiea ies 


i=] 


for every finite collection of disjoint intervals [x;, x;] satisfying 


nl 
> [xj —x1<3. 


=| 
(See Reed and Simon [7, p. 305].) 
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Topic 8. SOME INTERRELATIONS BETWEEN ANGULAR MOMENTUM 
THEORY AND PROJECTIVE GEOMETRY 


1. Introductory Survey 


In physical applications of the theory of angular momentum, the com- 
position law for two kinematically independent angular momenta, J, + J, =J, 
plays a central role; this composition leads to the mathematically equivalent 
structure, the reduction of the direct product (Kronecker product) of irreps 
into irreducible components— that is, 


Lil@lLid=Senlal, (Sin) 
/ 
where [ /] denotes the irrep D/, and Cj, denotes the intertwining number 
Cizg = INT(j;@),; J) [See Eqs. (2.38) and (2.39)] defined by 


fl itll @Lid. 
“wo it Lie LAl@ Lil oe 
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It has been an intriguing problem to find significant interpretations of 
this combination law as a geometry. The desire for such an interpretation is 
the hope that one may obtain a deeper view of the essential structure. The 
problem is not well-posed, however, and although much effort has been 
expended, genuine insights have been meager. In this section we shall review 
this work briefly, in the hope that it may provide a stimulus for further 
efforts. 

The great success of Feynman’s innovation— associating to every per- 
turbation theoretic matrix element in quantum electrodynamics a corre- 
sponding diagram—has led to corresponding attempts (by many, mostly 
unpublished) to associate diagrams to angular momentum matrix elements. 
In the language of Feynman diagrams, the elementary objects are (a) the 
line (denoting free propagation), and (5) the vertex (representing interac- 
tion). There is an immediate transcription into angular momentum theory 
where (a) the line becomes an angular momentum J, and (5) the vertex 
becomes the coupling of three angular momenta to an invariant: 


J2 
Ji 

J3 

where J, + J, + J, =0. 
Clearly, a vertex can be associated with a Wigner coefficient, but there is 

a problem in the diagrammatic language as to what to do with the magnetic 
quantum numbers (m,). If one considers invariant structures, such as the 
Racah coefficient, this problem does not occur. 


One finds in the literature two significant diagrammatic interpretations of 
the Racah coefficient.’ The first interpretation associates a Racah coeffi- 


(acf) 


(cde) 


(abe) (bdf) 
b 


Figure 5.5. The association of a Racah coefficient W( abcd; ef) with a tetrahedron in which 
the “triangles” of the coefficient are represented by vertices. 


'A third (new) interpretation is developed in Topic 9, p. 394. 


The Racah Coefficient as a Complete Quadrilateral S155) 


Figure 5.6. The association of a Racah coefficient W( abcd; ef ) with a complete quadrilateral. 


cient with a tetrahedron—see Fig. 5.5 (Wigner [l, Chapter 27]). The 
tetrahedron is a direct transcription of the definition of the Racah coeffi- 
cient as a sum over four Wigner coefficients, each of the four vertices of the 
tetrahedron corresponding to one of the four Wigner coefficients. 

The second interpretation associates a Racah coefficient with a complete 
quadrilateral (Fano and Racah [2, see Appendices]). This interpretation 
dualizes the vertex in the plane: three lines meeting in a point (vertex) 
becomes the dual configuration, three points lying along one line. This leads 
to the diagram in the plane shown in Fig. 5.6. 

It is clear that one can extend such considerations to invariants obtained 
by coupling more angular momenta. The most extensive developments in 
this vein have been given by Jucys ef al. [3]. (This subject is discussed in 
detail in Topic 12 of the present monograph.) One might take a different 
view, though, and argue that the Racah invariant (the Racah function) is 
already the elementary invariant, and one should consider this structure 
itself as defining a geometry. 

We shall consider this latter viewpoint in Section 2 and then develop in 
Section 3 the projective geometric interpretation found by Robinson [4]. 


2. The Racah Coefficient as a Complete Quadrilateral 


There are three basic multiplication properties of the Racah coefficients: 
the orthonormality relations, the Racah sum rule, and the B-E identity (see 
Chapter 3, Section 18, AMQP, and Chapter 4 of the present monograph). In 
a notation suitable for the present discussion, these properties are the 
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following: ! 
Pl: The orthonormality relation: 


> (2e+1)(2f+1)W(abed: ef )W(abcd;e'f )=6,,.. (5.8.3) 
f 


P2: The Racah sum rule: 
Dd (=1)°"* 4 (2g41)W(adec: gp )W(acde: gq) =(— 1)8*? -* “W(aced: gp). 
gq 


(5.8.4) 
P3: The B—E identity: 


D (=1) 4 (2d +1) W( bb’cc! de )W( aa’ ce’: df )W(aa'bb’; dg ) 
d 


=(= 1)!" *W( abfe: gc) W(a'b’ fe: gc’). 
(5.8.5) 


In view of the fact that Racah coefficients may be considered as dis- 
cretized Jacobi functions, Racah’s relation P2 is the analog to the group 
property for the multiplication of rotation matrices.? (From this point of 
view P] is then the group axiom of the existence of an inverse.) A significant 
interpretation of the third identity, P3, has also been given in Chapter 3: 
The B-E relation is the necessary and sufficient condition that RW-algebra 
be associative. 

Let us develop now a geometric interpretation of P2. 

We take a (real) projective geometry over the plane with the following 
axioms: 


Al: Two points determine a unique line. 
Al’: Two lines determine a unique point. 
A2: There exist three noncollinear points. 


To associate this structure with angular momentum concepts, we make the 

following interpretation: A nonzero angular momentum is a “point.” 
Axiom Al then means that two distinct angular momenta, J, and j;, 

determine a “line,” which is defined as the set of “points” (angular momenta) 


'We have discussed in Chapter 3, Section 18 and Appendix B, AMQP, how these properties 
determine the Racah coefficients up to phase conventions. 

*We show in Topic 12 that Racah’s relation P2 is also an expression of the fact that the 
mappings between different coupling schemes for three angular momenta constitute a com- 
mutative mapping diagram. 
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| pe 


a b c g 


Figure 5.7. Geomeiric construction of the fourth harmonic point g corresponding to the three 
given collinear points a, b, and c. 


belonging to the Kronecker product [ 7,]@[,]. (This interpretation is impre- 
cise to the extent that the interpretation for zero angular momentum is 
unclear.) 

Consider now the geometric construction known as the determination of 
the fourth harmonic point g, corresponding to the three given collinear 
points a, b, and c (see Fig. 5.7). 

We choose any point in the plane not on the line /—call it p—and draw 
the lines ( pa), ( pb), and ( pc). Pick any point on ( pb)—call it q—and draw 
the lines (ag) and (cq). The intersections (aqg)M(pc)=d and 
(cq) M( pa) =e determine the line (ed ), which intersects / in the point g. 

The assertion that the point g is independent of the choice of p and qis a 
theorem in Desarguesian plane projective geometry, and is the lock-incidence 
axiom of Moufang (non-Desarguesian) projective geometry (Artin [5]). 

The feature of interest for angular momentum theory is, however, far less 
deep, and consists only in recognizing that the configuration just drawn is 
precisely the configuration that enters in Racah’s relation P2. To see this, 
note that there are three Racah coefficients (that is, three complete quadri- 
laterals) associated with the configuration shown in Fig. 5.7. These are the 
three complete quadrilaterals associated in Fig. 5.6 with the Racah coeffi- 
cients: 

(i) W(aced; gp), 
(11) W(acde; gq), 
(iii) W(adec; gp). 


These are precisely the three Racah coefficients entering the Racah relation 
P2. This fact suggests that there may be some relationship between the two 
structures (Racah coefficients and projective geometry). This was remarked 
on quite early by W. T. Sharp, but the situation is unsatisfactory in that 
there is no geometric interpretation (proposed) for the summation over g 
that enters P2. 
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Figure 5.8. Geometric construction of Desargues’ theorem. 


A similarly suggestive, but incompletely interpreted, fact concerns P3. 
noted first by Fano and Racah [2]. Let us consider the geometric configura- 
tion appropriate to Desargues’ theorem (see Fig. 5.8). The Desargues 
theorem asserts that, if two triangles (abc) and (a’b’c’) are perspective from 
a point d, then the two triangles are perspective from a line; that is, the lines 
(bc) and (b’c’) meet in e, (ac) N(a’c’)=f, (ab) N(a'b’)=g, with e, f, and g. 
collinear. 

Observe now that if we omit the point d in Fig. 5.8, we have two Racah 
functions defined in the resulting configuration: 


W(abfe; gc) and W(a'b’ fe: gc’). 


Next omit the four points a, a’, f, and g. Then we have the Racah 
coefficient: 
W(bb'cc';de). 
Omitting b, b’, e, and g yields 
W(aa'cc': df ). 
and, finally, omitting c, c’, e, and f yields 


W(aa'bb’: dg). 


The fact of interest is that these five Racah coefficients are precisely the 
five coefficients that enter the relation P3. Once again this result is merely 
suggestive of a relationship between Racah coefficients and projective 
geometry, since there is no interpretation of the summation over d that 
enters in P3. 
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3. Robinson’s Interpretation 


In the preceding discussion we have found several suggestive facts relating 
angular momentum and projective geometry, but we have also found several 
unsolved difficulties: 


(a) No interpretation of zero angular momentum (which can occur in the 
Kronecker product and hence cannot be ignored). 

(6) No geometric interpretation of the summation that occurs in the laws 
P2vandses: 


Robinson’s starting point is rather different from that given above. He 
noted that, if one considers the dual structure in the diagrammatic ap- 
proaches based on combining vertices, then one finds that there exist three 
and only three points on a line. (This results simply from the dual to the 
vertex.) If one wishes to enforce this fact as an intrinsic element of the 
structure, then one necessarily deals with the projective geometry PG(n, 2). 
[Thus, one considers that every line has precisely three points (hence, one 
deals with the finite field F,) and that the angular momentum diagrams are 
configurations in an n-dimensional projective space over F,, denoted by 
PG(n, 2).] 

This is a severe truncation of the initial angular momentum structure, but 
it is, as we shall show, a consistent interpretation. 

First, let us observe that this interpretation removes the difficulties noted 
above.! Since the Kronecker product is now unique, we see that zero 
angular momentum will occur only when the same angular momentum is 
coupled to itself. We can exclude this self-coupling and accordingly exclude 
0. As for the summation difficulty, this too disappears, since there is no 
longer any sum in the Kronecker product reduction. There is one further 
advantage of the structure: Since we deal with the number base 2, the sign 
ambiguity in the Racah coefficients also disappears. 

We can proceed now in either of two ways: We can postulate the axioms 
of PG(n,2) and verify that a consistent interpretation of the three laws P1, 
P2, and P3 results, or we can use these three laws, use Robinson’s interpre- 
tation, and verify that we get PG(n,2). 

Let us proceed in the first way. We interpret a point as a nonzero angular 
momentum and assume that (i) there are at least two distinct points j, and 
j,3 (ii) two points j; and j, determine one and only one line (i, J,J=Ok Fs 
and (iii) if j, andj, are distinct, there exists at least one point j, #0 such that 


'It is interesting to note that the asymptotic limit of the Racah coefficient (to be discussed in 
Topic 9) yields, in effect, an alternative elimination (via turning point evaluation) of the 
summations in P2 and P3. 
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C;,, #0 in Eq. (5.8.1). It follows from the symmetry of the c,,, that the same 
line is determined by any two of its points. If we assume that (iv) there is at 
least one point not on the line (j, j,), then, in order to define a plane and 
prove the intersection of any two coplanar lines, it 1s sufficient to assume 
that (v) (Pasch) if /,, /,, /, are three noncollinear points, and /, is a point on 
the line (/,/,), and /, is a point on the line (/,/,), then there is a point j, on 
the line (/,/,) such that j,, /., and /, are collinear (see Fig. 5.9). 

If we examine Fig. 5.9, we see that the Pasch axiom is exactly the 
assertion that the Racah coefficient W( J, jy/o/); j,/,) does not vanish. 

Moreover, since we are working with integers in characteristic 2, we have 
mapped all nonvanishing Racah coefficients onto the integer |. 

If we further take as an axiom that (vi) there is at least one point vor in 
the plane (/,/,/,), then this implies, as is well known, Desargues’ theorem in 
space. Had we proceeded from the three laws to the geometry, then the third 
law (Desargues’ theorem) would have implied the extension from the plane 
(n=2) to space (n=2). 

Since we have a finite field, there is necessarily (from the Wedderburn 
theorem) commutativity, and hence Pascal’s theorem follows from axiom 
(vf). 

Let us consider the configuration in the plane. We get the Fano diagram 
given by Fig. 5.10: 

Every collineation maps points to points and lines to lines. Those collin- 
eations that leave the point (111) invariant are symmetries of the Racah 
coefficient. We can enumerate explicitly all such collineations. 

Using the cycle notation for a permutation, we see that six of the 
transformations on the Fano diagram, leaving the point (111) invariant, are 


| © © @ it 
ee RO i Ih (CAAMAL)~{1 0 Of, 
0 0 | 0 0 1 
= 1 O O © @ | 
( fod; (als) ~ OD “Oatety, (AAG )~ Oe One 
@ It © bt @ © 
oe Oe 1 e © © 
(jh) bls) ~ OO SI: ChAtMabh)~ 05 8 
I @ © Oo i € 
(5.8.6) 


These six operations yield a permutation representation of the group 5; 
(permutation group on three objects) as shown by the matrices: they 
correspond to permuting the columns of the 6-7 symbol, or, equivalently, the 
three opposite pairs of labels in the tetrahedron associated with the Racah 
coefficient. 
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3 


Figure 5.9. Geometric construction of the Pasch axiom. 


Further symmetries interchange the j,/, by pairs: 


@ i @ I i od 
CA iy 11 0 0}, Catnaey~|0 0 ') 
1 IE aoe 0 1 O 
(Ose tae 
(Ali Mal )~ | eel } (oP) 
1 0 0 


Adjoining these three transformations to the permutations of S, above, 
one obtains 24 of the symmetries of the Racah coefficient. 

The explicit matrices that generate these 24 symmetries form a modular 
representation of the group S, (permutation group on four objects), which is 
reducible, but not completely reducible. 

The Regge symmetries of the Racah coefficients are generated from the 
transformation 


(<1 (abcd ef )= | 4 b det b+x =) 


2 (001) 


(101) j, Jy I 


j (111) 


(100) 2, % (010) 


jz (110) 


Figure 5.10. The Fano diagram 
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where x=(c+e—b—f)/2. This additional transformation together with the 
24 symmetries found by Racah generate the 144 symmetries of the group 
Oa Sine 

What is the analog for the Regge symmetry in the present truncated 
structure? This is not immediately clear, since, for the field of characteristic 
two, the variable x, in Eq. (5.8.8) is not well-defined. Since for characteristic 


two, +x=—.x, we can simply take the definition of the Regge transforma- 
tion to be 
Ge Gp ea Gat re tee ; 
Hee flees ep (5.8.9) 
a) ec 
where the notation ee ; means the modulus 2 map of the Racah 


coefficient e : : \ and x is one of the points in PG(n, 2). 


It can be demonstrated, by direct evaluation, that this 1s valid for the 
structure as given by Robinson. Using the symmetries already obtained, one 
finds the more general result 


Come lees ares. eee ae) 
dys Cex faexay| 


a0 @\ 
te ale (5.8.10) 


which is valid for all x, y, z@PG(n,2), including the zero vector. The Fano 
diagram is used to interpret the addition of two points. 

This result contains as special cases the 24 symmetries already obtained 
earlier. For example, (jj, )(/,/,) is generated by x=y=0. z=),. 

In addition, one obtains degenerate Racah coefficients. These are 


leads 0 33 
= — Ore Saleen 
yy vi fale He (Sess) 
Se ieee) | OO” 
SERIES 1 f j iI (5.8.12) 


Robinson interprets the first relation as a projection onto the line (/; /;/). 
and the second as a projection onto the point /. 
It follows from this result that the Racah coefficients equivalent to 
Jihs See 
hi 8 generated by all transformations in Eq. (5.8.19), can all be 
eoe3 
mapped to the form i; : . : 
ee eee 
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Thus, it follows that every Racah configuration in the Fano plane—that 
iS, a SiX-point configuration such that 


Iida | 
l, l, l, 
can by the symmetry (5.8.10) be mapped uniquely to the seventh point in 
the Fano plane. This representation by the seventh pomt permits composi- 


tion, the resultant being the unique third point defined by the two points 
composed. We categorize this composition in Section 4. 


Sits As 


11,1, |7o Gag) 


4. Further Results 


In order to apply this geometric model for the Racah coefficient, we must 
i Was 
| filots 

Robinson shows that the multiplication of two such symbols satisfies the 
rule 


introduce a formal multiplication for the symbols 


OO aah It) 
Waeth | parle Weak 


Tia} 
Nal 


Nido Js 
Ll, 


(mod 2). (5.8.14) 


The proof of this result is given by making the map onto the seventh point 
followed by composition of points as given at the end of Section 3. 

With this result we can now verify that in the PG(n,2) model the three 
laws P1, P2, and P3 are valid. 


Proof. Consider first the product of two coefficients: 


Sidr ds 
Ils ts 


Ti dna 
hl, t 


=| tee (5.8.15) 
0 ni met 


This result follows, since, if /;=/,, then we get 1 on the right-hand side, and 
| On 0 220 


a oe a the two coefficients on the left vanishes, since in a plane of 
PG(n, 2) there are only seven points, and if six lie in a Racah configuration, 
say pee =1, then necessarily eee 
Lly ts Llyls | 
configuration and hence vanishes. This validates P1. 
Consider now the product of two (nonvanishing) Racah coefficients in a 


plane of PG(n,2) that belong to distinct symmetry classes. (We have seen 


is a degenerate Racah coefficient with the value 1. If /3 4/,, 


1, 1,, does not lie in such a 
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that each such symmetry class could be defined by the point in the plane 
that is left invariant under all 24 Racah symmetries.) Since all seven points 
are equivalent in PG(n,2), we choose any three—say, 


hhd\ 


P= (Oe laibalh 


’ 


Blah 


: lle (378516) 
Jyl3J 


fp OS 


J3J2 Ji 
hj 


P= (loo 


The product of any two of these [using the multiplication law (5.8.14)] is 
the third one; that is, 
Isa Si 
Isiah 


hhadi 
Il, J 


Blyth 
Jytsj 


(5.8.17) 


This result can be recognized as the corresponding form of Racah’s sum 
rule. Thus, P2 is verified. 

In PG(n,2) Desargues’ theorem is automatically valid for n=3, and 
degenerate for n=2. Thus, we can find a configuration in PG(3,2) that 
corresponds to Desargues’ theorem. 

We have given in Fig. 5.8 the 3-space form of this theorem; the corre- 
sponding diagram for PG(3,2) is given in Fig. 5.11. 

Corresponding to every plane of this figure there are seven different 
symmetry classes of Racah coefficients. By the Regge symmetry, each 
symmetry class may be uniquely coordinated with one of the seven points in 
each plane. 

Consider the Racah coefficient associated with the central point in each 
of the four faces of the tetrahedron. We have the following associations: 


(1110)o J J; J; (1101)> Jy3J 343 
Ja3J i342 , Ji34o3J 
J5345 Jy J Ji34\9 

Conse mae omy) P|, 5.8.18 
Jit J3; ( ) J Jin J13 ( ) 


Finally, there is a “plane” whose midpoint is given by (1111). To this 
point one associates the Racah coefficient 


J Jy J; 


Ue |e 
Ix Ji3F 12 


(5.8.19) 
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Jy (0010) 


(1110) 
Jie (0011) 


Jy (1010) 


(0170) J, 


(0111) 


Jyq (1000) 


(0100) J), 


J (1100) 
J5q (1001) 


(1101) 


J (0001) 


Figure 5.11. Geometric construction corresponding to the projective geometry PG(3,2). 


Using the vectorial equality, 
CUM ise (COI) = OUT aC =e) 1), 


one now deduces the product relation for the associated Racah functions: 


Poles 
JJizdto 


J, J, J; 
Jy3J 3S 2 


Jy3F 343 
Ji3 4335 


J3J5 Ji 
Ji2I Sos 


J F342 
J Sin Fis] 


(5.8.20) 


This relation can be recognized as the relation P3, modified in PG(n,2) by a 
lack of summation. 

Thus, we have verified that each of the defining relations for the Racah 
functions— that is, Pl, P2, and P3—has a valid analog in PG(n,2). [One 
cannot proceed in the other direction, since, for example, it is equally valid 
in PG(n,2) that the product of all five Racah functions in Eq. (5.8.20) is 
unity, a relation that is clearly wrong for general Racah functions.] | 


It is valid to conclude that any relation for the general 3n-j symbol (n=2) 
is provable in PG(n,2). This symbolic analysis, even though it greatly 
truncates the content of the invariant angular functions, can provide useful 
structural properties of the higher 3-7 symbols. Some indication of this has 
been discussed briefly by Robinson [4] for 9-7 and 12-7 symbols. 
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5. Wigner and Racah Coefficients as Magic Squares 


We have seen that there exist two types of interrelations between angular 
momentum theory and projective geometry. The first is merely suggestive: 
The planar representations of P2 and P3 are precisely the geometric 
configurations of the theorem of the complete quadrilateral and Desargues’ 
theorem, respectively. The second relationship is precise and is a well-defined 
map of the Racah coefficients, and higher 3n-j invariants, onto the field F, 
and the projective geometry PG(n, 2). 

There is a third, and very different, type of relationship between the 3-/ 
and 6-j symbols and projective geometry. This is a mapping that associates 
the 3-7 and 6-7 symbols with magic squares, and then embeds these latter 
canonically in a projective geometry. In the case of the 3-7 symbol, Regge [6] 


Ah dh 


may be associated with a square 
HELO AE 


has shown that each symbol 


array of the form 


— nee eo Vie ee 
Sia Jn —™, is ae (6.3221) 


Atm Jn tm, J, +m, 


Each entry in this array is then a nonnegative integer, and the row sums and 
column sums are all equal to J/=/, +/, +/,. This form displays conveniently 
the 72 symmetries of the 3-7 symbols as combinations of permutations of 
rows and columns and transposition, as discussed in Section 12 of Chapter 3 
and Appendix D of Chapter 5, AMQP. 

Two such arrays that differ only by a symmetry correspond to the same 
numerical magnitude for the associated 3-7 symbol. 

Extending Regge’s work, Shelepin [7] and Smorodinskii and Shelepin [8] 
associate each 6-7 symbol with a 4X4 array: 


J awe Ji th3 J 7 Wigs hy ths the +4 
Sith Th Jn th has is) ag oo Jn +3 Ss 
Ja theh Sith tit x Ajith Si ip ie 
Ji The Th + J abe th LV i Ay tI hs 
ee 


(5.8.22) 


where J=2 4, Hy HS ti +s\2 +3). The entries in this array are nonnega- 
tive integers, and the row sums and column sums are all equal to J. 
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The arrays (5.8.21) and (5.8.22) possess a natural, ordered algebraic 
structure. A square array of nonnegative integers, all of whose row sums 
and column sums are equal, is called a magic square. Let M, denote the set 
of nXn magic squares. If R=(4,,;) belongs to M,, then the sum 


Se= Dnj= Der, (53823) 
i=] f=] 


will be called the rank of R. The set M, is closed under the operations of 
matrix addition and multiplication. If A and B are magic squares of ranks 
S, and S,, then A+B and AB are magic squares of ranks §,,,;=S,+S, 
and S,,=S,Sp. 

The algebraic structure possessed by the 3-7 and 6-j symbols by virtue of 
the embedding in magic squares has been studied by Giovannini and Smith 
[9]. They show that the set M, with the two compositions, matrix addition 
and matrix product, forms a locally finite, partially ordered semiring. There 
is a canonical embedding of this semiring into a locally finite, partially 
ordered ring, R,,. (This embedding associates the elements of R,, with the 
differences A — B of elements of M, with the proviso that A—B=C—DER,, 
if A+D=C+BeEM,,.) If we extend the coefficients of the ring R,, to the 
rational numbers, the ring may now be embedded in a semisimple algebra 
Q,,, which is five-dimensional for the 3-7 symbols and ten-dimensional for 
the 6-7 symbols. Finally, by considering vector subspaces of the respective 
algebras, Giovannini and Smith associate a projective geometry with the 3-7 
and 6-j symbols. A point of the projective geometry is the equivalence class 
of all magic squares (over the rationals) that are proportional to a given 
magic square (identified with a given 3-j or 6-/ symbol). 


Remarks. (a) By means of this construction, an algebraic interpretation 
of the limit relationship between the 3-7 symbols and 6-7 symbols given by 


ae as Jr Ji2 
lim (—1)°?[2j,+2p+1]? . : : 
pe Piast 2p hee i+p en 
aeyr| Ji J J\2 | (5.8.24) 
ye os 


has been achieved in Ref. [9] (see also Ref. [10] and Chapter 3, Section 18, 
AMQP). If we add p to the appropriate elements in (5.8.22) and replace by 
0 those elements that become infinite in the limit, then the array (5.8.22) is 


368 Special Topics 


transformed into 


0 (ese) Wein 0 
A ie is Tie) ips 0 hahah (Bas 255) 
heh 0 Dn ae 0 

0 0 ue ie 


Algebraically, the transformation of (5.8.22) into (5.8.25) is a projection of 
the vector space Q, onto a subspace. The remaining nine entries are 
precisely the entries of the magic square (5.8.21) corresponding to the 3-/ 


bs ~ a a . Thus, the image of the projection in Q, is 
gee ers ae) ee 
a subspace isomorphic to Q, as a vector space. 

(b) The Regge mapping (5.8.21) and the Shelepin mapping (5.8.22) differ 
in one important respect. The Regge mapping is one-to-one onto, since 
every 3X3 integral magic square defines a set of (j,,,), i=1, 2, 3, and 
hence an associated 3-j symbol. By contrast, the Shelepin mapping is not an 
onto mapping. (Giovannini and Smith [9] note that for ranks 1, 2, and 5 
there is no associated 6-7 symbol that satisfies the four triangle relations 
with admissible values of the angular momenta.) 

(c) The projective geometry associated with the 3-7 and 6-7 symbols via 
the magic square mappings is of a quite different nature from the interrela- 
tions discussed earlier. In particular, the structural relations P1—P3 for the 
6-/ coefficients are not directly involved in the Shelepin mapping into the 
magic squares. 


symbol 
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Topic 9. PHYSICAL INTERPRETATION AND ASYMPTOTIC (CLASSICAL) 
LIMITS OF THE ANGULAR MOMENTUM FUNCTIONS 


1. Introductory Remarks 


The rotation matrices (representation coefficients), the Wigner and Racah 
coefficients, and the more general 3-7 symbols are all quantum mechanical 
constructs; accordingly, the physical interpretation of these objects—just as 
for any quantum mechanical quantity—must be found in terms of probabil- 
ity amplitudes whose absolute squares have the meaning of probabilities for 
definite physical measurements. These physical measurements are, in turn, 
restricted by the uncertainty relations, which, as we have seen in Topic 7, 
constitute a fundamental element in the physical interpretation. 

In the region of large quantum numbers,' classical concepts become 
increasingly valid; this is the content of the Bohr correspondence principle 
{1], which is valid in quantum mechanics. Accordingly, in approaching the 
classical limit, it will be possible to define states for which all three 
components of the angular momentum vector are confined to narrow ranges 
around specified values; the range becomes narrower, the closer one 
approaches the classical limit. This implies not only that the angular 
momentum constructs will approach an interpretation in terms of ordinary 
geometric concepts, but that this interpretation is inherently an average, 
performed over a range of the parameters involved.” 

The fact that the interpretation required by quantum mechanics involves 
an absolute square (that is, a probability) leads to a distinction between the 
asymptotic limit of a mathematically well-defined function (the probability 
amplitude), and the classical limit of the related physical quantity. The 
mathematical quantity may, and generally does, have a rapidly oscillating 
complex phase that drops out of the averaged absolute square of the 
physical classical limit. 


Recall that we measure angular momentum J in units of /, so that h-0 (the classical limit) 
implies that, for finite angular momentum, the quantum numbers ( jm) must become large. 

>The necessity for interpreting the classical limit of the angular momentum functions as an 
average was discussed in the work of Brussaard and Tolhoek {2] and particularly emphasized by 
Wigner (3] and by Ponzano and Regge [4]. 
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2. Physical Interpretation of the Rotation Matrix Elements 
(Representation Coefficients) 


The physical interpretation of the matrix elements, D¥J,,,(U), of the 
rotation operator U=exp(—i6/- J) has been discussed in Chapter 3, AMQP. 
It was shown there that a state having total angular momentum / and 
projection m along the é,-axis is characterized by the ket vector |jm), and 
that under a rotation of frames given by é, >é/ = > R,,é;, with R=(R,)E 


i 
SO(3), this state vector undergoes the transformation 


In this transformation + U denotes the 2X2 unitary unimodular matrix that 
maps to R in the homomorphism of SU(2) onto SO(3) (see Chapter 2, 
AMOQP). 

This relation supplies the desired physical interpretation. Using the Euler 
angles (aBy) (see Chapter 2, Section 6, AMQP) to specify the relationship 
between the two frames (é,, é,, €,) and (é}, 65, 64), we find that 


[Pim oBY)P =[den( B)]° (5.9.2) 


is the probability that a system in the angular momentum state |jm) in the 
original frame will be found to be in the angular momentum state |jm’) in 
the rotated frame.' Note that this probability depends only on the angle 8 
between the e;- and e3-axes, and not on the Euler angles a, y. (These angles 
describe rotations around the e,- and e4-axes, respectively. and drop out. 
physically speaking, because of the uncertainty relations.) 

Using the relation 


Hepat) 19, UB). (5.9.3) 


one verifies that the probability in Eq. (5.9.2) is symmetric in m and m’, as, 
of course, it must be on physical grounds.” 

Let us consider now the classical limit, and take our system to be 
characterized in the original frame by a state of angular momentum yi 
maximally oriented along the e,-axis—that is, m=. The probability that 


"This physical interpretation was especially emphasized by Gitttinger [5] and Wigner [3]. In 
the discussion of this section, we follow Wigner (3, Chapter 27]. 

*The relations DJt,(U)=(—1)"~ "D2 jy —(U) and di,,(7—BY=(— 1) > HT oy AGES 
also lead to physical assertions. 
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the angular momentum projection along the e4-axis has the value m’=m is 
given by (see Chapter 3, Sections 5 and 6, AMQP) 


P(m)=(d/,(8) |= Fe, (cos) (sin) (5.9.4) 


In the classical limit, one expects the most probable values of m to be 
distributed around the classical value m, =jcos B. Introducing the probabil- 
ity P(m,) for this classical value, one finds the relative probability to be 


P(m) A (j—mo)!(jt+my)! 
Gi) (j-m)\(j+m)! 


Daman) pom 
Gare iar) ee Nae ere % 


B ian 


(tan 5) 


(5.9.5) 


where we have used 


(tan) = OSE Jacl) 
2 I+cosB j+tm, 


Taking now j/=m, to be large compared to (m—m,)—that is, j+m,)> 
(m—m,)—we obtain the classical limit (Wigner [3, p. 351]) 


=P(mg)es9|~ : | eae )'. 


(5.9.6) 


. 2 
—j(m—m ) 
P(m)~Pl mg eso] A 
0 


Thus, we see that the probability for m is a Gaussian distribution around 
the classical value m, =jcosf. [The dispersion in the variable 6=m— mz, is 
(j )rsin 8, which is approximately (/ )2 by assumption in the derivation.] 

The simplicity of this result stems from specializing such that the state in 
the original frame, |j/), was maximally oriented. A more general classical 
limit can be derived (Brussaard and Tolhoek [2]); we shall discuss this more 
general result in Section 10 below. 


3. Physical Interpretation of the Wigner Coefficients 
The most direct way to obtain a physical interpretation of the Wigner 


coefficients is to utilize the definition of these coefficients as coupling 
coefficients (Chapter 3, Section 12, AMQP). Thus, one has the relationship 


Tim O\yoma). (5.9.7) 


Ci do) 7m) = > ee, 


mim 
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which expresses the coupling of two kinematically independent systems in 
the angular momentum state | j,7,; j.m,)=|j,m,)@|fm,) to the com- 
posite state having sharp (total) angular momentum (jm). The physical 
interpretation of the coefficient Cj¥2/,,, implied by this equation is that the 


absolute square of the matrix element 
Kms Am|(i 2) jm) oC (5.9.8) 


is the probability that a measurement of the 3-components of the angular 
momenta of the individual parts of the system, originally in the total 
angular momentum state |(/,/,)jm), will find the system in the state 
| 7;™,)@|j,.m,). It is essential to note that this interpretation shows that 
the phase of the coefficient Cj/2/,, is not observable. Consequently, any 
mathematical definition of this coefficient as a definite function can assign 
the phase only by a convention. 

The classical arrangement that expresses this result is illustrated in Fig. 
5.12. For the sake of symmetry, we replace J by —J, so that the triangle 
relation becomes J, + J, + J=0. 

Classically the triangle (J,,J,,J) is determined by the three lengths of the 
vectors, but the orientation is determined by the projections m, and m, 
(note that m,+m,+m=0) only to within a rotation of the figure around 
the 3-axis. 

To proceed with the quantum mechanical interpretation, it is necessary to 
recall the uncertainty principle. The fact that the measurements associated 
with Fig. 5.12 are to be carried out on a quantum state of sharp (jm) 
implies two results: (a) The 3-axis is an axis of symmetry (from m being 
sharp), and (b) there is symmetry around the classical direction of J (from j 


=~ 


ey 


Figure 5.12. 
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being sharp). This latter implication shows that the point P must be considered 
as uniformly probable on the circle shown in Fig. 5.12. (Note that, although 
m, and mm, vary as P traverses the circle, the quantum number m remains 
fixed, as it must.) 

These implications from the uncertainty principle (Topic 7, Section 4) 
provide the key to the physical interpretation. 

Since the configuration is invariant to rotations about the 3-axis, it is no 
restriction to fix a particular orientation. To calculate a probability from the 
requirement that P can be uniformly distributed on the circle, we first use 
the geometric relation 


Cos 9,2, =cos 6, cos O,¢, + sin 8, sin B,g, cos >, (5.9.9) 


where 6, , is the angle between the vectors J, and é;, and similarly for 6,.; 
the angle ¢ is defined as the dihedral angle between the (J,,J) and (J, é,) 
planes. 

The requirement that P be uniformly distributed over the circle can be 
replaced by the more convenient, but equivalent, condition that dp/dt be 
constant, which we then take to be 27, weighting all points of the circle 
uniformly. The time dr that a given configuration exists then becomes a 
measure of the probability of that configuration. 

Noting that j, cos @, 5, =m), and differentiating Eq. (5.9.9) with respect to 
time, we find that 


dm, /dt=—j, sin, ,;sin 6,2, sino do/dt, 


where we have used the fact that the angles 6, , and 6), are fixed. 

To interpret this result, we use the geometric fact that the sine of the 
dihedral angle @ can be expressed as the magnitude of the vector product of 
the normals to the planes. Thus, we have 


sin = lA, ,x Aya, | 


JixJ Jxé, 
== ||| SEC SOC 
| J,xJ Idx 25 oe) 
which, in turn, yields the simple result 
j,sin@, ;sin 6,4, sin @= IJ, x Jp: ey II /IlJi). (59311) 


(In these results the notation ||A|| denotes the length of the vector A.) Note 
that ||J, x J, || is just wice the area of the triangle (J,,J,,J), so that ||J, x J, -é5 I 
is twice the area of the triangle projected onto a plane perpendicular to é;. 
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The probability that a given configuration will have the projection m, for 
j, is given by' 


an, \ J 
2 en) ee 5,912 
Prob(m,) 2| T \|J, x Jy ° 23 I 


This result gives the desired probability interpretation of Eq. (5.9.8) in the 
classical limit. Hence, we have shown: The classical limit of the Wigner 
coefficient—averaged over fluctuations—is given by the expression (Wigner 
[3, p. 353)) 


ee re) 
. =i aya = Ji Jo J 7 my, +m,+m,0 13 


which is the reciprocal of 4m times the area of the triangle (J,.J,,J) projected 
onto the e, —e, plane.’ 

The additional symmetry afforded by the 3-7 symbol, as opposed to the 
Wigner coefficient on the left of Eq. (5.9.13), is evident from this result. for 
the limiting result given by Eq. (5.9.13) shows that the three angular 
momenta J,, J,, and J all play equivalent roles. 

An alternative interpretation The orthonormality of the Wigner coeffi- 
cients allows one to invert the relation given by Eq. (5.9.7). thus obtaining 
the result 


L471) | Ama) = VD CLAL ACA de inn). ehIe) 


jm 


It is quite obvious that the use of this expression leads to precisely the same 
probability interpretation as that expressed by Eq. (5.9.8). 

It is, however, not obvious that the corresponding classical arrangement 
will, in fact, give the same result, and it is useful to pursue this point further. 

The classical arrangement for this situation is, at first glance, much the 
same as in Fig. 5.12—since the relation J, + J, +J=0 still holds—but the 
uncertainty relations attendant on the present interpretation are quite 
different, and this implies a different diagram (see Fig. 5.13). From Eq. 
(5.9.14) one sees that there is now cylindrical symmetry for both J, and J, 
around their respective 3-axes. These conditions validate the diagram shown 
in Fig. 5.13. Note that the conditions for this interpretation now keep both 


'The factor of 2 in Eq. (5.9.12) comes from the fact that a generic valuc of m, occurs twice as 
the point P traverses the circle. 

*In going from Eq. (5.9.12) to Eq. (5.9.13), we have divided by the factor (2 7+ 1), which is 
taken (since / is large) to be 2 /. 
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Figure 5.13. 


m, and m, fixed, and it is the magnitude of J that varies. An equivalent 
arrangement (since the diagram as a whole may be rotated about the 3-axis) 
is to fix the orientation of J, and allow the point Q to traverse the circle at a 
uniform rate. 

Spherical geometry now yields the relation 


Tidy paieos 9, cos 8, 2 +sinG,  sin8,, » cos w), (5.9.15) 


where yw is the dihedral angle between the (J,é,) and (J,é,) planes; this is the 
angle that has all its values equiprobable. 

Since classically J,-J,=4+(J°—J?—J?), we find by differentiating Eq. 
(2-215) that 


, —- . . . i : dy 
4) a ~ fr Ja8in dy, sin, 2,siny( 


Using the relation 


sin, sin 8,2, sin y= ———. 
eae: 


and normalizing the rate dy /dt=27, we find that the probability that the 
configuration has the value / is given by’ 


Prob(j)=2( 4 ) i (5.9.16) 


di} a3, xJp-es|° 


'The factor 2 again occurs because a generic value of j occurs twice as y goes from 0 to 27. 
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The result expressed by Eq. (5.9.16) is precisely the same as that given in 
Eq. (5.9.12) and verifies that the interpretation of the Wigner coefficient in 
Eq. (5.9.14) is the same as that given by Eq. (5.9.7). It is rather remarkable 
that two such different and distinct probability distributions— expressed by 
Figs. 5.12 and 5.13—should nonetheless imply precisely the same physical 
result. 


4. Physical Interpretation of the Racah Coefficients 


The desired interpretation of the Racah coefficient is most directly 
obtained from the recoupling aspect of the Racah coefficient (discussed in 
detail in Topic 12, Section 6). The Racah coefficient viewed as a recoupling 
coefficient relates wave functions corresponding to the different ways of 
coupling three angular momenta J,, J, and J, to a given angular momen- 
tum J. 

We let the ket symbol! |[(j, j, )j- Ja) jm) Genote the state vector correspond- 
ing to the coupling scheme symbolized by writing 


J=(J,+J3,) +5, =J'+,. (5.9.17) 


Similarly, the ket symbol IE i1( Jo Jad] jm) denotes the state vector corre- 
sponding to the coupling scheme 


Jesiher(e ib =i, al (5.9.18) 


The Racah coefficient W(j, j5 7 j;; 7’) expresses the transformation be- 
tween these two schemes by the equation (see Fig. 5.29, Topic 12) 


I Ade) A) md = D2 +27" +} 


x WG. vor anon Vella (5.9.19) 


It follows from this result that the quantum mechanical probability, P. 
defined by 


Lees: 
P=QP DOF AAI III= r+ Os +) 
3 


(5.9.20) 


'This notation and its relationship to binary trees is developed in Topic 12. 
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Figure 5.14. 


is the probability that a system prepared in a state of the coupling scheme 
(5.9.17) (which assumes that /,, /,,/3,/’, and / have definite magnitudes) will 
be found (measured) to be in a state of the coupling scheme (5.9.18) (which 
assumes J,, />, /3,/”, and j to have definite magnitudes). 

A geometric arrangement that expresses these coupling relationships as 
triangles in space (similar to the construction of Figs. 5.12 and 5.13) is given 
in Fig. 5.14. This figure expresses the six angular momenta J,, J,, J;, J’, J”, 
and J as the sides of a tetrahedron (or, better, as a 4-simplex in 3-space, 
since the tetrahedron is generally irregular); the four faces of the simplex are 
the four triangles of the two coupling schemes.' 

From Fig. 5.14 one sees that, if five of the six momenta are fixed in 
magnitude— say, J,, J,, J;, J’, and J—then the dihedral angle ¢ between 
the two planes— here (J,J’,J;) and (J,,J,,J’)—can vary freely, thus chang- 
ing J” in such a way that the point P describes a circle in space. 

By analogy to the use of the uncertainty relation in interpreting Fig. 5.12, 
we see that taking /’ to have a sharp magnitude forces the conjugate angle ¢ 
to have a uniform distribution. In other words, by the uncertainty principle 
the point P in Fig. 5.14 is to be considered as uniformly probable on the circle. 
One recognizes from this result (for the distribution of P) that the present 
calculation becomes very similar to the previous calculation for the Wigner 
coefficient. 


'There is another geometric realization of the 6-/ symbol that is important. This construction 
realizes the 6-j symbol as a complete quadrilateral in the plane. The six angular momenta are 
represented as points, and the triangles (faces) in Fig. 5.14 correspond now to three points lying 
on a straight line. This realization has been discussed in Topic 8. 
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The dihedral angle @ may be calculated from the normals to the (J, J’, J; ) 
and (J,,J,,J’) planes. Thus, we find 


JxI xd, CG’ J)-— I, IS) 


= = Ee I 
COS PS Tx I WISI [Ix III'S, I Ory 
Differentiating this result with respect to time, one finds 
apNea © . 
te tae d or dt 
fr = Va (5.9.22) 


dt J? JI Ix Jel 


where we have used (d/dt)(J,-J)=(d/dt)(J” -J)= —j"(dj" /dt) and noted 
from Fig. 5.14 that all other terms are constant as P varies. 

To determine sin@ we use the cross products of the normals to the planes 
(J,J’,J,) and (J), J,,J’). We find 


—M’xJd)x J’ xS Il Wx J) J, 


= a a = eer 5.923 

Be IJ’ x Jl IIx Jj || IJ’ x JI] | J’x J, II ( ) 
Combining this result with Eq. (5.9.22), we obtain 
, do ey oa 

RL) eS (5.9.24) 


To determine the probability for a given value of 7”, we use the relation! 


a ae i a ae 
RG )= 2( at a(J’xJ)-J, ’ (5.9.25) 


where d/dt has been replaced by 27. 
The probability P( 7”) has, however, by construction, the value given in 
Bars. 2:20). 


P(j")=P=(2/’ Ane | (5.9.26) 


JB 


It follows that, in the classical limit where all six angular momenta 
become large, the 6-7 symbol has the limiting value given by 


fe eee 
UAE Phe l 
ee iB CRED Al. (5.9.27) 


'The factor 2 comes from the fact that a generic value of /” occurs twice as ¢ varies from 0 
to 27. 
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Using the fact that the volume of the tetrahedron in Fig. 5.14 is given by 
V=2(J'xJ)-J,, one may express this result geometrically: 


Tid : l 
ae ~ aay" (5.9.28) 


The classical limit of the square of the 6-7 symbol ( Racah coefficient) becomes 
equal to the reciprocal of 24m times the volume of the tetrahedron formed by 
the six angular momentum vectors whose lengths are the arguments in the 
coefficient. 


Remarks. (a) We have emphasized in Chapter 3, AMQP, and in Chapter 
4 of the present monograph (and again in Topic 12) that the most important 
angular momentum function is the Racah coefficient, basing this assertion 
on the fact that both the Wigner coefficients and the representation func- 
tions d?,,,, can be obtained from the Racah coefficient by the appropriate 
limiting procedure: The Wigner coefficient is the limit of the Racah coeffi- 
cient, given by Eq. (3.280), Chapter 3, AMQP (see also Eg. (5.8.24), and 
Refs. [4] and [6]); both the Racah and the Wigner coefficients define in the 
limit the rotation functions DJ.,,, as given explicitly by Eqs. (5.92) and (5.96) 
in AMQP (see also Refs. [2] and [7]). These limiting results accord with the 
classical limits found in the present section. 

More generally, one sees that there are as many limits for the 6-/ 
coefficient as there are partitions of the integer 4 (the number of vertices of 
the tetrahedron symbolizing the coefficient). Letting the partition [4] corre- 
spond to the 6-7 symbol itself, we see that the partition [3 1] corresponds to 
the limit where one vertex is removed to large distances, yielding the Wigner 
coefficient whose classical limit is the area of the triangle (formed by the 
three remaining vertices) projected onto the direction defined by the “re- 
moved” vertex. The partition [211] corresponds to the limit 6-j>d/,,,,, 
while the partition [1111] corresponds to the classical limit itself. This 
analysis in terms of partitions shows that there is one further limit to 
consider, corresponding to the partition [22]. This limit—two pairs of 
vertices separated by a large distance— has been discussed in Ref. [4] (Eq. 
2.11); it does not appear to be of great interest, other than for systematics. 

It would have been possible, therefore, to have restricted the discussion in 
the sections above to the classical limit of the 6-7 symbol alone, obtaining 
the other classical limits by specialization. We have chosen not to do this, 
since the significance of the uncertainty relations for the physical interpreta- 
tion are most clearly brought out in the discussion of the Wigner coefficient. 

(b) The classical limit for the Racah coefficient involved the volume of 
the tetrahedron formed from the six angular momenta belonging to the 
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given coefficient. We call attention now to a remarkable fact concerning this 


tetrahedron. 


First, let us recall that the general conditions for the 6-7 coefficient 


abe 
def 


to be defined (exist) are that the four triads—(abc), (aef ), (bdf ), 


(cde)— satisfy the triangle conditions for angular momenta. These condi- 


tions imply that the sums defined by 


gy=atbte pi =arordtre 

qo =atetf Dy =O Cay 

g,=b+d+f p,=b+c+e+f (5.9.29) 
qg=ctdte 


are all nonnegative integers and, from the triangle inequalities, satisfy the 
relations 


Pi2=4) f=1,2,3; j=1,2,3.4. (5.9.30) 


(From Fig. 5.14 with j,=a, j=, j’=c, j,=d, j=e, and j’"=f, one sees that 
the q, are the perimeters of the faces of the tetrahedron, and the pare the 
sums of all six lengths, omitting one pair of opposite sides.) 

Now let us ascribe physical reality to the tetrahedron whose sides are 
these six angular momenta (see Note 1). The volume V of this tetrahedron 
may be given in terms of the six edges by means of Cayley’s formula [8]: 


OM ce ee 
de ec es al 
23812 det ce eye | (on) 
(ab “ea (eal 
1 i 1 1 0 
The necessary and sufficient condition that the six edges (a,..., f) forma 


physical solid (tetrahedron) is that V7 >0. 

It is a remarkable fact that the triangle conditions or, equivalently, Eqs. 
(5.9.29) and (5.9.30) for the existence of the 6-j symbol are weaker than the 
condition that the tetrahedron exist as a realizable solid. 


Proof. To prove this remark, let us consider the sides (d,..., f ) to be fixed in 
length and the side a to be variable; call this side x to emphasize its 
variability. Assuming the triangle conditions to be satisfied, we see that 
faces (bdf) and (cde) correspond to realizable triangles. [We assume that 
the variables are in a “general position” so that the area of each of the 
triangles, (bdf) and (cde), does not vanish.] 
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From Eq. (5.9.31), we can determine that V*(x?) is a quadratic poly- 
nomial in the variable x”. Hence, there are two roots for which V?=0: these 
two roots correspond geometrically to the two possible planar positions for 
the triangles (bdf) and (cde). Since the curvature is negative—that is, 
0°V*(x*)/(8x?)°= —d*/72—the square of the volume is positive (V?>0) 
for x* lying between these two roots; hence, the tetrahedron exists for all x? 
that satisfy the condition x7,,,<x°<x?,.. 

When the tetrahedron is flat (V* =0), the triangles (xef) and (xbc)— 
which exist from the triangular conditions— will in general have nonvanish- 
ing area. It follows that the condition that the tetrahedron be flat (V7 =0) is 
weaker than the triangle conditions, as asserted. a 


These remarks indicate that nonvanishing 6-7 symbols can correspond 
geometrically to negative (volume)! [In fact, the fundamental Racah coeffi- 
cient W(4,4,4,5:1,1) corresponds to V* = —(+4)?.] The meaning of this 
surprising (and intriguing!) observation will be explored in the next subsec- 
tion. 


5. The Nature of the Classical Limit 


The nature of the classical limit has been well investigated in quantum 
mechanics,’ and has been particularly clarified in Feynman’s path-integral 
approach (see Feynman and Hibbs [9]), which extended Dirac’s discussion 
of the role of the classical Lagrangian in quantum theory. In the approach 
to the classical limit, the probability amplitude ¥(x) takes the form 


W(x )~(slowly varying magnitude) 
X (rapidly varying phase of modulus 1), 


with the rapidly varying phase corresponding to exp[iS(x)], where the 
classical action S is measured in units of f (hence, S is numerically large in 
the classical limit). 

The classical limit considers the absolute square |/(x)|* and hence yields 
only the slowly varying magnitude. The probability amplitudes considered 
in the previous sections are real, so that the classical limit is an average of 
the square, yielding again the slowly varying magnitude. 

These considerations are valid in regions where the classical motion 1s 
allowed—that is, in regions where the kinetic energy is positive. At the 
classical turning points for the motion, the kinetic energy vanishes, and the 
classically defined probability, which is proportional to (velocity) ', be- 
comes (weakly) singular. In classically unallowed regions, the kinetic energy 


‘A mathematically oriented discussion is in Guillemin and Sternberg [8a]. 
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Figure 5.15. Values of the 6-/ coefficient (circles) compared with smooth curves corresponding 
to the asymptotic formulas, Eq. (5.9.33) (classically allowed region I), Eq. (5.9.97) (transition 
region II), and Eq. (5.9.90) (classically forbidden region III). (From G. Ponzano and T. Regge, 
“Semiclassical limit of Racah coefficients,” in Spectroscopic and Group Theoretical Methods in 
Physics (F. Block er a/., eds.), pp. 1-58. Wiley (Interscience), New York, 1968. Reprinted by 
permission.) 


becomes negative, and the probability becomes exponentially decreasing 
(“quantum mechanical tunneling”). 

The behavior of the 6-j symbol for large values of the six arguments 
accords exactly with these expected semiclassical characteristics. The role of 
the kinetic energy is played for the 6-j symbol by the classical (volume). In 
regions where V* >0 (“classically allowed region”), the 6-7 coefficient is 
rapidly oscillating with an envelope for the oscillations being given by 
Wigner’s result, Eq. (5.9.28). In regions where V? <0 (“classically forbidden 
region”), the 6-/ coefficient is exponentially decreasing. The transition 
region is determined by V* =0, and, as expected, Eg. (5.9.28) is singular 
here; the 6-j coefficient is, of course, well-defined in the transition region, 
and it is only the limitations of the classical limit that lead to this (weak) 
singularity. 

This behavior is illustrated in Figs. 5.15, 5.16, and 5.17, which show at the 


same time the Ponzano—Regge asymptotic approximations for the 6-7 sym- 
bol, as we now discuss. 
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4 6 8 0 12 14 16 18 20 22 24 26 28 30 32 7 35 


Figure 5.16. For high J the agreement between the asymptotic formulas and the values of the 
6-j coefficient improves. (From G. Ponzano and T. Regge, “Semiclassical limit of Racah 
coefficients,” in Spectroscopic and Group Theoretical Methods in Physics (F. Block et al., eds.), 
pp. 1-58. Wiley (Interscience), New York, 1968. Reprinted by permission.) 
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Figure 5.17. The exponential decay of the 6-/ coefficient in the classically forbidden region is 
emphasized here. (From K. Schulten and R. G. Gordon, “Exact recursive evaluation of 3/- and 
6j- coefficients for quantum-mechanical coupling of angular momenta,” J. Math. Phys. 16 
(1975), 1961-1988. Reprinted by permission.) 
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6. The Ponzano—Regge Asymptotic Relations 
for the 6-7 Symbol 


The generalization of the classical results given by Wigner for the 6-7 
symbol, Eq. (5.9.28), to include the required rapidly oscillating phase was 
carried out by Ponzano and Regge [4]. These authors also developed 
asymptotic relations for the 6-7 coefficient, suitable for calculating ap- 
proximate results in all three regions (I, classically allowed; II, transition; 
III, classically unallowed). These results will be discussed in this section (see 
Note 2): 

The same qualitative physical arguments that are used in discussing the 
nature of the classical limit suggest at the same time the form of the rapidly 
oscillating phase factor. In classically allowed regions far from turning 
points, the phase in the probability amplitude for one-dimensional motion 
has the form exp(ixp/h), where x and p are a canonically conjugate pair, 
which are, in this example, position and momentum. On physical grounds, 
therefore, one expects the phase to involve the conjugate pair {(magnitude 
of angular momentum), (angle of rotation around direction of angular 
momentum) }. 

It is useful to employ the systematic notation shown in Fig. 5.18. Jt is 
essential to note that the edges of the tetrahedron have been increased by + 
over the corresponding value in the 6-j symbol (see Note 1). The angular 
momentum /,, denotes the side opposite to the line joining vertices P, and 
P,; the angle @,, is the angle between the outward normals to the planes h 
and k (these planes are not shown in Fig. 5.18). (The plane h is the plane 
opposite vertex /.) Thus, 6,, is indeed an angle of rotation around j,,. For 
notational purposes, it is also convenient to define j,, =0, j., =jxp. 9, =O 
and 4, ,, =9),- 

By symmetry one expects the phase to involve all six angular momenta 
and angles symmetrically. Hence, one expects the phase factor to be 
exp {i > j,.9,, |, where! 

h<k 
& Snir S129 12 +3913 + ho3923 tha 14 t+ Jo4924 A Hag8aq- (5.9.32) 
Ik 

In the classically allowed region (V* >0) the Ponzano- Regge asymptotic 

form is 


abc a = 
(eg oll2av] cos] ( 3 Jutha) + . (5.9.33) 


4 
'Ponzano and Regge [4] introduce the summation symbol S JnrOn, Using the symme- 


. . e,e + . * h k=l % 
trized definitions j,,=9. jj,4 =Jens nx = 9), However, on the basis of their actual usage of this 


symbol in Ref. [4] (pp. 14, 15, 56), we interpret their meaning to be that of Eq. (5.9.32) and not 
twice this result, as implied by their notation. 
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Figure 5.18. Notation used in asymptotic formulas for the 6-; symbol { ae : 


An explicit definition of the angles 6,, is given by 
A, A, Sin 6, ,=3 V Jn i — | 233 4. (5.9.34) 


where A, is the area of the face opposite vertex P,. 
7. Symmetry Properties 


It is a remarkable geometric fact that each of the terms in Eq. (5.9.33) 
(magnitude, phase factor) is separately invariant under the 144 symmetries 
of the 6-7 symbol. 

Invariance of the volume. (a) It is geometrically quite obvious that the 24 
“tetrahedral” symmetries do leave the volume V invariant. (b) By contrast, 
under the Regge symmetries generated by the transformation [see Eq. 
(3.313), AMQP], 


ean), = AVMs Care =F jy) 22, Chace) 2, ODS 
Bel CO (Det) =o) 2. Cet DY 2. 


it is far from obvious that the volume V is, in fact, invariant. [The proof 
consists in demonstrating directly that the Cayley determinant (5.9.31) is 
unchanged. This verification is laborious and uninformative and, hence, 
omitted. ] 

Invariance of the phase. The fact that the expression > j,,8,, is in- 


A<k 
variant under the 144 symmetries of the 6-7 symbol was demonstrated in 
Appendix D of Ref. [4]; we shall give this proof below. It is once again 
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obvious that the tetrahedral symmetries leave this form invariant; it is only 
the Regge symmetries that require proof. 


Proof. Let us first recall some geometric relations for the tetrahedron (see 
Fig. 5.18). We have defined the lengths j,, and the conjugate angles @,,, in 
terms of the four vertices P,. It is useful to define the quantities q, 
(h=1,2,3,4) and p,, (h<k) by 
ae 
k 


Piz =P3a =/13 tha H3 Toa 
P13 =Poa =S\i2 tha t+ ho3 Hye. (5.9.36) 
Pig =P23 =/i2 Tia thea T3a- 


We also let ¢,, denote the angle about the vertex P, in the plane opposite to 
vertex P,. Using the law of sines and defining the quantity 2,, we find 


22,4 =sin @,, sin 6, sin ¢5,4= sin 6,, sin 8,, sin $3, 


=sin 6), sin 6,,sin }),4, (Exes) 


and similarly for 2,. 
Let us also define, with respect to the vertex P,, the quantity o, given by 


p= Gy (5.9.38) 
k l#h 


so that, for example, 


0; =3(63 +64, ae 


In terms of these variables, Euler (see Hammer [10]) has shown that 
=, tan},, =sino,sin(o, —8,,, ). (5.9.39) 
where (hk/m) is any permutation of (1234), and, moreover, that 


o Vv? = 


K=— ——___ = = 
AAA, ee 


(5.9.40) 


so that 2, /A, is independent of k. 
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A symmetric presentation of the angles @,, in terms of the sides of the 
tetrahedron is afforded by the form 


(Pry — 4) Par) ; 
anh Pies aa) 


] 
i (5.9.41) 


in which (hk/m) is a permutation of (1234). 

The final auxiliary variables we shall need are the following two arrays 
(a) and (bd): 

(a) Augmented Regge array: 


ia oh Pig Ch i Gy Gj 

ial Pigme7 3 = 42 Fig ds Go 
os Pigs Piss Pip — 43 3 

Pia” 44 Pi3~ 44 Pir Fa 


I 


(5.9.42) 


(This array is the same as the 4X3 array used in discussing the Regge 
symmetry of the 6-7 symbol in Chapter 3, Section 18, AMQP, augmented by 
the fourth column.) 

(b) Angle array: 


04-953 03— Oy, 04 — O34 

[49 j= 03-91, 04-83; 9,—834 95 (5.9.43) 
‘ 0-914 0,-9.4 04-91. 93 
0, — 83; 0,— G13 93—Fy 


The essential relation to establish is that 


n=1 


cos 3, =1 ~2887%(r,) | I re | i rs, ] ; (5.9.44) 


for st. This result follows directly from Eqs. (5.9.39) and (5.9.41). 

To establish the invariance of the phase, we first note that, under the 
Regge transformation R given by Eq. (5.9.35), the array [r,,] is mapped into 
the new array [r,,] obtained from [r,,] by interchanging rows 3 and 4. 


Ri [JL ee, 


ls t 


ee (5.9.45) 


Using this transformation in Eq. (5.9.44), one sees that 


R:cos ¥,, > cos By). (5.9.46) 
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To establish that the angles themselves (and not just their cosines) undergo 
this transformation, that is, to show that 


et, lone: (5.9.47) 


Regge and Ponzano argue that this result is true for an almost regular 
tetrahedron, where the angles 6,, and 6;, lie in the interval 0 to 7/2. Then 
by an analytic continuation the result is established generally. 

We conclude: Under the 144 symmetries of the 6-j symbol, the arrays [r,,] 


and [8,,] suffer the same orthogonal transformation, hence, the sum as 
S<l 
invariant. 


The invariance of the volume of the tetrahedron, the product A,A,A,A,. 


and the phase >) /,,9,, under the symmetry R are surprising, and non- 


ie Ack 
trivial, geometric facts. 


8. Proof of the Ponzano— Regge Relation 


The strategy to be used in proving the asymptotic formula, Eq. (5.9.33), is 
to show that this formula satisfies, asymptotically, the three fundamental 
identities for the Racah coefficient, Eqs. (3.273)-(3.275), Chapter 3, AMQP 
[Eqs. (5.8.3)-(5.8.5), this volume]. As discussed in Chapter 3, AMQP, these 
identities (plus the symmetries that have already been shown to be valid) 
suffice to define the Racah coefficient to within an overall sign (see Note 3). 

The three identities all involve a summation over an angular momentum 
magnitude taken between limits imposed by the triangle conditions. Since 
the asymptotic limit assumes all angular momenta to be large. we shall 
consider it valid to replace the sum by an integral. The resulting integrals 
will then be evaluated asymptotically by the method of stationary phase, a 
technique that, in physics, is synonymous with the classical approximation 
itself (Dirac [11], Feynman and Hibbs [9]). 

Let us consider first the B—E identity [Eq. (2.69) or (5.8.5)], which may be 
written in terms of 6-7 symbols as 


Quy | ie ey \= ae {4 qax KC ee CeO 
= | 2x-F | ; ae. 
eee ae X( yaa ) d'dg e’eh a’a j 
(5.9.48) 


where ®, =gtht+j+tet+tatd+e'+a’'+d'+x. With the 6- symbols repre- 
sented by tetrahedra in 3-space, the geometric configuration corresponding 
to this identity is then given by Fig. 5.19. This configuration consists of five 
points, ten lines (angular momenta), ten faces, and five tetrahedra. 
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Ps 


Figure 5.19. The five tetrahedra corresponding to the B-E identity. 


Introducing the Ponzano— Regge expression (5.9.33) for the 6-7 symbols in 
the right-hand side of Eq. (5.9.48) and denoting for simplicity the three 6-/ 
symbols by 1, 2, 3, we find 


§=RHS~(127) 73 (2x+1)(— LACS LAs ACs) ie 


608.2, (x }eos %p(x)e0s (x), (5.9.49) 
where 
9,(x)=(Z sea |+ 4. (5.9.50) 
h<k 


in which, for example, 


a1) as qe 1 a) = l 
iy =ats, Th eos diy 


jQ=d' +4, j)=dt+h, iP =ett. (5.9.51) 


Thus, the {j{2} are those associated in Fig. 5.18 with the 6-j symbol 
a a’x 
es ee 

the two faces that share the edge j{) in the tetrahedron in Fig. 5.19 


. Accordingly, 6{)) is the angle between the outward normals to 


corresponding to ee | and having volume V,(x)=(xxd-a)/6. The 


{ 7,02}, {j2,0M}, and the volumes V,(x) and V,(x) have a similar 
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definition in terms of the tetrahedra corresponding to the 6-7 symbols 
ee and ie | respectively. — 

Now let each of the ten angular momenta in Fig. 5.19 be scaled by the 
(positive) length R— that is, 


We take R to be numerically large and replace the summation over x in Eq. 
(5.9.49) by an integration over €. This step is straightforward and can be 
justified except for the treatment of the phase factor ®,, which must be kept 
integral-valued. Let us defer this problem for the moment. 

Using the scaled volume V;(&) defined by 


R'Vi(E)=V,(x), (5.9.53) 


the summation expression (5.9.49) for § is now replaced by the integral 


§~ (12m) = feaelvi(e)vsle)VslE)] P(E). (5.9.54) 


Nita 


In this expression, P(€) denotes the rapidly varying phase of the in- 
tegrand, obtained by writing the cosine factors in Eq. (5.9.49) as exponen- 
tials and using the scaling transformation (5.9.52): 


4 


P(E)= DB (etRTHE 4.0 —/RTMED) (5.9.55) 
k=1 


where RI,(€) for k=1,2,3,4 are defined by 
RT,(€)=1,(x)=Q,(x)=Q,(x)+Q,(x)+7,. (5.9.56) 


The signs in the second and third terms in this result are (+, +) for k=], 
(sr5e | LOT a2 (a Or es a(n Lone 

The crucial remark to make now is that the stationary phase requirement 
on the rapidly varying phase P is identical to the requirement that the 
configuration shown in Fig. 5.19 correspond to five points embedded in 
3-space. 

To demonstrate this remarkable result (due to Ponzano and Regge), we 
first note that the condition that five points lie in 3-space is the requirement 
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(Cayley [8]) that the 4-space volume V, defined by 


0 ae [ie ee (e’y l 


ae 0 e az (ay ] 
) a Z. 1\2 
—24(4!"V2=det| 1 Ba Oe ia) i (5.9.57) 
ee a d* 0 x ] 


CC CO ae | 


should vanish. 

Taking the length x to be variable, we see that Eq. (5.9.57) implies a 
quadratic equation in x* that has two roots, x2, and x2. These two roots 
correspond to the two realizable geometric configurations: The first reali- 
zation is given in Fig. 5.19 and corresponds to the larger root x2, where the 
points P, and P; lie on opposite sides of the plane containing the triangle 
(P,, P,, P;); the second realization is given in Fig. 5.20 and corresponds to 
the smaller root x2, where the points P, and P; lie on the same side of the 
plane. 

Let us consider now the stationary phase condition. The rapidly varying 
phases are the eight terms e!«*) and their complex conjugates (c.c.) in Eq. 
(5.9.55). Under a first-order variation of the lengths of the edges in the 
expression for Q,(x)=[ >} j{26{2]+%, we may consider all angles 6{') to 


h<k 
be constant.! Keeping all lengths except x constant [see Eqs. (5.9.51)] then 
leads to the variation 


) 207 £62 +7=0, (59°58) 


where we have defined 6/=6() (i=1,2,3). The angles 7—6! may then be 
verified to be the internal dihedral angles around the edge x in Fig. 5.19. 
The signs (+) in this result denote the eight possible results coming from 
Eq. (5.9.56) and the conjugate factor in Eq. (5.9.55). The additional 7 comes 
from the phase factor ®,. 

The stationary phase condition (5.9.58) is precisely the geometric condition 
that the sum of the internal dihedral angles s—6, around the edge x be a 
multiple of 2m. This is simply the condition that the configuration be 
realizable in 3-space, as asserted. 


'This important result was shown in an n-dimensional context by Regge [12}- 
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Figure 5.20. 


Thus, we see that the stationary phase condition selects out the two 
realizable configurations (corresponding to the x2, and x~ roots), and leads 
to four nonvanishing terms for the integral (each term occurs with its 
complex conjugate). 

It remains only to carry out this evaluation using the method of steepest 
descents. 

Evaluation of the integral. The method of steepest descents [see Refs. 
[13]-[16]) evaluates asymptotically integrals of the general form 


I(R)=f a(f)e*© dé (5.9.59) 


in the limit where R- oo. [It is assumed here that f(€) and g(£) are real 
functions.] This method yields for the integral the asymptotic result 


oR) a emem| 3s g,) expil R/(E, ft )+ a (5.9.60) 


ne 


where (a) the &; are the points of stationary phase for which /’ (§;)=0, and 
which lie on the contour C (suitably deformed if necessary), and (b) the 
phase +7/4 is chosen according to f’(£,)20. In the application at hand, 
the function g(€) is given by : 


g(é)=4(120) PRUE VI(E)V(E)VAE)] 2, (5.9.61) 


and Rf(§)= +0,(x)+Q,(«)£0,(x)+7@,. There are two roots for the 
stationary phase condition, /’(&)=0, as discussed above. 
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The real problem in this evaluation concerns the determination of the 
second derivative, f’(£), at the points where f’(£)=0. We have already 
determined that /’(€)=0 is equivalent to the condition! 6!+6? +63 +a= 
O(mod 277). 

Thus, we must evaluate the derivative 


0( 0! +62 +83) 
A (5.9.62) 


at the points where 6! + 62+ 63+ 7=0(mod 27). This difficult task is carried 
out in Ref. [4], Appendix E, where it is shown that 


f'(E)=Fb (ba) VV VV dente (5.9.63) 


where V; and V; denote the volumes of the tetrahedra corresponding to the 
6-7 symbols in the left-hand side of Eq. (5.9.48). 

Using Eqs. (5.9.63) and (5.9.61) in Eq. (5.9.60), we find the integral in Eq. 
(5.9.54) to have the asymptotic value 


§~(127) '(VaVs) 24 [els +9) 4 es 25)4 66] 
=(a,) tos ae) case. 5.9.64 
4 4 5 5 


where {V,,@,} and {V;,Q5} denote, respectively, the volumes and angle 
expressions of the form (5.9.33) for the tetrahedra corresponding to the 6-/ 
symbols ee and | oe . 

ead e’a'd’ 

Thus, we have verified that the Ponzano— Regge asymptotic result for the 
6-7 symbol satisfies the B—E identity, Eq. (5.9.48). 

Asymptotic evaluation of Racah’s identity. To complete the proof of the 
Ponzano—Regge result, we next show that the remaining two identities, 
Racah’s sum rule and the orthogonality relation, are also verified. This step 
was not carried out in Ref. [4], although it is implied to be valid. It is quite 
instructive to carry out the proof explicitly, for, in the case of Racah’s 
identity, we are led to interesting new viewpoints and results. 

The Racah sum rule (identity) may be written in the form 


ete 7 ea =e) (5.9.65) 


'For each root two terms (a given term and its complex conjugate) contribute to the integral; 
precisely which term occurs depends on the angular momenta, and this determines the + signs 
in (5.9.58). We choose a particular set of signs arbitrarily. 
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Just as in the previous case, our procedure in verifying this identity for the 
Ponzano- Regge asymptotic form will be to introduce the relation (5.9.33) 
into the left-hand side, convert the sum to an integral, and evaluate by 
steepest descents. The result will then be shown to be the asymptotic limit of 
the right-hand side, thus validating the identity. 

There is an immediate dilemma that confronts one in attempting to carry 
out this procedure in explicit detail: The geometric representation for each of 
the three 6-j symbols that appear in this identity cannot be uniformly realized in 
3-space! It is easy to show this: Consider Fig. 5.21, which depicts each of 
the three 6-7 symbols as a tetrahedron. Consider, in particular, sides a and 5. 
In the two tetrahedra involved in the sum (the two on the left in Fig. 5.21) 
the sides a and b are joined at a vertex, but in the tetrahedron on the right, 
the sides a and b are opposite. Clearly, no deformation can make these 
structures “fit together” in the nice geometric way in which the previous 
case fitted three tetrahedra together, forming two new tetrahedra. 

[There is one possible resolution that can be eliminated. This uses the fact 
that in a planar representation of the 6-7 symbols there is a perfectly good 
representation of these three 6-7 symbols simultaneously (as the figure 
showing the three diagonal points of a quadrangle). But this is no help, since 
we are forced to use a three-dimensional representation by the Ponzano- 
Regge asymptotic form itself.] 

The resolution of this dilemma lies in the recognition that there exists a 
third representation of the 6-j symbol, as a figure in a real projective plane.' 
Since the sphere in 3-space with opposite points identified is a homeomorph 
of the real projective plane, it is possible to exhibit this representation of the 
6-7 symbol as a three-dimensional solid (with a center of symmetry), as 
shown in Fig. 5.22. 

In this figure, each of the six lines (angular momenta) in the 6-7 symbol 

ae f 

bdg 
and (beg) appears twice (with opposite orientation). As a figure in the 
projective plane, we have three vertices, six lines, and four faces; it follows 
that the Euler characteristic is x=1—3+6—4+1=1, as required for a 
one-sided surface. 

The way one fits together geometrically this new representation for the 6-/ 

Gey 
symbol | hie 
that the line x decomposes the diagram in Fig. 5.22 into precisely four 
tetrahedra; these are the desired two tetrahedra T, and 7, together with the 
tetrahedra T; and 7; having orientations opposite to 7, and T,. 


appears twice; similarly, each of the four triads (aef ), (bdf ), (adg). 


with the two tetrahedra on the left in Fig. 5.21 is to observe 


'The other two representations are the Racah—-Fano planar realization (as a complete 
quadrilateral) and the Regge-Wigner representation as a tetrahedron. This third realization 
does not, to our knowledge, appear in the literature, and seems to be new. 
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Figure 5.21. 


This unusual representation of the Racah coefficient nicely resolves our 
dilemma, and correctly implies that the stationary phase point is that value 
of x for which the joining of the two tetrahedra 7, and T, yields a plane (for 
example, the plane containing the five lines d, e, x, e, and d). This geometric 
joining constraint thus implies that the angles 9; satisfy the relation 


6. +62 +7=0(mod2z). (5.9.66) 


It is quite surprising, in our view, that there does exist a 3-space 
representation realizing two 6-7 symbols in one way, as 7, and T,, while the 
third 6-7 symbol is realized in a totally different, yet geometrically compati- 
ble way! 

Let us now verify these assertions. We introduce the Ponzano-—Regge 
form (5.9.33) for the 6-7 coefficients into the left-hand side of Eq. (5.9.65), 
make the scale transformation (5.9.52), and replace the summation over x 
by an integration over &. The result of these steps is the following approxi- 


Figure 5.22. The geometric realization of the Racah sum formula. 
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mation (for large R) to the left-hand side of the Racah identity (5.9.65): 


LHS=$~4(120R) | feag[Vi(E)V5(8)]* P(E), (5.9.67) 


where 


a 


ES OO ace a) (5.9.68) 
RT, (£) ST) (x) =Q,(x) +Q,(x)+7,, 
IEC) 1s) Se) Saree (5.9.69) 
(x)= (3 sae) +3. 
Q,(x) [34 a2) +5 
OL SS) aP ks, (59770) 


In particular, we have that x+ 4=j()=j, while the angles 6! =6() and 
6? =6 are defined, respectively, to be the angles between the outward 
normals to the faces of the tetrahedra 7, and T, that share the side x. (In 
general, the { j{, {2} and {/@,0@} in Eq. (5.9.70) are defined in terms 
abx 


of the tetrahedra T, - 
def 
rules given in Fig. 5.18.) 
Just as before, the stationary phase point(s) are obtained from the 


condition 


ex : ; 
and 7, < | he *| according to the generic 


Cy ep (5.9.71) 
Ox ae Ss 
This is just the geometric joining condition (5.9.66). 

It is important to recognize that there is now only one stationary phase 
point, since, when the tetrahedra 7, and T; join, the geometry of the 
configuration implies that 


x*=a*+b? +d? +e? —f7—g?. (5.9772) 


[When the phase condition is met, the three planes contain (abab), ( fgfg), 
and (dede) as parallelograms (see Fig. 5.22), and the above result for x2 
follows. Alternatively, we may impose the “joining condition” in a different 
form by requiring that the four vertices (of each ‘parallelogram’? lie in a 
plane.] It follows that at the stationary phase point only two of the four 
exponentials survive—a term and its complex conjugate. 
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Using the method of steepest descents, we find the asymptotic value of 
the integral to be 


§=(12aR) Eo[Vi(Eo) VilEo)] 


x LatEy) a lemmeritee) (5.9.73) 


The critical value of x, denoted by x, =Ré, above, is determined by the 
stationary phase condition f’(§)=6, +62 +7=0, and results geometrically 
in the value x) =[a? +b? +d? +e? —f? —g?}?, 

Just as in the verification of the B—E identity, the difficult part of the 
steepest descents method is the evaluation of the second derivative f’(£,). 
This evaluation is carried out below, where it is shown that 


Sp) a OV (ene (5.9.74) 


In obtaining this result, we make use of the fact that at the stationary point 
x6 =a° +b’? +d*+e*—f*—g* the volumes of the three tetrahedra T,, Ty, 
and T, are all equal. This property, which may be verified directly from 
Cayley’s formula (with some labor), is a quite unexpected and remarkable 
geometric property of the joining condition. 

Substituting f’(&)) into Eq. (5.9.73) and using the equality of all the 
volumes, we obtain the desired result: 


§=(12mV,)~? cosQ; “laf (5.9.75) 


One verifies that the exponentials in Eq. (5.9.73) properly give 2cos, by 
examining the angles in the joined tetrahedra in Fig. 5.22. 
Thus, the Ponzano—Regge form satisfies Racah’s identity asymptotically. 


Proof of the form of f’(&)). Let us now give the evaluation of the second 
derivative of the function f(€) at the stationary phase point &). Since 
f'(E)=6)4+ 62 +7, we must evaluate 


rea Ziv). 919 


XxX X=Xo 


(The partial derivative denotes that x is varied while holding a, b, d,e, f, 
and g fixed.) 
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An explicit form of the angles 6) and 67 can be obtained from the 
geometry of the tetrahedra 7, and 7,. The desired relation is 


Wakes 
in! = ———_——_. j= Bele! 
sin 6! id. i=1,2, (5 ) 


where 4,,, and A,,,, denote the areas of the triangles (dex) and (bax) (see 
Fig. 5.22). Differentiating this relation with respect to x yields 


costs SJ =| ve) | (5.9.78) 


0x hel Yoel acl 


At the stationary phase point SRS the angles 6: (i= 12) are related b 
0 g x y 
om 0, Thus, we have the relations 


S ee 2) le Ds 
sin@, =sing,.. Cos0 cost. 


Using this relation in Eq. (5.9.78), we now obtain 


) _ 3Xq ) 
[cosa (0! Py a (= aca va(x)]} 
(5.9.79) 


The right-hand side of this result may be simplified further by noting that 
Voi (Vv, (=v) and using the fact that V7, i —34(,)5 fhus 
we find 


Lag -“C)} =a tmy Lae 2) - BOO] 


X=Xp a 
Since the volumes V,*(x) are polynomials in x7, it is also convenient to 
change the derivative with respect to x to one with respect to x*. Carrying 
out these steps, we find from Eqs. (5.9.76) and (5.9.79) that 


fe 385 2 
I= eyed tao He HOY PO 


XQ dee baxy 0 


(5.9.80) 


The last step in the proof is to show that 


) 
| a(x?) [V2(x) = (0) =— oe enc os oe (5.9.81) 


X=NXo 
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thus establishing the desired result: ! 


(C= — ae (5.9.82) 


The proof of Eq. (5.9.81) itself may be given using the geometric fact that 
ae 
a) 


where (hkrs) is a permutation of (1234) (see Fig. 5.18 for notation). 
[Equation (5.9.83) can be demonstrated from Cayley’s formula, Eq. (5.9.31).] 
In the application of Eq. (5.9.83) made here to the tetrahedron 7,, we have 


—A,A,cos8,, =9 (5.9.83) 


0V7 (Xo) 


yes 
dexg d(f?) 


— 
baxg cos is =! 


Thus, one must verify that 


aes! a 
a(f7) | a(x?) 


The proof of this relationship for the joined tetrahedra (see Fig. 5.22) T, and 
T, is again a (laborious) application of Cayley’s formula for the volumes V? 
and V,’. | 

Orthonormality relation. The final relation to be verified is the orthonor- 
mality condition 


X=XQ 


vi) ]| 


Sexty{ 327 | aera =(2/41)" S>. (5.9.84) 


This is the easiest of the three identities to be verified. 
Introducing the Ponzano— Regge asymptotic form, the scaling transforma- 
tion (5.9.52), and replacing the sum by an integral, we find 


LHS~(240R) 'feae(i(E)VG(E)] *P(E), (5.9.85) 


where P(€) has the form given by Eqs. (5.9.68)—(5.9.70). There is no 
stationary phase point now, and the only possible result for the integral, 
except zero, is to have f=/" so that the rapidly varying phases in the terms 


'The primes in the notation V/(€) designate the scaled volumes (5.9.53) and not derivatives. 
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cancel. Accordingly, we find 
LHS=(I2#R) "8 f-Eae(i(2)] (5.9.86) 


To evaluate this integral, we consider the tetrahedron associated with 


ee and introduce the angle 6,, the outer dihedral angle around the 


side f opposite to x. As x varies from x— to x, (hence, € from €— to €.), the 
angle 6, varies from 7 to 0, corresponding to flat tetrahedra at the limits. 

Using Eqs. (5.9.77) and (5.9.83), one can show that — 06, /dx=fx/6V(x), 
or, equivalently, that 


Wp iG 
Thus, the integral becomes 
= / -—] = 6R a —_ 6Ra 
iD édé[Vi(£)] = (ic0 ers (5.9.88) 


yielding the following value for the integral (5.9.86): 
LHS~(2f) 7 '3,,~RHS. (5.9.89) 


This verifies the orthonormality relation asymptotically and completes the 
proof that the Ponzano~Regge asymptotic form, Eq. (5.9.33). is valid in the 
classically allowed region. a 


9. Asymptotic Forms Valid in the Transition and Classically 
Unallowed Regions 


The problem of finding one asymptotic form that smoothly carries the 
Ponzano- Regge result through the transition region (V*~0) into the 
classically forbidden region (V?<0) is one that has been solved only 
heuristically, by finding approximate forms that fit the known numerical 
results accurately. We shall only summarize here the results of Ref. [4] with 
some attempt at motivation, but we hope it is clear, despite this cursory 
survey, that the problem is an important one and merits further study. 

It is clear from the relation [Eq. (5.9.34)] 


A, A, sin 6, ,= 4 Ving 
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that in the classically forbidden region the angle 6,, becomes complex. [The 
triangle conditions guarantee that the areas A, are real and nonnegative, so 
that, if V* <0, the angle becomes 6,, =na+ilm6, ,.] 

Experience with the JWKB approximation’ in quantum mechanics indi- 
cates that the desired form may be found from the connection formulas. 
This suggests the result 


b =i 
(ee | ~Casel7) ‘cos exp | S Jnl (5.9.90) 
h<k 


where 


= DY (ine —2) Re Onn, (5.9.91) 
h<k 


and the sign of Im@,, is determined by the expressions 


eV? 
ge) 


2A,A,sinh(Im@,,)=2 j,,cos(Re 6,, )|\V|, (5.9.92) 


A,,A,cosh(Im6,,.) = —9cos(Re 6, ) 


in which (hkrs) is a permutation of (1234). 

A qualitative understanding of this result, Eq. (5.9.90)— and especially 
the determination of the angles 6,,—can be obtained by a study of the 
tetrahedron in the neighborhood of the transition region, V? ~0. 

Using Eq. (5.9.34) we see that, if A,A,A,A, 40, then for V=O all the 
angles #,, must be multiples of 7. If V? =0, then the four vertices of the 
tetrahedron lie in a plane; the plane figure formed by the six sides will have 
either three or four external edges. The result is that 6,, =7 if the side j,, is 
external, and @,, =0 if the side j,, is internal. [Since we use j,,, =(nonzero 
angular momentum)+ 3, the exceptional case where three vertices are 
collinear (and hence some A, =0) is unphysical.] 

As V? goes through zero and becomes negative, the angles 6,, take the 
form na+ilm@,,. These considerations show that the phase function ® 
defined by Eq. (5.9.91) is well-defined for V* <0. The values for Re9,, 
reached for V*=O then become constant in the region V*<O. It is 
interesting to note that not only is ® a multiple of z, but also that cos® 
correctly determines the sign of the 6-7 symbol in the classically unallowed 
region. One such realization (see Figure 5.19) has P, and P; on opposite 
sides of the plane through the triangle (P,P,P;); the second realization 


'This is the semiclassical approximation for quantum mechanics obtained independently by 
Jeffreys [17], Wentzel [18], Kramers [19] and Brillouin [20] in the late 1920s. See also Jeffreys 
[21] and Fréman and Fréman [22]. 
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corresponding to the lesser root (see Fig. 5.20) has P, and P, on the same 
side of the plane. 
Consider now the function 2=( > jniOrn ar me Let us keep all but one 


ASK 
of the six angular momenta fixed, calling the variable angular momentum x. 


As x (in the allowed region) approaches x, where V?(x=)=0, one finds 
that 


9 Des if the flat tetrahedron has three external edges, 
(*2)= Oona if there are four external edges. 


(5.9.93) 


Ponzano and Regge show (Ref. [4], Appendix F) that for xx. < the 
function Q(x) has the behavior 


2 ye 
Se 


ae 20d 


(5.9.94) 


where the sign is plus if there are three external edges and minus if there are 
four external edges. It follows that, as xx ~, we have 


9V3 T 
c080(x) 603] 5 +03] 


and, hence, the asymptotic form given in Eq. (5.9.90) takes the approximate 
value given by 


Xe = 9V3 T 
{ey} =(22¥) cos sa 8-2 (5.9.95) 


LOW ae 
This result is very suggestive, since the right-hand side has the form of the 
JWKB approximation to the differential equation 


d d ? 
=| i 


2 
= =a ee 2 
Een 4 if 


Ww? av) (5.9.96) 


with V* playing the role of the coordinate variable, and the Racah function 
playing the role of the wave function w. (The product 4,4, 4,A, is taken to 
be effectively constant for xx <.) 

The advantage of this heuristic approach is that the differential equation 
allows one to continue the solution, Eq. (5.9.90), valid near xX—22, ihtough 
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the turning point into the region V?<O by using the Airy function! 
COG l zl 
| eA ~ 5 (44,4, A344) i 
2 
(3|V) 


solutions to Eq. (5.9.96). By this procedure, one obtains the result 
er | 


(5.9.97) 


2 
(3|V|) 
(44,4,A,4,) 


«oa +sin® Bi 


which is valid near the turning point (V* ~0). 


For large values of ie], V? <0, this result, Eq. (5.9.97), smoothly goes 
into the asymptotic form 


abe = 
(ooo | sel) *cos ® exp( —|ImQ]) 


already given above [Eq. (5.9.90)]. [In obtaining this result from Eq. (5.9.97), 
it is necessary to note that ® is a multiple of 7 so that sin®=0, thus 
eliminating the increasing exponential.] 

Equation (5.9.97) when combined with Eq. (5.9.33) suffices to determine 
by numerically accurate formulas the asymptotic behavior of the Racah 
function for every range of large physical angular momenta. 


10. Asymptotic Forms for the Representation Coefficients 
(Rotation Matrices) 


The representation coefficients— that is to say, the matrix elements of the 
rotation operator W(aBy)—have been discussed in detail in Chapter 3, 
Sections 5—9, AMQP. There it was shown that, for the matrix element 


( jm'|W(apy)|jmy=e*ds,(B)e™, (5.9.98) 


the representation coefficient d/,,,,() could be expressed in terms of the 
Jacobi polynomials: 


De aan (cos): (5.9.99) 


ee (an | a 


'The two independent Airy functions Ai and Bi are discussed and their values tabulated in 
Ref. [22a]. 
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The great advantage of this expression is that the existence of the 
differential equation for the Jacobi polynomials allows an asymptotic form 
for the representation coefficients to be obtained using the JWKB method. 
This procedure was discussed by Brussaard and Tolhoek [2], we shall 
summarize their results in this section. ! 

We shall carry out this discussion, as in earlier sections, at the physicist’s 
level of rigor, although by using known mathematical results on the Jacobi 
polynomials (Szeg6 [23], Erdélyi et a/. {24]) and on the JWKB approxima- 
tion (Langer [25]) a higher level of rigor would be possible. 

The desired differential equation for the representation coefficient d/,,,,,(0) 


is? 


aa d We ee Sane eae!) ||. 
Sec Ole = et: ) —— ———————— e 
(5.9.100) 
Let us now introduce the parameters » and pv defined by 
pm’ (jth), vem(j+4)'. (5.9.101) 


and take j7>1 so that [ j(j+ Dp? ~j+4. In order to put the differential 
equation (5.9.100) into the standard form for the JWKB method, we change 
the variable @ to z by making the transformation 


cos @= tanh z, (5.9.102) 


and, for brevity, denote d/,,,(@) by 9(z). We then find (taking j>1) that 
2(z) satisfies the differential equation 


TSU) 4 K2(2)a(2)=0, (095103) 


where 


KG (i+4) [a —w?)(1—v?)—(tanhz—pr)*]. (5.9.104) 


'Brussaard and Tolhoek [2] also discussed the classical limits for the Wigner and Racah 
coefficients and were among the first to emphasize the necessity for averaging. 

This is the eigenvalue equation for ¢* [see Eq. (3.119), Chapter 3, AMQP] after the 
exponential factors in the form (5.9.98) have been removed. 
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The expression for the effective kinetic energy, K7(z), shows that the 
motion has two transition points (“turning points”) corresponding to the 
values z, and z, given by 


cos 6, =tanh z, =py [a teal yy 


cos , = tanh 2 =pr+[(1—p?)(1—»2)]?. (5.9.105) 


The physical significance of these two transition points will be discussed 
further in connection with Fig. 5.23 below. We shall consider only |cos 6|<1 
in the following discussion; hence, we must take pv, since p=v corre- 
sponds to cos @, =1. 

The essential point to recognize is that Eq. (5.9.103) is in the standard 
form for applying the JWKB method to a motion with two turning points, 
since K*(z) is a quadratic form in z. Expressing K7(z) as the quadratic 
form 


IA G2 SI ae = 2 (5.9.106) 


with z,<z, and Kj >0, we may apply the standard JWKB method, which 
uses one-third order Bessel functions to approximate the solutions near the 
turning points [linearly varying K*(z)]. ; 

This method shows that the function g,(z), which is valid for z<z,, has 
the form 


1 
x [asin (IIm 4) +e0s{ 2—m } Ky (Im A) 
(5.9.107) 


where the argument Imr, =Im7/,(z) of the Bessel functions is (for z<z,) 
given by 


jim |= f"|K(é)|ae. 


Z 


The function g,(z) joins smoothly with the function g,(z), which is defined 
for z;<z<z,, and given by 


g,(z)= [41, /3K (z)]'[cos(4a-+,) J:(2,) +eos(4r—n,) J2(2)], 
(5.9.108) 


406 Special Topics 
where the argument f, is given by 
i (z)= [ K(é) dé with K(é)=+[K?(é)]’. 
= 


For values of z that are far from the turning point z,, the functions g, and 
g, take on the approximate forms 


g,(z)~[2a|K(z)|] ~?(2sin ge! "!+-cos “pe el. oz, 
(5.9.109) 
go(z)~[aK(z)/2] *cos(t, +n, —47), 2.225. (5.9.110) 


Similarly, continuity through the turning point z, can be achieved by 
means of the function g5(z), which is defined for z,<z<z,, and given by 


g(z)= [41, /3K(z)][oos(4a-+m))J:(1p) +eos(4a—m3)J-2(13)]. 
(5.9.111) 


with the argument z, given by 
n(z)= f °K (E) dé, m= = ees, 


The function g3(z) then joins smoothly with the function g,(z), which is 
detinedterz,—2 by 


\Im 7, | 


|K(z)| 


ele)=2| | [sinng1 (im) c0s(4—n,) (jl) 


(5.9.112) 


where the argument of the Bessel functions is given by 
lim 15|= f |K(€)| dé. 


For large |z—z,|, the solutions in Eqs. (5.9.112) and (5.9.111) behave 
according to Eqs. (5.9.109) and (5.9.110), respectively, with the replacements 
ol Ui alii 

There is a consistency condition implied by the two forms g,(z) and g5(z) 
of the function g(z). For the case where the turning points are well 
separated, we see that the consistency condition g,(z)=g5(z) can be fulfilled 
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(for 2; <z<z,) if 


[ K(&)d&=—n,-n, + (2N44)z, N>1,  (5.9.113) 


ill 


which provides a relation between the two parameters n, and 75. 

To apply these generic results to the case at hand, it is necessary now to 
evaluate explicitly the functions 2, and r, and the constants n, and n». The 
results are rather complicated in appearance (see Brussaard and Tolhoek [2] 
and Ponzano and Regge [4], Appendix 6). To gain some appreciation of the 
physical significance of the results, it is useful to recall that the function 
d},(9) is, in fact, the limit of the Racah function when all but one of the 
angular momenta are large. Accordingly, we represent the function d/,, ( 7) 


in terms of the limiting configuration shown in Fig. 5.23. 
The functions ¢, and f, both involve the indefinite integral 
ve +) [1 —p° —y? + 2pvtanh z—(tanh zy dleaa 
=(j+4)[1(2)—wA(z)—B(2)]. (5.9.114) 


To interpret this result we note, from Fig. 5.23, that 7—J, A, and B are 
the internal dihedral angles, respectively, between the planes with common 
lines j+ 5, at+m+34, and b+m’+4. Also, we have the relations p=cos a 
and y—cos)s. 

From Fig. 5.23 we can read off the significance of the turning points z, 
and z,. The turning point @=@, corresponds to the flat tetrahedron with the 
line 7+ 4 lying inside the triangle (abc). Hence, 6, =a+ 8, A=B=J=0. The 
turning point @=6, corresponds to the flat tetrahedron with the line +4 
lying outside the triangle (abc). There are two possibilities (recall that 
hss 


a<B: 0,=B-a, A=J=n1, B=0; 
a>B:0,=a—B, B=J=n, A=0. (629-115) 


Figure 5.23. Particular case in which / is small with respect to the other edges. 
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Accordingly, we may now evaluate the functions ¢, and /,: 
UC = eee dip ip), (5.9.116) 


where J, A, and B are given by 


= uv —cos6 = y—pcos6 
J=arecos| |sin x sin f| ). 2 arecos| |sin asin 6| } ’ 
Bares pues i : (Seon lle) 
|sin B sin 6| 


and similarly for f,. Furthermore, Eq. (5.9.113) yields now 


Saws +(Q2N+4)0= f “K(E) dé 


2 


1\(q—mp), a<B, (m’<m). 


(5.9.118) 


= (j+4)(a—-ay), a>B, (m'>m), 
(j+ 


To complete the determination of the asymptotic forms, we need to give 
the values of parameters y, and 7,. [We have determined already the sum 
Mies no eG sees le).) Mie desined result 16 


Ai 
a(m’—m), ifa>B, 
= oe 
i | 0, io B. c ) 


(Note that 7, and 7, are determined only mod2 Nz.) 

These values for y, and 7, rule out the exponentially increasing term in 
the classically forbidden region, since for physical values of the variables 
(m,m’, 7), the values of 7, and 7, are integer multiples of 7. 

These results completely determine the asymptotic form of the d/.,,.(6) 
function, in JWKB approximation. 

It is useful, in order to relate these results to the previous sections, 
to further specialize to the case where m<j, m’<j. For this case 
K(z)=(j+4)sin9, and from Fig. 5.23 the dihedral angles are A =B=q7/2, 
and J~a—4@. It follows that in this case we obtain the asymptotic form: 


1 


| sofia $m) 3] 


(5.9.120) 


2 


di, 6 me =. (nS a 
mim) a(j+4) sin 


which is valid for large 7 and m’, m<j. 
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Discussion. The limit of the Racah coefficient for five of the six angular 
momenta large is known to be a rotation matrix element (Racah [7], 
Edmonds [26]). In particular, for the 6-7 coefficient, we have the relation 


c a b a c ey 
(: b+m’ ne (eas Ny (22 1) |® (- 1) si Adal), 
(5.9.121) 


where 


cos 0= Ga aU 0<0<n, (5.9.122) 
2[a(at+1)b(b+1)]? 


and a, b,c>j, m, m’ [see Eq. (5.97), AMQP]. This configuration is illustrated 
im Big. 5.23. 

Since the asymptotic limit of the Jacobi polynomials is known (Szego 
[23]), we can determine independently! that 


arcpma colatnes 5 (im m)— =| 


i] 
Mall yee (j+3 S 


(5.9.123) 
for large j and m’, m<j. 


It follows that we can determine from Eqs. (5.9.121) and (5.9.123) that the 
Racah function has the asymptotic form 


c a b ~! 
‘ Dae oi m| C227) 
m'—1 l 


x<cos| (j+4)0-+m : 5 Z —Ftatbtetj+m)| 


(5.9.124) 


for a,b,c, j= |. 

In Fig. 5.23 we now make the identifications j,,=at+, j,,—c+, 
a= Oe =f Jat a>, ald! j5,=)-,5, so that in this 
limiting configuration we have 


9), ~ 814 ~ 05, ~ 0,4 = 7/2, 
lin Sie d,,=7—8@. (5.9.12) 


‘Although 7, and 95 can be determined directly in the WKBJ method, Ponzano and Regge 
actually used this result to determine the 9’s. 
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Thus, we find in this limiting configuration that 


2 4 
+20(atb+ct+m’+1). (5.9.126) 


=-|(j+5)o+7/ — —Frathterj+m)| 


Substituting this result in Eq. (5.9.124), we obtain precisely the Ponzano— 
Regge asymptotic form (5.9.33) 

This is an important independent verification of the asymptotic form, Eq. 
(5.9.33), for the Racah function. 

It is also of interest to note that the approximation 


iGt)=(i+4), (5.9.127) 


that is, the substitution ;>j+ 4, is essential in determining the phase given 
in (5.9.126). [Elsewhere in the asymptotic form the use of +4 for j (for 
example, in determining the volume) is an inessential—but useful!— 
improvement in the approximation. ] 


11. Concluding Remarks 


The asymptotic properties of the angular momentum functions is clearly 
of interest in any general discussion of angular momentum theory, yet, 
granting this, our discussion in the preceding sections has probably been 
more detailed than might have been expected. There is an underlying 
motivation for this, which we should like to indicate in these concluding 
remarks, even though this motivation is frankly speculative. 

There has long been a feeling among physicists that the quantum mecha- 
nics must be further extended by some form of quantization of length. [The 
physicist Pascual Jordan, who contributed so much to the development of 
quantum mechanics, admitted (see Refs. [27], [28]) that he has believed this 
to be an essential future development since 1932.] 

Models for the quantization of length in one dimension and two dimen- 
sions are not too difficult to obtain, based, for example, on the limit of the 
cyclic group Z, > R,. (Such models have been exploited by Schwinger [29].) 
In a sense, these structures are too simple; certainly they furnish no possible 
route for an analogous treatment of SO(3) or SU(2). 

It is from this speculative point of view especially interesting that the 
Racah functions may be viewed as discretized angle functions (see Refs. [30]. 
[31]). For example, the Racah function W(avJb: ab) can be considered as a 
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quantized Legendre polynomial (Ref. [32]) (see also Chapter 5, Section 8, 
AMOP). 

Let us now reconsider the results obtained in this section from this 
viewpoint. We have noted already that in the geometric approach to 
mechanics (Maclane [33]) it is the kinetic energy that plays the role of 
supplying the Riemannian metric. Thus, a most important suggestion fol- 
lows from the qualitative JWKB result: The classical (volume) plays the role 
of the kinetic energy in the asymptotic Racah function regime. This suggests 
that a possible model for a coordinate free approach to space would regard 
the 6-j symbol as the elementary 3-simplex. Regge [12] has already sketched 
the outlines of a simplicial approach to general relativity, thereby avoiding 
the introduction of coordinates (Misner et al. [34]!). The use of the Racah 
function as the basic 3-simplex provides a possible model for quantized space. 

Let us note several features that indicate the consistency of such a model. 
First, the classical limit of the Racah function may be viewed in an 
interesting alternative way. Let us suppose that three of the vertices of the 
tetrahedron are held fixed, and that the three (lengths)*—call them 
J*, b*,c*?—are to be considered as coordinates of the fourth vertex, called 
P. If we assume that the a priori probability for the vertex P to lie in a small 
volume d/, dJ, dJ, [with J=(J,, 4, /,) being the usual Euclidean coor- 
dinates designating P] does not depend on P, then it follows that in terms 
of the coordinates J’, b*, c? this same probability is 


20d) do-de 7, (5.9.128) 
where ¢ is the Jacobian 
Bld pda! 
¢=det Meneea || (5.9.129) 
eee) 


(The factor 2 is a result of the fact that the coordinates J*, b*, c? do not 
distinguish orientation, so that two distinct points P correspond to the same 
SetJ-, 0-2 ¢-.) 

The Jacobian may be evaluated and shown to be 


{=8|J-bXe|=48V, (5.9.130) 
where V is the volume of the tetrahedron. Using the classical limit for the 


'This comprehensive treatise devotes a chapter (Chapter 42) to the “Regge calculus” for 
general relativity without coordinates based on Ref. [12], but nowhere mentions the use of the 
Racah function as the elementary 3-simplex developed in Ref. [4]. 
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Racah function, one sees that the Jacobian thus corresponds to 


A A ; 5) 
oY eA 50131 
} a df ei ( ) 


This observation by Ponzano and Regge supplies a new way to view the 
classical limit. 

Turning the argument around, we can now remark that this result implies 
the consistency of the model “‘Racah function as simplex” in the classical 
limit (since in this limit we recover the uniform a priori probability in 
space). 

This argument also supplies a hint as to why six angles and six conjugates 
enter into the asymptotic Racah functions. In a coordinate- and metric-free 
approach, the distinction between alias and alibi transformations (or equiva- 
lently between coordinate frame and point of observation) is lost. In the 
classical limit, we indeed recover the point (vertex P in the above discussion) 
measured with respect to the frame (determined by the fixed triangle). Thus, 
in this limit, the six pairs of conjugates in the asymptotic Racah function 
divide up into three conjugate pairs each for the “frame” and the “point.” 

It is worth while to mention two further implications of such a possible 
model of “quantized space.” The first implication results from reconsidering 
the proof of the B—E identity. From the present (speculative!) viewpoint, 
this result may be interpreted as implying that composite blocks of space 
are three-dimensional only in the large-scale limit. 

A second implication comes from the fact that [realizing the 6-7 symbols 
as complete quadrilaterals (see Topic 8) in the plane] the B—E identity has 
the form of Desargues’ configuration. One sees that Desargues’ configura- 
tion thus becomes a valid Racah relation (without summation, see Topic 8, 
Section 3) for this model of space only in the large-scale limit. Expressed 
differently (using a famous result of Hilbert), this shows that the underlying 
field in this (planar) geometry becomes associative only in the large-scale 
limit. 

It was because of these provocative speculations, using the 6-7 symbol 
as a model for a simplex in 3-space, that we—following Ponzano and 
Regge—have indulged in such a detailed discussion of the asymptotics of 
the angular momentum functions, and in particular the Racah coefficient. 

Let us note, however, that the asymptotics of the angular momentum 
functions are of physical importance, per se. For example, in coulomb 
excitation calculations large numbers of angular momenta enter signifi- 
cantly and the asymptotic angular momentum functions are directly appli- 
cable (Alder er al. [35], Biedenharn and Brussaard [36]). A quite different 
example occurs in constructing a soluble ¢° field theory where the asymp- 
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totic angular momentum functions enter in an essential way (Amit and 
Roginsky [37]). 


12. Notes 


1. Further comments on the association of a 6-j symbol and a tetrahedron. 
The six sides of the tetrahedron are each associated with the magnitude of 
an angular momentum vector. Since the magnitude / is related to the values 
oh the observable J? by J? =;( j+ 1), it is not clear, a priori, whether to use 
j° or j(j +1) for the square of an edge 1 in ee Cayley’s formula for the 
volume. Since for / large [ j( + Lp ~j+ 4 (with an error of order h?), a 
related question is whether or not to use j or +4 in asymptotic formulas. 
As a general rule, the use of j-+4 is more accurate, and where j appears in 
an exponent the use of j+4 is essential. 

Ponzano and Pceee [4] have chosen for all angular momenta {a, b,... } to 
use the values {a+ 3,b+4,...}. Using this convention, they prove (the 
proof stems from S. Adler; see footnote 12 in Ref. [4]) that the volume V is 
never zero for angular momenta that satisfy the triangle relations. It must be 
noted, however, that this result is an artifact of the shift j-/++. The 
volume V vanishes, for example, if one edge becomes zero; in such a case 
the shift j>j+ 4 is clearly invalid. Note also that the turning points 
(x. ,x—) are affected by this shift, and can be shifted outside the region 
allowed by the triangular conditions (an example is in Fig. 6, Ref. [4)). 

If one applies the Cayley formula to the triangle, the (area)* factorizes 
into Archimede’s formula (“Heron’s formula’), which exhibits the three 
triangle conditions as factors. Because of this, and the reasons noted above, 
we have chosen not necessarily to follow Ponzano and Regge in an a priori 
shift of the variables, preferring to derive any necessary shift from the 
asymptotic results themselves. Such a shift is essential in the phase of the 
cosine, Eq. (5.9.33), and the variables j,, are shifted as shown in Fig. 5.18. 

2. Comment on Ref. [4]. The paper by Ponzano and Regge is a tour de 
force with an astonishing display of virtuosity in applying geometric argu- 
ments. It is a difficult paper to read, but it is strongly recommended for its 
deep ideas and concepts. Much of our discussion is based directly on this 
paper. 

3. Rigor of the asymptotic results. The authors of Ref. [4] were careful not 
to claim a rigorous proof for their asymptotic results. In our opinion, their 
work constitutes the essential elements of a valid proof, and only details 
(such as the proof of Racah’s identity given in Section 8) needed explica- 
tion. 

Schulten and Gordon [38] have claimed to give a rigorous proof of the 
Ponzano—Regge asymptotic results. In point of fact, what is accomplished 
in Ref. [38] is simply a more careful treatment (by standard methods) of the 
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recursion relation stated (and discussed briefly) in the Ponzano—Regge 
paper {their Eq. (4.3a)]. In doing so, the insights available in the proofs of 
Ref. [4] are completely lost. 

The work of Ref. [38] is quite valuable, however, from a practical 
(computationally oriented) viewpoint, for Schulten and Gordon develop in 
these two papers the best currently available algorithms for computing 
efficiently and accurately both 3-7 and 6-/ coefficients. 
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Topic 10. NONTRIVIAL ZEROS OF THE 3-7 AND 6-7 SYMBOLS 


Survey. Various aspects of the Wigner (3-j) coefficients and Racah (6-/) 
coefficients have been discussed and developed in AMQP and in the 
previous sections of this monograph. We have mentioned (see Chapter 3, 
Appendix D, AMQP, and Chapters 3 and 4 of this monograph) the 
existence of a class of zeros of these coefficients that have been called 
“nontrivial” zeros as opposed to the “trivial” zeros resulting from a symme- 
try (3-7 symbol) or a violation of one or more triangle conditions (3-7 or 6-j 
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symbol). These latter zeros are more appropriately called “structural” zeros, 
and we have discussed at great length in Chapters 3 and 4 their role in 
determining the structure of the Wigner and Racah coefficients themselves. 
We have also identified the nontrivial zeros as zeros of the “polynomial 
part” of a Wigner or Racah coefficient, thus accounting for the possibility of 
such zeros. 

The fact that these nontrivial zeros should occur for allowed values of the 
angular momenta seems rather surprising. 

The only systematic studies of these nontrivial zeros have been numerical 
in approach! (Ref. [1], Varshalovich er al. [2, p. 226], Bowick [3]), and no 
general reason for their occurrence is yet known (note, however, the 
exceptions discussed below). These zeros seem to have an “accidental” 
aspect, since all generic conditions for the existence of the Wigner or Racah 
coefficient are satisfied, and there is no apparent reason for the coefficient 
to be zero. In our view, a systematic study of these “accidental” zeros, their 
distribution, and related questions might be a rewarding endeavor. We 
present below a few motivating examples to indicate the basis for our view. 
The main content of the present section is, however, quite limited in scope. 
We present a table of the presently known nontrivial zeros, in the hope that 
this “raw material” may be of value in facilitating further study. 


Some motivating examples. An intuitive understanding of any quantum 
mechanical structure, such as the Wigner and Racah coefficients, almost 
always involves examining the semiclassical limit (terms up to order A, but 
neglecting A”). This is the regime of large quantum numbers—that is, large 
angular momenta—and hence of asymptotic forms for these functions. 
(This has been discussed in Chapter 5, Section 8, AMQP, and in consider- 
able detail for the Racah function in Topic 9 of the present chapter.) Using 
a heuristic view, one may say that the Wigner and Racah coefficients are a 
generalization of Jacobi polynomials to arguments that are a form of 
discretized angle space. 


Let us illustrate this view.? Consider the Racah function 
[(2a+1)(2d+1)]? W(a2ed; ad) 


Be (ate ye eK crete tetrad) 
2[a(at1)(2a—1)(2a+3)d(d+1)(2d—1)(2d+1)]? 


'The present section is based on a paper, Ref. [1], written in collaboration with Professor 
S. H. Koozekanani. We thank Professor Koozekanani for the privilege of reproducing this 
work. 

>See Eqs. (5.95)—(5.98) in AMQP. See also Tables A2 and A3 in the Appendix of Tables, as 
well as Eqs. (A.17)-(A.20) in Appendix A, Chapter 4. 
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where 
—c(e 1h) alas) ddr i}, (610.2) 


For large values of a, c, and d (which form a triangle), we have the 
asymptotic relation 


(x/2ad )~|(c? —a? —d?)/2ad] =cos 0. (5.10.3) 


One recognizes now that the term on the right-hand side in Eq. (5.10.1) 
corresponds asymptotically to the Legendre polynomial P,(cos @). 

It is clear, therefore, that the Racah function is (in the classical region) an 
oscillating function of its arguments and necessarily approximates all the 
zeros of the Legendre (Jacobi) function. (Note, however, that the reflection 
symmetry of the Legendre function is violated in the Racah function.) Just 
which zeros' are achieved (and how “often’’—that is, the distribution) is 
basically a number-theoretic question, which to our knowledge has never 
been considered.” 

First example. From the tables for Racah coefficients in AMQP, one sees 
that the coefficient W(5,2,3,2;4,2) is (nontrivially) zero. This has the 
physical implication (see Chapter 7, Section 8, AMQP) that quadrupole 
radiation from an aligned state having j= 5 to a ground state j=} is isotropic, 
despite the fact that triangle rules would permit a nonisotropic angular 
distribution. For this particular case the numerator in Eq. (5.10.1) is easily 
seen to be exactly zero. 

One can give an “explanation” of this zero from the quasi-spin model (see 
Chapter 7, Section 9f, AMQP). Consider two fermions in a j= 3 shell. The 
interaction energy of a quadrupolar one-body potential in the two-particle 
state having J=2 then has the form 


Os ee): (5.10.4) 


(Here the one-body potential is a quadrupole interaction denoted by Oe 
v=2 designates the state as having seniority 2.) 

Using the concept of quasi-spin (see Section 9h, Chapter 7, AMQP), we 
may view the same matrix element in a totally different way. The even 
multipolar interactions transform as vectorial quasi-spin operators. For the 
particular case given in Eq. (5.10.4) the initial and final states belong to 
quasi-spin values S=[(2j+1)/4]—(v/2)=0, S$; =[(2j+1)/4]—(#/2)=0. 


'Recall that these zeros occur as roots of a well-defined polynomial (see p. 122). 
2A similar number-theoretic question for the Wigner coefficients, for a physically motivated 
problem, was considered in Ref. [4]. 
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Thus, the matrix element vanishes because the “triangle rule” is violated 
(0€0+1). Note that it is the triangle rule for quasi-spin that is violated; for 
the Racah coefficient itself, all the triangle rules are indeed satisfied so that 
the zero is nontrivial. 

This explanation for the vanishing of W(3,2,3,2;3,2) stems from 
de-Shalit and Talmi [5, p. 315], who based their result on explicit seniority 
calculations. The quasi-spin interpretation greatly simplifies the argument. 

Second example. An example of quite a different sort—and considerably 
deeper—is provided by the zero W(3,5,3,5;3,3). This zero is related to the 
embedding in the orthogonal group SO(7) (in Cartan’s notation, B;) of the 
exceptional group G5. 

This comes about in the following way. The generators of SO(7) may be 
realized as tensor operators T', T*, and T° with respect to the generators 
(orbital angular momentum) L,=T, of the SO(3) subgroup, where these 
operators act in a seven-dimensional space specified by /=3. Thus, we may 
take the generators of the group SO(7) to be the Wigner operators given by 


k 

xXi= [» 0 (OS) 
k+p 

for k=1,3,5, and p=k,k—1,...,—k. Each of these operators then maps 

the seven-dimensional space with angular momentum basis {|3,m): m= 

Ope eae INLOIisells 


eS) — Oe elo co tag (5.10.6) 


mp, 


Moreover, the commutator of two generators is given by [see Eq. (2.61)] 


up’! 


bee |= 723 CHER TDK” +1)]*W(3,K 3.43.) XE, 
on 
(5.10.7) 


where the summation is over all odd values of k”’. This realization of the Lie 
algebra of SO(7) has the advantage of introducing explicitly Wigner and 
Racah coefficients into the structure constants. 

Consider now the commutation relations for the operators ee Les) 
Because the Racah coefficient W(3,5,3,5;3,3) is zero, we see from Eq. (5.10.7) 
that the operators Xi do not enter in the right-hand side of Eq. (5.10.7). 
Since also the commutator [X,, X] is a numerical multiple of X‘,,, it 
follows that the subset of fourteen generators given by {X!, X3: p= 
1,0, — 1, »=5,4,..., —5} closes under commutation. This is the well-known 
example (due to Racah [6]) that elucidates the embedding SO(7)DG,. 
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It would be of considerable interest to discuss the remaining exceptional 
groups by similar explicit results. This problem seems to be surprisingly 
difficult, however.' 

Our examples have considered only two of the roughly 1400 zeros of the 
Racah function given in Table 5.1. Judd [9], in his lectures on atomic theory 
at Canterbury University, has discussed two additional examples? of non- 
trivial zeros of the Racah coefficient, both vanishings being directly related 
to vanishings of fractional parentage coefficients in the atomic g-shell. (No 
such systematic relationship exists in general, however, since Judd points 
out that a third fractional parentage coefficient vanishes in the same shell, 
but is not directly connected with any nontrivial 6-j coefficient.) 

It is hoped that Tables 5.1 and 5.2 listing nontrivial zeros of the 6-7 and 
3-j coefficients will stimulate further explanations and/or implications, 
which are all too few at the present. 


Explanation of tables. The nontrivial zeros of the 6-7 symbol : me, 
pens 

have been calculated for all arguments j,, /;<18.5, i=1,2,3. Using the 
permutational symmetries of the 6-7 symbol, we have ordered the arguments 
Ji> Ja» Jz> 4, 14, and /; in a “speedometric fashion,” with j, the slowest 
changing, and /, the most rapidly changing, variables. The results are listed 
in Table 5.1 with j; >j, =j, and j, =max(/,, /,, /;). 

An entry in a given row signifies that the 6-7 symbol : 7 - , where the 

14263 

arguments are the numerical entries in Table 5.1, vanishes. As an example, 


; ; Giz Bagh Bh 
the first entry in the table is the nontrivial zero 4 ; discussed above. 


33 
2 eh 

The values of the 6-7 symbols were calculated by a computer program, 
which did its calculations with an arithmetic working only with powers of 
primes; that is, each number was decomposed into products of prime 
factors before being manipulated by the computer. Hence, the vanishings 
found are exact. 

The number of entries in Table 5.1 may be reduced considerably by using 
the Regge symmetries of the 6-7 symbol (see Chapter 3, Section 18, and 
Chapter 5, Appendix D, AMQP). Since it is quite complicated to identify 
the set of 6-7 symbols that are equivalent under the Regge symmetries (in 
contrast to the permutational symmetries), we have, for convenience, kept 
all entries in the originally published table (see Bowick [3] for the reduced 
table). 


'Bor F, there are some partial results (H. Freudenthal, private communication). Wadzinski 
[7] has discussed the embedding U,, > F,. The embedding SO(26)>F, has been given by 
Dynkin [8] (We are indebted to Prof. B. G. Wybourne for this reference). 
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Table 5.2. Nontrivial Zeros of the 3-; Symbol. 
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above for all values of (J), j5, j3) and (7,, m,, m,) such that j, tj, tj, <27 
and —j,<m,<j,. These results are taken from Varshalovich er al. [2] and 
Bowick [3]. Here we have listed only the reduced results given by Bowick. 
(Each coefficient that is zero thus has associated with it 72 other zero 
coefficients obtained by application of all the symmetries of the 3-7 symbol.) 
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Topic 11. THE RELATIONSHIP BETWEEN GENERALIZED 
HYPERGEOMETRIC FUNCTIONS AND THE 
RACAH— WIGNER COEFFICIENTS 


The generalized hypergeometric series, denoted by ,¥£,, is defined on p 
real or complex numerator parameters a, @5,.. ay z real or complex 
denominator parameters b,, b,,...,b,, and a spl ‘variable z by 


ln nee 5 yay Ss (5.11.1) 


d n=0 I/n 
where 
(a alae ines (era), (a),=1, 


denotes a rising factorial. If one of the numerator parameters is a negative 
integer, the series terminates and the function is a polynomial in z. In the 
general case, the series is not defined if any of the b parameters is a negative 
integer. In the applications to be made here, one of the b parameters is 
always a negative integer. However, a/] the numerator parameters are 
negative integers, and the series always terminates before the troublesome 
zero in the denominator occurs. Thus, there is no difficulty with the negative 
b parameter, and it is customary to retain the same , F, notation for this 
negative b parameter case. 

The key expression for relating the Racah function to hypergeometric 
functions is 


a, —B,, a —B,,4,—B,,4,—B, 
ai eve mee ees Pi ea Bae! 
(B= 5 NB BRN cs CE a Ce es arc 
-y (-1)? (s+1)! 
- % (=a Gee eo aaron (By— 5 Gs (Bi 9) 


1 


(Sclk2) 
where the f, and a, are integers satisfying 
B, =max(o,, a, 43, a4), 
B, +0, B,>B,, B,>B,. (5.11.3) 


The finite summation over s extends over all terms such that the factorial 
factors are nonnegative, or, using | /n!=0 for n=—1,—2,..., we may 
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regard the sum as extending over all integers. Equation (5.11.2) is obtained 
by a straightforward application of the general definition (5.11.1), subject to 
the parameter ranges given by Eqs. (5.11.3). 

Comparing Eq. (A.2), Chapter 4, for the Racah coefficient with Eq. 
(5.11.2), we obtain the following expression for the 6-7 symbol and Racah 
function in terms of the ,F, function evaluated at z=1: 


| es =(-1)77° "4 W( abcd; ef ) 


=A(abe )A(cde )A(acf )A(bdf ) 
— 1): @ — 8), 4 —B), 0; —B,,04—B, | 
5 ( Y (ey VRE Sie Smt ee eae 
(Br BB Bi) Bip) (8) an Bien CR ren) 
(5.11.4) 


l 


where 


2 Sinn Qa hseOse eh, Gace eary). War Sk OS. mus) 


The parameters 6, and £, are identified in either way with the pair 
remaining in the 3-tuple 


(atb+c+d,atdtet+f,bt+ete+f) (5.16) 


after deleting 8,. and (a,,a,,a3,a,) may be identified with any permuta- 
tion of the 4-tuple 


arise? Carre, Gn Csei, BARRY). (solte7) 
Noting that 

4 3 

+ a= > B=2atb+c+dtetf), (Ses) 


i=} i=] 


we see that the a and b parameters occurring in , Fy, Eq. (5.11.4). satisfy the 
relation 


2 b=1+ > a; (nn) 


that is, the ,/; series is Saalschiitzian. [If we adopt the standard definition 
of the , F, functions, Eq. (5.11.1), we are forced into the above subtleties of 
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identifying 8, as in Eq. (5.11.5) to avoid parameter values of b, and },, 
which are sometimes positive, sometimes negative. ] 


An expression for the Wigner coefficients in terms of generalized hyper- 


geometric functions (at z=1) may be obtained by using the limit relation 
[see Eq. (3.280) in AMQP] 


Coy lim Woe (iy) 


a 


=6,4¢,, lim [2+ I)(2j+2e+ 1) Wj, b, f+ y, 4; Hea, F). 
JCS 
(Stet 0) 
We identify a=j, b=b, c=j+y, d=d, e=j+a, and f=f in Egs. (5.11.4)- 
(5.11.7). The labels a, and B; appearing in these equations may then be 
written as 8, =2 7+6,, where 
§,=min(b+a+d+f,d—B+ft+y, b+a+ft+y), (ei) 
and 6, and 4; are the pair of integers remaining in the triple 


(b+atd+B,d—Bt+ft+y, b+a+ft+y) (ee 


after removing 6,. We similarly may write «,=2j+e, (i=1,2,3), where 
(€,, €>, €;) IS any permutation of 


(pba, Cae ay), (Seis) 


and a, =b+d-+f. Using these results, we obtain 


WEEE jt) =8. 4p, 2f4 1) (— 1A (bef ) 
«(ea b= aa Bid BN ey) fay)! |? 
(Bases aes eet al ea 
KC FARO) ol oe ae (Cae 
CpeU ete Ont Oy) OG 1] 0, — 2 
ao 120, ee Oy lo, 0, 
(By SB Nes OC a) CO 
(5.11.14) 


AF; | 


x 


In obtaining this result, we have rewritten the /-dependent factors in rising 
factorial notation in anticipation of taking the limit, which we now effect: 
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The factor in square brackets limits to unity, while the ,F, factor limits to 
the ,F, factor obtained by deleting the j-dependent parameters. We thus 
obtain 


Chal =8, 9 .[(2f+1) (b+) (ba) (d+B) (dB) f+) fy) !]' 
1 Oise = Olea : 
pasty ar lath Wye ll 

(5, —8,)!(6, —8,)1(6, —2,)1(8; =F) a) 


(-n'4a(bdf BI 


x 


(5.11.15) 


where we again summarize the significance of the parameters e, and 6;: The 
parameters (6,, 6,,6,) may be any permutation of 


(b+at+d+B,d—B+fty, b+atfty), (S.0 eG) 


except that 6, is the smallest integer in this set; the parameters (¢), €5, €) 
may be any permutation of 


(6, d, de yy (Sail 7) 


Note that we always have 6, =¢,. 

[The direct expansion of Eq. (5.11.15), using definition (5.11.1), yields the 
results given by Eq. (3.170), Chapter 3, AMQP, in the form 
Ely 

An interesting question now occurs: Given the relations (5.11.15) and 
(5.11.4) between Wigner coefficients and the ,F, function and between 
Racah coefficients and the , F, function, respectively, which of the symmetry 
relations are known in consequence of the properties of the hypergeometric 
functions (which have a very long history of development)? 

As an example of these historical considerations, let us examine the 
transpositional or Regge symmetry of Eq. (3.182) Chapter 3, AMQP, which 
was not known to physicists until 1958: 


b>(b+a+d+B)/2, 
d>(b—at+d-—B) /2, 
Vai (5.11.18) 


a-(bta—a—p) 72, 
Ni 018) 2. 
Vb a. 


If we consider the case 6, =b+a+d-+ 8 in Eq. (5.11.16), then the relevant 
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hypergeometric factor in Eq. (5.11.15) may be chosen as 


3F, ws eee (5.11.19) 
B+f+1,-d+a+f+1 

and the transformation of the a; and 5, parameters in , F, corresponding to 
(5.11.18) is simply the exchange —d—Bo—b+a, all other parameters 
being left alone. Thus, from the viewpoint of hypergeometric function 
theory, the Regge symmetry is “trivial,” since the hypergeometric series 
(5.11.1) is clearly invariant under permutations of its numerator parameters. 
[The remaining multiplicative factors in Eq. (5.11.15) are invariant under 
the transformation (5.11.18) for the given 6,.] 

It is easy to verify that the four generator symmetries (hence, 
all seventy-two symmetries) of the Wigner coefficients given by Eqs. (3.180) 
of Chapter 3, AMQP, are consequences of the following properties of 

2d ce Se 
eal ae 
integers: 

(7) The ,F, series is invariant under permutations of a, b, and c among 
themselves and under the exchange of d and e. 

(ii) The , F, series satisfies the transformation law (Thomae [1], Bailey [2], 
Askey [3]): 


: 1), where a, b,c, d,e,a—c, and b—c are all nonnegative 


A Wee 3h) /atbleld te! 


ee Crt Geel 8 
Ep sB ae Seay 
(aed eee) cl(gec) (belt 


(5.11.20) 


Thus, all seventy-two of the Wigner coefficient symmetries follow from Eq. 
(5.11.15) and well-known properties of the hypergeometric functions. 

Consider now the 6-7 symbol [see Eqs. (5.11.4)—-(5.11.7)]. One easily sees 
that the 144 symmetries of the 6-7 symbol imply only the trivial invariances 
of the ,/, series under the permutations of (a@,,@,,a3,,a,) and under the 
exchange of 8, and £, [the only subtlety involved here is to recognize that 6, 
is the same for all six permutations of (a+d, b+c,e+/f )]. Conversely, if one 
makes a particular identification of (a,,a@,,a,) and (£,, B), B;) (three cases 
to be considered in identifying 6,), then the trivial invariances of the ,F, 
series under permutations of numerator parameters and the b,,b, de- 
nominator parameters, together with the determination of the transforma- 
tions of the triangle factors, imply the full 144 symmetries of the 6-7 symbol. 
Thus, the symmetry properties of the ,F, series involved in the 144 Regge 
symmetries of the 6-7 symbol are all well-known. 
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Remarks. (a) The relationship between Wigner and Racah coefficients 
and the ,/, and ,/, hypergeometric series, respectively, has been pointed 
out independently by several authors {Erdélyi [4] (Racah coefficients); Rose 
[5] (Wigner and Racah coefficients); Jahn and Howell [6] (Racah coeffi- 
cients)}. The results given by these authors are incomplete in that the 
formulas are not valid over the full domain of definition of the quantum 
numbers occurring in a Wigner or Racah coefficient. 

(b) At about the time of the writing of the present section, discussing 
the relationship of Wigner and Racah coefficients to hypergeometric series, 
was completed, we learned of the comprehensive work of Rao and 
Venkatesh [7-9], which reaches conclusions similar to ours. We wish to 
acknowledge several informative conversations and correspondences with 
Drs. Rao and Venkatesh. 

(c) Professor Askey has kindly communicated to us that he and his 
students have observed that the identification of Racah coefficients with the 
,F; series may be utilized to define orthogonal polynomials (in one variable) 
that obey orthogonality relations (discrete and integral types). He notes that 
many interesting sets of (known) orthogonal polynomials are contained as 
limiting cases of these relations (see Wilson [10]). These results are signifi- 
cant to note in relationship to the present volume, since they illustrate nicely 
our viewpoint that physically motivated concepts often suggest significant 
developments in mathematics. 
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Topic 12. COUPLING OF n ANGULAR MOMENTA: 
RECOUPLING THEORY 


1. Introduction 


In Chapter 3, Sections 11 and 12, AMQP, the theory of the coupling of 
the states of two angular momenta to states of sharp total angular momen- 
tum [symbolized by J=J(1)+ J(2)] was initiated. Despite the rich structure 
and wide applicability of the associated concepts (Wigner coefficients, 
tensor operators, Racah coefficients, etc.) that arise in this theory, the scope 
of the theory developed there is still limited to rather simple physical 
systems or models of physical systems (those systems that may be thought 
of as being composed of two “parts” that may be interacting). 

In this present Topic we indicate the extensions of the theory of coupling 
of two angular momenta that are required for dealing with composite 
systems made up of n kinematically independent parts, each part carrying 
its own angular momentum. 

We shall deal principally with what is appropriately called the theory of 
binary coupling of angular momenta, since it is a theory in which one couples 
angular momenta sequentially, in pairs. Such a theory prejudices the indis- 
tinguishability of like particles, since one must select an identified sequence 
of pairwise couplings. Accordingly, the theory deals with the relationships 
between different coupling schemes—that is, between distinct sequences of 
pairwise couplings. This is the content of recoupling theory. 

[Methods for coupling n angular momenta “democratically” have thus far 
been developed only for n=3 (Chakrabarti [1], Levy-Leblond and Lévy- 
Nahas [2]). We discuss alternatives to binary coupling theory in Notes 2 and 
3; | 

The subject of the coupling of m angular momenta is a difficult one, and 
the literature is extensive. Several monographs (Jucys e¢ al. [3], El Baz and 
Castel [4], Lehman and O’Connell! [6]) deal almost exclusively with tech- 
niques for implementing “graphical” methods for carrying out summations 
over the projection quantum numbers in products of Wigner coefficients. 
(Further discussions may also be found in Jucys and Bandzaitis [7], Brink 
and Satchler [8], Sandars [9], and Shelepin [10].) 

Our goal here is to relate coupling methods to standard results from graph 
theory. The subject divides rather naturally into three parts: (a) the classifi- 
cation of coupling schemes and its relationship to the theory of pure binary 
trees (Sections 1—5); (b) the elementary operations underlying the structure 
of transformation coefficients (Sections 6-7); and (c) the classification of 
transformation coefficients and its relationship to the theory of trivalent 
trees and cubic graphs (Sections 8—9). 


'This short NBS technical report is an elaboration of a technique suggested by Danos [5]. 
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We have already developed in Chapter 3. Note 8. AMQP. the mathemati- 
cal framework for the present discussion, using the viewpoint of the 
rotations themselves (kinematic independence. tensor product space, trans- 
formations under rotations. ete.). We address here the problem of construct- 
ing the basic total angular momentum multiplets’ |jm) from the basic 
angular momentum muliplets [j71,) (7=1..... n) associated with the 7 
kinematically independent parts, and develop the relationships between 
different coupling atte 
The problem of constructing the total angular momentum J Olea Com: 
posite system pOssessi sii nstituent angular momenta J(a) (a=1.2..... n) 
is symbolized by 


JIL) 4502) 4 --- +5 (n), (1a 
Thus. we assume identical Lte algebras. 
FACE J,(a)] =i ie; j.J,(@). ea) eee n, (sarees) 


where each component J,(a) (i= 1.2.3) of J(a) commutes with each compo- 
nent J( 8) (i= 1.2.3) of J(B) (a=8). [J(a) is the generator of independent 
rotations of part a (see Chapter 3, Note 8. AMQP).] The total angular 
momentum components defined by J. = ¥J.(a) (i=1.2.3) then also satisfy 


the SU(2) Lie algebra commutation relations 
[4,. LJ Htei ete. G23) 


(J is the generator of overall rotations of the composite system.) The 
finite-dimensional Hilbert space on which the preceding operators act ts the 
set of tensor product vectors 


a fa figes. : j ff =|), S yar) S eS |p). (5.12.4) 


at 


We denote by N(j,/;.--j,) thetspate of dimension ue (2), +1) spanned 


: . ormal v: le ees a) 
by the orthonormal vectors (5.12.4) corresponding to me ad ee an Ore oe 
(qa=18....4 7) 

The action on the states (5.12.4) of an arbitrary linear combination of 
angular momenta components 


C= Nae) y 1)S---S (Savy (a)} S--- @1(n) 
at a=) i 
position a (5.12.5) 


We suppress all other physical labels (a) in the notation for state vectors. 
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is defined by 
Cains (ete ee ae =(Zay non im) @|j.m,)®--- @lj,m, 
+Lirmye@ (Saks ‘(2)lims)] ® - Oa) 
sn aecte | ith Sean [7 warily) Sar,(n)him,)} : (5.1216) 


We assume the standard action of each J,(a) (i=1,2,3) on the correspond- 
ing kets | 7,71,.) (see Chapter 3, AMQP, particularly Note 8). 
The problem is to determine all linear combinations 


i, fn oo? Vi = SiJ2° 77 dnd ; 24 : oF 
Gime Jn) jm) > Cu 8 Veo Eilers UDEUS ae | Gitta 
all my 
with 2m,=m 
a 


(S127) 


such that the components of J have the standard action on these new basis 
vectors. 

All such linear combinations (5.12.7) are already simultaneous eigenvec- 
tors of the n commuting (Hermitian) operators (angular momentum of part 
a) given by 


J Gav ee aye cae 

VO eh ih aie (OI) 
where a= 1,2,..., n. The requirements that J? and J, also be diagonal on the 
states (5.12.7) and, more specifically, that J have the standard action on 


these states lead to conditions on the coefficients in the linear combination. 
Since we have, however, a totality of 2n Hermitian operators 


(J?(a), J,(«); a=1,2,..., 0} (5.12.9) 


that are diagonal on the states (5.12.4), and we have only n+2 operators in 
the set 


Eyes de(o)ao— 12a. ,n | (5.12.10) 


it follows that there are many solutions, in general, to our problem (n> 2). 
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2. The Multiplicity Problem and Recoupling Theory 


In considering the problem posed above for n>2, we immediately en- 
counter a new feature of rotations, which is best illustrated by an example. 
The representation of SU(2) given by the matrix direct product 


p?(u) @[D'\(U) @D7(U)| SL2 I) 


is reducible. One carries out the reduction in the following way, using the 
tules for addition of two angular momenta [Clebsch—Gordan series for 
SU(Q2)): 


[2] @([1] @[2]) =[2] 9 ([1] [2] ®[3]) 
=[2] [1] ®[2] [2] S[2] 8[3] 
= [0] ©3[1] © 3[2] 63[3] ©2[4] @[5]. 


Observe that there is a multiplicity of occurrence of certain irreps of SU(2) 
contained in the reducible representation (5.12.11). 

The multiple occurrence of D/(U) greatly complicates the problem of 
reducing the matrix direct product ®°%D/«(U). From the point of view of 
basis vectors of the type (5.12.7), this means that, for each / that is repeated 
n, times, there must exist n; perpendicular spaces, each of dimension 2 j~+ 1, 
whose basis vectors must be enumerable by supplying the vectors (5.12.7) 
with additional indices (k): 


The index or index set (k) may or may not be related to the eigenvalues 
of n—2 additional independent Hermitian operators {K,: A=1,2,...,—2}, 
constructed as polynomial forms! in the components {J,(a)}, which mutu- 
ally commute among themselves as well as with the n+ 2 operators in the set 
(5.12.9), thus giving a totality of 27 commuting operators. 

The property that any index set (A) must possess is that, for fixed 
Ji Ja°* Jn» and j, its range of values must enumerate precisely n, perpendicu- 
lar vectors of highest weight (m=): 


{lide in KDI}. (5.12.13) 


[We may then obtain the full indexing of an orthonormal basis of 
SCC hijo °*-J,) by lowering the state vector (5.12.13) to (5.12.12) by the 


'We shall see, in fact, that this is possible. 
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standard application of J/~™.] The indices n, Must satisfy 


22 j+1)a,=0(2j,+1). (5.12.14) 
J 
Even if one is successful in introducing an orthonormal basis into the 
space ‘i{(j,j,---j,) by use of an index set (kK), it will, in general, be 
possible to introduce still another index set [/], which serves the same 
purpose as (A), but which has a different significance. For example, [/] 
might be associated with the eigenvalues of a second set (aK = Ieee ee 
n—2} of independent commuting Hermitian operators which are not ex- 
pressible in terms of the K, and the basic set (5.12.10). We would thus be 
led to a basis 


Ges ign (5.12.15) 


By construction, the basis vectors (5.12.12) and (5212715 )are-alllef ‘ihe 
form (5.12.7). Hence, they are simultaneous eigenvectors of J *(a) with 
eigenvalues (7a l(a Jeena): of I> with eigenvalue j(j+1); and of 
J, with eigenvalue m. This result implies that there exists a unitary transfor- 
mation of dimension n, that connects the bases (5.12.12) and (5.12.15): 


Ade: ’ i | ym) > Una) Ade csi Oe INCih ae I Ouee 
(k) 


(5.12.16) 
where the transformation coefficients 
inl Ah has SD (S223 1) 


connecting the [/]-scheme to the (k)-scheme are independent of m. 

Much of the theory of the coupling of n angular momenta (n=3) is 
addressed to the problem of introducing additional operator sets so as to 
obtain a unique determination of the basis vectors of JC(j, j.--+j,) and to 
the explicit calculation of the transformation coefficients between such 
schemes. The development of the properties and interrelations between 
transformation coefficients constitute the subject of recoupling theory. The 
most extensive treatment of what might be called conventional (binary) 
schemes is given by Jucys et al. [3]. 
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3. The Enumeration of Binary Coupling Schemes’ 


Conventional schemes proceed by pairwise coupling of the angular 
momenta in the set 


{J(1),J(2),-...J(n)}, 


using at each step the SU(2) Wigner coefficients for the coupling of two 
angular momenta. The enumeration of all pairwise coupling schemes is the 
well-known problem of parentheses (Comtet [11]). The problem is to count 
all possible ways of introducing parentheses ( ),[ ], { },... into the sum 


J, td, +++ +d, Guleg) 


such that each subsum is binary. [We now write J, =J(i) to avoid ambiguity 
in the use of ( ).] 

For n=2,3, and 4 the solutions are (the last pair of parentheses is usually 
omitted) 


n= 2d) a-J5; 


n=3: (J,+J,)+4, 
J, +(J> +43); (5.12.19) 


n=4: (J, +J,)+G;+J,) 
(J) +J,) +53) +5, 
[J, +d, +43 )] + Jy 
Upae(@hor Ua seal 
nae (ly GG sad 


(Observe that the order 1,2,....” has been preserved in these enumer- 
ations: We consider below the problem of permuting the J,,J,...., J.) 

In place of the binary bracketing of the sum (5.12.18), it is convenient to 
consider the bracketing of the ordered product (hence, the j, are considered as 
noncommuting) 


Mb I; (5.12.20) 


'We wish to acknowledge the contributions to Sections 3, 4, 5, 8, and 9 made by Dr. Paul R. 
Stein of the Los Alamos National Laboratory in his informal lectures on graph theory, The 
information gained from these lectures and from discussions with Dr. Stein allowed us to relate 
the binary coupling theory of angular momenta to some classical counting problems arising in 
combinatorics. 
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of the quantum labels j, corresponding to the (fixed) eigenvalues Ih eee: 
J,.' The two enumeration problems are in one-to-one correspondence as 
illustrated here for the scheme n=4 in Eqs. (5.12.19): 


ChdMisJa I is ialAC iia 
Ido Js) Jal Ail i2Ci3 Ja): (5.12.21) 


We call an element in the set (5.12.21) a binary bracketing Cl ae 
Let us denote a generic binary bracketing of the product (5.11.20) by 


Ghipeoap) (5.12.22) 


An important property of any particular bracketing scheme is the unique 
specification by each symbol of the intermediate angular momenta— it is not 
necessary to introduce explicit symbols for the intermediate angular 
momenta. For example, the symbol [(/, /,)/,]j, already carries fully the 
information that the coupling scheme is 


Apo in ee fetes eee Fee il) Ae (Oe) 


The number of ways, a,, of introducing parentheses into the product 
(5.12.20) such that each subproduct is binary, that is, the number of 
elements in the set 


Ge -- 7)”: Bisa binary bracketing} , (5.12.24) 


is given by the Catalan (1838) numbers 


a ae = 
a,=>| i ee (5.12.25) 


The Catalan numbers a, thus give the number of distinct coupling 
schemes that preserve the order 1,2,...,” of the angular momenta in 
Wier Gane 


It is important to recognize the symbolic significance of these binary bracketings in 
enumerating coupling schemes for the angular momentum operators J,,J5,..., J,, themselves. 
Thus, the j; should not be thought of here as assuming specific numerical values, since the 
one-to-one correspondence /, — J; is essential. No particular problem arises as long as the order 
12-++n is maintained as in (5.12.21), but later, when we consider permutations of the /;, in 
Ji jo+ ++ Jy (see p. 443), the one-to-one correspondence j, <> J, can be lost if some of the /; are 
taken to be numerically equal. 
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Let us next consider permutations of the angular momenta in the sum 
G12 on. 12s): 


SHI, +5, 4-3, =5, 45,4 °°°+5,, (5.12.26) 


t 


where (i,i,---i,) is a permutation of (1,2,...,). For clarity it is useful to 
write Eq. (5.12.26) in the tensor product notation (5.12.5): 
J=J,O1(2)@ ---@l(n)+--- +101) @--- @1(n—-1) BJ, 
=1(1)9--- 85,8 -- BOT) 1 1) Oe @i(n). 

(5.12.27) 

This more detailed way of writing Eq. (5.12.26) shows clearly that the 

reordering of terms does not alter the operator J and that its action still 

takes place on the vector space JC(j, j.---j,) with basis (5.12.4). 


What has changed, however, is the coupling instruction, which is sym- 
bolized by writing, for example, 


J,O1(2)+1(1) @J, versus 1(1) @J, +J,@1(2). 
The former signifies that one couple according to the rule 


(12) (jj) jm) = » Ce iti) © 


my 
whereas the latter signifies that one couple according to the rule! 


(21) (pr) gm) = yy Cea [17 ®lm) : 


mys 


Using the symmetry relation Cl ee ot tice pica 
coefficient, one finds 


(21) (Aimy = (— 1)" 412) (ji). (5.12.28) 


For two angular momenta, the effect of interchanging the order of the 
angular momenta is simply a phase change in the coupled state vectors. 


'The “extra” labels (12) and (21) in these state vectors are introduced in order that the 
vectors corresponding to all allowed numerical assignments of the quantum numbers /; /3 jm be 
denoted by distinct symbols. These labels denote that the coupling instructions are J=J,+J, 
and J=J, +J, (see footnote, p. 441). 
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It is convenient, initially, to count all n! permutations of the J, in J as 
leading to distinct coupled states, accounting later for the simplification 
implied by Eq. (5.12.28). 

Counting in this manner, we find: The total number c, Of distinct 


coupling schemes of n angular momenta is enumerated by the symbols in 
the set 


-_ : Ne B is a binary bracketing; 
Jiydig” Sig} ioe) sista Petmutallenot ly Zen, 


(5.12.29) 


This number is 


Ce hay = (7) aes (5.12.30) 


All n! permutations are to be counted in enumerating the elements of the 
set (5.12.29), since it is the placement of the indices ( j, j,-- - j,) that matters, 
and not the values of the individual j, (see footnote, p. 441). In other words, 
the 7, serve as generic symbols for an enumeration process, and their values 
are irrelevant. 


4. Binary Couplings and Binary Trees 


There is a one-to-one correspondence between the elements in the set 
{(j\jo°*+j,)°: B is a binary bracketing} and a certain class of “binary 
trees” (Comtet [11]), sometimes called pure binary trees. Since trees carry 
information about coupling schemes, it is useful to illustrate the concept 
with several examples. (We discuss in Note 1 the method used by Jucys et 
al, [3] in associating “diagrams” to sets of angular momentum labels.) 

We start with a single point called the root of the tree. The root then 
bifurcates to two points (as illustrated in Fig. 5.24) at level 1, joined to the 


LEVEL 3 


LEVEL 2 


LEVEL 1 
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root by lines. Each of the points at level 1 then either bifurcates to level 2 or 
is a terminal point. This process is continued at each level; that is, a point 
either bifurcates or terminates, until a total of n—1 bifurcations (counting 
the root) have occurred: 

The number of unlabeled (points not labeled) binary trees for the cases 
n=3 and n=4 are shown in Figs. 5.25A and B. The points (nodes, vertices) 
in these binary trees are either bifurcation points (solid circles) or terminal 
points (open circles). Because the root is a distinguished point, the bifur- 
cation points are also classified as the root and the internal points (all 
bifurcation points except the root). Each of these points has a direct 
significance for the coupling problem, as we now explain. 

The relationship of binary trees to the problem of parentheses is obtained 
by first labeling the terminal points of a tree and then assigning to each 
bifurcation point the bracketed label of the points to which it is joined, 
maintaining the order of the labeling symbols. Thus, if we assign the labels 
Ji» Jz» Jy» and j, to the terminal points of the trees in Fig. 5.25B in a 
clockwise sense, we obtain all the bracketed expressions (5.12.21). We 
illustrate the method in detail in Fig. 5.26 and display below each diagram 
in Fig. 5.25B the bracketing that is obtained by applying the method to the 
same clockwise labeling of terminal points. 


Figure 5.25A. Binary trees with three terminal points (n=3). 
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Figure 5.25B. Binary trees with four terminal points (n=4). 
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Figure 5.26. 


One should observe that the formation of bracketed products is both 
noncommutative and nonassociative—for example, (j, j,) j;# (J) and 
(iJ) J3 AJ Jo J3)— reflecting the fact that the state vectors corresponding 
to the addition schemes (J, +J,)+J, and J, +(J, +J,) need not be equal 
(noncommutivity), nor need the state vectors corresponding to the addition 
schemes (J, +J,)+J, and J, +(J, +J;) be equal (nonassociativity). 

By making all 7! possible assignments of the n symbols Jy to the 
terminal points of the set of unlabeled binary trees containing n—1 bifur- 
cation points, we obtain a set of labeled trees that is in one-to-one 
correspondence with the set of all coupling schemes of n angular momenta. 


5. Modification of the Enumeration Problem 


In quantum physics one cannot distinguish between state vectors that 
differ only by phase factors. Accordingly, we do not wish to distinguish 
between coupled bases of the space K(( jj, - + +j,) that differ only by phase 
factors. We now address this problem. 

The notation ( j;, j;, °° ae where i,/,---i, is a permutation of 1,2,...,n 
and B is a binary bracketing of n symbols, fully specifies a coupling scheme 
for n angular momenta. However, it is useful in the notation for state vectors 
to introduce explicitly the n—2 intermediate angular momenta (k)= 
(k,k,---k,-,) corresponding to the bracketing B, the final angular 
momentum j, and its projection m. For the purpose of this discussion, we 
introduce the following notation for a state vector:! 


Cis) a s)) (Kika -+-k, 2) jm). (5.12.31) 


The connection with binary trees is obvious: The angular momenta j, j,, ++ -j,, 
are the labels of the terminal points, the labels k,k,---k,,_, are the labels of 


'It may appear redundant to include (i,/, --- i,,) as well as ina ee in the notation for 
a state vector. To avoid confusion, it is desirable, however, in the notation for a state vector, to 
label distinct vectors by distinct symbols for all possible assignments of the quantum numbers. 
It then becomes necessary to specify separately the coupling instruction symbolized by writing 


J=J, +5, + --> tJ; (see footnotes, pp. 441, 442). 
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the internal points, and j is the label of the root. For example, in Fig. 5.26 we 
are now writing ky =( jj.) Shas K2 =[J2) Ja) sis. and j=[(jiJ2)J3lJa = 
Vege where & (Ky) 1), e(ioe) pandes (ye ine, respectively, the eigen- 
values of the intermediate and final angular momenta: 


n-() (34) 


3 3 
Jt5=| » s| | i}. (S022) 
i tel 


Our problem now is to determine which of the state vectors, c,, in number, 
enumerated by the notation (5.12.31) are trivially related by a phase, or 
rather to determine those that are not necessarily so related. 

The problem posed above may be solved by the following procedure. 
Consider the set of labeled trees corresponding to the elements in the set 
(5.12.29). Each tree in the set may be characterized in the following manner: 
It has terminal points labeled by a permutation of (/,j,---j,,); internal 
points labeled by a set of coupled angular momentum quantum numbers 
k,k,-+-k,—2; and a root labeled by j. Corresponding to this labeled tree, 
we have a set of mutually commuting diagonal observables: 


(or on) KN ete 2) cles emo) 


where K denotes the square [see Eq. (5.12.32)] of the coupled angular 
momentum operator having eigenvalue k,(k, +1). When J, is adjoined to 
the set (5.12.33), we have a complete set of commuting Hermitian observ- 
ables, and, up to phases dependent only on j,/,---j,. each set of si- 
multaneous eigenvalues of these operators defines a unique, normalized, 
simultaneous eigenvector. We conclude that the labeled binary trees that 
correspond to the same set of operators (5.12.33) also correspond to state 
vectors that differ at most by phases. 

The essential property needed for identifying the labeled binary trees that 
correspond to the same set of operators (5.12.33) is the invariance of the 
eigenvalue of K} under all permutations of the angular momentum labels 
assigned to the terminal points of the binary subtree for which the bifur- 
cation point labeled by A) serves as root, this result applying to each 
Ne n—1 (K*_,=J7). Notice now that each bifurcation point corre- 
sponds to the formation of a single new binary subproduct (for example, see 
Fig. 5.26), and from the above invariance property, it follows that the 
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eigenvalues of the operator set (5.12.33) are invariant under the exchange of 
the order of elements in this binary subproduct, this result being true at 
each of the n—1 bifurcation points. Thus, there are 2”~! operations 
(exchange or do not exchange the two elements in each of the n—] binary 
subproducts at the n—1 bifurcation points) that leave the eigenvalues of the 
operator set (5.12.33) invariant. But the 2”~' labels thus assigned to the 
n—1 bifurcation points must, in fact, arise exactly once from some per- 
muted assignment of j, j,---j, to the terminal points of some binary tree. 
Thus, we may partition the set (5.12.29) into a number of subsets equal to 


d, =c,/2" '=(2n—3)!! (5.12.34) 


such that each subset contains 2” ' elements yielding state vectors (Sal a) 
having the same intermediate angular momenta k,k,--- ee Hence tic 
State vectors are related by phase factors), and such that the different 
subsets correspond to different intermediate angular momenta 
kik, ney: ieee 

The counting problem we have solved above may be viewed in still 
another useful way. First, let us restate our result. We have solved the 
problem of partitioning the set 


ae : ie B is a binary bracketing; 
TiyJig” Sig) ii,---é, is a permutation of 1,2,..., 7 


into equivalence classes under the equivalence relation 
ae es 7 _ ye 
(i? hI Gin ti) (5.12.35) 


if (jp, ji,°** y,)” can be obtained from ( j, j,,--- j;,)? by commuting binary 
subproducts— that is, by using (ab)=(ba), c(ab)=(ab)c, etc. The solution 
above shows there are (2n —3)!! equivalence classes, each containing 2”~ ! 
elements. 

A second method of counting leads us to consider first the Wedderburn— 
Etherington problem of commuting parentheses (Comtet [11], p. 67). This 
view is useful because it counts the number of different “types” of brac- 
keted symbols. This number, in turn, tells us the number of “types” of 
coupling schemes. 

The type of a bracketed symbol ( j, j;,°*: ie is obtained by setting each 
symbol j, equal to a common symbol—say, x. Thus, the types of the 
evmboOls im ries 5 2B are ((x ola ax[xcx yl, vie yx), xc x, (x 1G) 

Allowing commutation of binary subproducts, there are only two types, 
[(x?)x]x and (x?)(x?), of bracketed symbols corresponding to the trees 
shown in Fig. 5.27. 
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Figure 5.27. 


The Wedderburn—Etherington number }, is the number of binary trees 
having n terminal points and corresponding to bracketed symbols of distinct 
types, where commutation of binary products is allowed. The number 5, is also 
the number of unlabeled trees obtained from the set of unlabeled binary 
trees by defining two trees T’ and T to be equivalent whenever Tr ean be 
brought into the same “shape” as T by any sequence of operations con- 
structed from the following fundamental operation: Take a subtree having 
any bifurcation point as its root and reflect the subtree through the vertical 
line passing through its root, leaving the remaining part of the tree unal- 
tered. 

One should check that the three trees of Fig. 5.25B not included in Fig. 
5.27 are equivalent to the left-hand figure of Fig. 5.27 under the geometric 
equivalence relation described above. For n=5, we have b;=3, and the 
three inequivalent trees are as shown in Fig. 5.28. The three types of 
bracketed expressions are indicated below each diagram. 

Binary trees obtained by admitting the commutation operation of binary 
subproducts (or by admitting the geometric operation described above in 
which we do not distinguish left from right around each bifurcation point) 
are called nonoriented binary trees.| The number of such unlabeled trees with 
n terminal points is the Wedderburn—Etherington number 5,,. 

A closed form for the numbers },(n=1,2,...) is not known, although 
recursion relations may be given for generating them (Comtet [11]). We list 
the first few: 


a N25 3a, Sac oa lO) 
Bb lV 2 ares Sle 2S toes 


n 


The number d, [see Eq. (5.12.34)] equals the number of elements in the 
set 


2 B is a bracketing corresponding to 
Gan =), )@: a monoriented treegj77 = 1 ais 
a permutation of 1,2....,n 


'This terminology is not fully standardized. The term “oriented” trees sometimes refers to 
trees having arrows going between the points; in this usage a nonoriented tree is a tree without 
arrows. 
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[x 4) (x 4) } x (oe oe) { [(x?) x] x} x 


Figure 5.28. 
Equivalently, we may obtain d,, by making all n! assignments of j, j,--- j,, to 
the terminal points of the set of nonoriented trees and counting directly the 
distinct symbols (J, j,,-- + j;,)?. 
For example, associated with the two trees in Fig. 5.27, we have the two 


bracketings [(ab)c]d and (ab)(cd), which can be filled in with J), jo, J5, and 
J4 in the following distinct ways (commutation allowed): 


Type [(x*)x]x 
[Ci J2) Js as (2 Js) Jilia [Os A Jolie 
(Ad) Jal is (Orda Als (es 
(AB Valo (Osa) Jb [Gat Jao 
[AJ Jal [3 Ja) ol [ig ili 
Type (x*)(x”) 
(Fi Jo J3Ja)>( Si Ja) dp Ja) (So Ja Ai Ja) 
Thus, there are fifteen nontrivial coupling schemes for four angular momenta, 
and they are classified into two types. 
We list also the bracket types for n=5 and n=6, noting the number of 


ways of “filling in” each type: 


=>: ese Wi?) |x, (OP ela) Ue eslbelen 
IS 30 60 


io. Kes ew (aan [ (x?)x] ex? vel iG alae. 
45 90 90 


x(x Nitec, x7 ix |x (x2), (Seas ae es 
{[¢ da] x {1 valli » {[ BES? 
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We have, incidently, proved an interesting relation by viewing the mod- 
ified counting problem in two different ways: Let p,(b) denote the number 
of distinct ways of filling in one of the bracket types B corresponding to an 
unoriented binary tree having n terminal points (the numbers appearing 
below the bracketings above). The general formula we have proved iS 


5 FA) (igs) le (5.12.36) 


6. The Basic Structures Underlying Transformation 
Coefficients 


The results obtained above reveal interesting combinatoric aspects of 
coupling theory, but the main problem in the coupling of n angular 
momenta is the classification of all transformation coefficients connecting 
the (2n—3)!! different binary coupling schemes. 

The state vector (5.12.31) can be expressed in the form given by 


ME )( Jay)? (ke) ime) =|(iyig st a dig i) Raa Kn 2) 3m) 


ners E B 
Jide a: 
(1) 17l2 ty, . ae is “ 5 8 
» aa ee [RAS PN ees 
m un LB tp 
with 2 m,;=m 
f=] 


- 


Gian 


where the C-coefficient is a well-defined product of n—1 SU(2) Wigner 
coefficients in which the detailed placement of the quantum numbers 
depends on the bracketing B and the erdenne ()=(Ci,i,---i,) of the 
angular momentum operators in J=J, + J;,+ --- +J;,. 

Using the abbreviated notation of Eq. (5. 12737), we find that the transfor- 
mation coefficient between two such schemes is given by! 


EE ee 
(Gy CuI) aa 
_ 7 Ji Ja Jie F ji, gee jh 
3 i. ae os [. 


mM) cee oe 


with 2 m1; = 
i 


(5.12.38) 


Let us digress a moment on notations. Devising a suitable notation for 
coupled angular momentum states is a vexing problem. One requires a 


'The book by Jucys et al. [3] is the pioneering work initiating graphic methods for reducing 
general sums over products of Wigner coefficients such as in Eq. (5.12.38). The C-coefficients 
in this result are called generalized Clebsch—Gordan coefficients by these authors. 
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notation such as given in Eq. (5.12.37) for general discussions, yet a more 
informative notation is required when specific bracketings (specific coupling 
schemes) are discussed. It is the labeled tree itself, however, that provides the 
most accessible and detailed information. We have, therefore, devised a 
notation that reflects most directly the information contained in a labeled 
tree. An example will make the general case transparent: 


: > ~«[(ab) cl |. 


This notation has the important property of keeping the basic bracketing 
[(ab)c] prominent by lowering the intermediate coupling label e and the 
final coupling label d to inferior subscript roles. The symbol [(ab).c], thus 
replaces ( j, j. 7;)°(k,)j=(abc)*(e)d in the general notation (5.12.37) for a 
state vector. The coupling scheme is clearly A+B=E, E+C=D. 

[One should note the formal structural analogy between Rota’s double 
tableau forms (see Chapter 5, Appendix A, AMQP) and the transformation 
coefficients (5.12.38). The former are polynomial forms defined on double 
standard Weyl tableaux; the latter are functions defined on pairs of labeled 
trees.| 

We shall consider carefully all coupling schemes for n=3, for, as we shall 
see, in a certain sense (to be explained below) the results are definitive for all 
binary couplings. We have already seen that commutation of elements in a 
binary product induces a phase transformation on a state vector. Hence, it is 
sufficient to consider transformations between the three coupling schemes 
(ab)c, (bc)a, and (ca)b corresponding to the assignment of the even 
permutations of a, b, and c to the single binary tree of type (x”)x. 

Supplying intermediate coupling symbols as described above, we obtain 
the following state vectors: ! 


|(ABC)| (ad) ,c] he a > Seat Ci ee 

sae DB C=O =p 
(BCA) [(5¢) 64] jm) =D GBS pp y¥ BE, m— By. 

Ce are (5.12.39) 
(CAB) [(ca) 2] jy) = DCE Cl gman 

arte Dal = ¥ SOecy 


'We have used a slight variation of the general notation (5.12.37) in replacing (i,i,/3)= 
(123), (231), (312) (n=3 in the present case) by the angular momentum operator symbols 
themselves— that is, by (ABC), (BCA), (CAB), where A> a, B> 6, C—> c. Again we remark 
that extra symbols such as these are required in order to assign distinct symbols to distinct 
vectors as we let a, b, c run over all possible values 0, 5, ees 
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Using next the relationship between Racah coefficients and Wigner 
coefficients [see Eq. (3.266), Chapter 3, AMQP], we calculate the following 
transformation coefficients: 


((ABC)[(ab) ,c] |(BCA)[ (bc) a] ;) 

=(—1)*'*![(2d+1)(2e+1)]’ W(abje; de), 
((BCA)[(bc) a] |(CAB)[(ca) -b] ,) 

=(=1)? (2641) (2/41) ]? W(beja; ef), (5.12.40) 
((CAB)| (ca) ,b] |(ABC)[ (ab) ,c] ;) 

=(-1)°*4 (2 f41) (2d+1)]? W(cajb; fa), 


where we follow the practice of dropping the projection quantum number m 
in a transformation coefficient, since the coefficient is independent of this 
label. Note that the second two results above may be obtained from the first 
one by making the appropriate permutations of labels. 

Let us now interpret the results expressed by Eqs. (5.12.40). To do this we 
introduce the sets of basis vectors defined in the following manner: 


(ABC) (a5)<= {|(ABC) [(ab) 4] jm): [4] € [a] @[6] and [c] @[ J}. 

(BCA) ,,.).= {|(BCA)[(bc) .4] js Le] €[6] fe] and [a] @[/]}, 

(CAB),.4)6= {|(CAB)[(ca) 6] ,,.9:L£]€ le] @La] and [6] L/]}. 
(5.12.41) 


In these sets the quantum numbers ( jm) are specified with [ /]€[a]®@[}] 
@[c], and are suppressed in the notation for the sets themselves. Observe 
that there are the same number of elements in each of these three sets so 
that the basis vectors may be enumerated by sets of indices 


diy died: yee ee ee ee (5.12.42) 


respectively. 
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Using relations (5.12.40), we may now define the map R:(ABC).,,,).> 
(BCA),,.), by the following rule: 


|(ABC)[(ab) «,¢],,,) = |(BCA) [(6c)., 4], =R|(ABO)[(ab),,¢] ,,) 
=F (14? [ (24, +1) (2e, +1)? W( adje; d,e,)|(ABC)[(ab) ,¢] ,,.). 
(5.12.43) 


where A, p=1,2,..., 4. 

The two additional maps S: (BCA). > (CAB),.,y, and T:(CAB)(.4), > 
(ABC)(,,). are similarly defined by making the appropriate cyclic permu- 
tations of labels in Eq. (5.12.43). The maps R, S, and T are, of course, just 
alternative ways of expressing the relations (5.12.40). Our purpose in 
making this reinterpretation is so that we can relate our results to a standard 
concept in mapping diagrams. 

Consider the diagram of maps between sets given by 


(CAB) .4)p 
To 5 (5.12.44) 


(ABC) eee (BAC) 5.4)¢ 


Then the composition map So R:(ABC),,5). > (CAB)(.a)s is equal to the map 
me (ABC)(,.3). > (CAB) .a)p3 that is, 


Sioa (Gale 45) 


(Mapping diagrams that satisfy this condition are called commutative.) 


Proof. The proof is a straightforward application of the definition of the 
maps R, S, and 7, and the Racah sum rule satisfied by the Racah 
coefficients [see Eq. (3.274), Chapter 3, AMQP]: 


ata 


D(-1)°"*(2e+1) W(acjb; fe) W(abje; de) =(—1)°* 4 W(cajb; fa). 
(5.12.46) 


We have also used the symmetry and orthogonality of the Racah coeffi- 
cients in establishing the desired result. Conversely, the Racah sum rule is 
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implied by the symmetry and orthogonality of the Racah coefficients and the 
requirement that the mapping diagram (5. 12.44) be commutative. fi 


We may give a significant generalization of transformations of the type 
(5.12.43) by recognizing that each of the angular momentum operators A, B, 
and C, may, in fact, be sums of other angular momentum operators. We 
next carry out this generalization. Let (x), (7), and (z) denote given binary 
bracketings of one or more angular momenta [for example, (x)=(/j;/2). 
Gl. jig) cite et ab) and c dente the respective “total” or 
“resultant” angular momenta associated with (x), (y), and (2 soitharGa yy 
(y),, and (z), denote specific coupling schemes.! [We define (x), =a for 
x=a so that the special cases represented by Eqs. (5.12.40) are included in 
the present generalization.] 

Consider then a basis vector of the type (5.12.37) that contains in its 
symbol the subcoupling scheme {[(x),(1),]g(z),.}, corresponding to the 
coupling of irreps [a] and [b] to irrep [d] followed by that of [d] and [c] to 
[A]. We denote this basis vector by 


eee iG ec: (9247) 


There are only two basic operations in binary coupling theory, as we shall 
now describe: 
Commutation (transposition) of symbols: 


ey). (5.12.48) 


Association of symbols: 


[CGA eG Cay (5.12.49) 


In one-to-one correspondence with each of these transformations of sym- 
bols. we associate the following substitutions of basis vectors in Hilbert 
Space, 


Pa RO TP a oe, 
=| ev owe. (5.12.48’) 


'This notation for a generic coupling scheme conflicts with that used earlier for a falling 
factorial; this latter numerical quantity is not used in this Topic, and we hope that no 
confusion results. 

*One may also fornulate these transformations as set transformations on basis vectors [as in 
Eg. (5.12.43)], but the notation becomes rather cumbersome. For the actual calculation of 
transformation coefficients, it is easier to use Eqs. (5.12.48’) and (5.12.49’) directly. 
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I {[) be D> E [(2d+1)(2e+1)]? W(abke; de) 


Also COAG Cone) 
= Ae OAC ==. 


(5.12.49’) 


Using the two operations of types (5.12.48) and (5.12.49) (and noting that 
the symbols in these two transformations are generic—that is, the (x), and 
(y), need not coincide), we can generate all twelve ways of permuting 
and bracketing (x),(y),(z).. Correspondingly, using Eqs. (5.12.48’) and 
(5.12.49"), we generate all possible transformations between the twelve sets 
of basis functions. 

This fact leads us to the fundamental theorem in binary coupling of 
angular momenta: The transformation coefficient between each pair of binary 
coupling schemes is expressible in terms of sums over products of Racah 
coefficients (6-j coefficients). (In making this statement, we have ignored the 
presence of dimension and phase factors.) 


Proof. All bracketings of n symbols are identical when commutation and 
association are admitted as equivalence relations into bracketings. This 
result implies that there always exists a sequence of commutations and 
associations that carries any bracketing into any other bracketing; hence, 
there always exists a corresponding sequence of phase and Racah coefficient 
formations that carries each state vector in the coupled basis corresponding 
to the first bracketing into a state vector in the coupled basis corresponding 
to the second bracketing. ie] 


Let us observe that the rules given above are constructive and that one 
may write out any transformation coefficient directly in terms of Racah 
coefficients without any reference to the underlying Wigner coefficients simply 
by identifying a sequence of commutations and associations that carries the 
bracketing of angular momenta corresponding to the initial coupling scheme 
to the bracketing of angular momenta corresponding to the final coupling 
scheme. 

To assist in carrying out such calculations, we have given a more 
pedestrian interpretation of a diagram of commutative maps in Fig. 5.29. In 
this diagram a typical vector in a coupled basis is symbolized by the vertex 
of the triangle, and the line joining a pair of vertices is associated with the 
transformation coefficient defined by the inner product of the two vectors. 
[This diagram is then applicable also, with the same joining coefficient, to 
the more general case obtained by replacing a, b, ¢, respectively by (x),, 


(Ye (2), 
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Hca) ,b}, 


(fab) ye}, lalbe) ,}, 


{(2d+1) (2441) | /2 Wiabecxdf) 


Figure 5.29. 


Let us now consider several illustrative examples of using these rules in 
the evaluation of transformation coefficients [since we shall always consider 
generic basis vectors, we ignore the symbol (i,/,---i,) in the general 
notation (5.12.37)]. 

Example |. Consider the evaluation of the transformation coefficient 


({[(ab) .c] ,4} J[(ac), (bd) ,] .>- (5.12.50) 


This coefficient corresponds to the pair of labeled trees 


where we have labeled explicitly the internal points (coupled angular 
momenta). One may write out explicitly the coefficient in terms of Wigner 
coefficients directly from the corresponding pair of trees: 


({[(ab) .¢] 4} I[(ae),(64) 1.) 


= b d 
as > (Dry Gate er men Ce saa 
atBp+y+d=m 


ach bdk hkg 
x Coy ay Res sca; ase 


(12S) 


On the other hand, the following sequence of commutations and associ- 
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ations carries the bracketing (ac)(bd ) to [(ab)c]d: 


R ’ R $ 
(ac)(bd) > [(ac)b]d + [b(ac)]d = [(ba)c]a > [ (ab Jc] d, 
(212552) 
where ¢ and R serve to remind us that a phase or Racah coefficient (with, 
perhaps, a phase) enters into the corresponding state vector transformation. 


In detail, the following factors are supplied by the four steps in the sequence 
(eo12 So yGee Fige5.29): 


Steps 1 and 2, corresponding to 


[(ae),(04),] > {[(ae),] 4} > {[o(2¢),] 4} 9 


introduce the factors 
[(2 f+ 1)(2k+1)]? W(hbgd; fk) and (ya 


Steps 3 and 4, corresponding to 


{[b(ac),] ian [(ba) .c] 4} 7 {[(2b).¢] ce 


introduce the factors 
[(2e+1)(2h+1)]? W(bafe; eh) and (sic om 


Thus, by manipulating directly the symbols in the left-hand side of Eq. 
(5.12.51) according to the rules given by Eqs. (5.12.48’) and (5.12.49’), we 
obtain 


({[(ab).¢] /4} |[(ac),,(bd),] .) 
=(-1)°" #2 f+ 1)(2k+1)]? W(hbga; fk) 
x [(2e+1)(2h+1)]? W(bafe; eh). (5.12.53) 


We emphasize again that it is quite remarkable that the elementary 
Hilbert space transformation rules associated with commutation and associ- 
ation allow one to obtain all transformation coefficients directly in terms of 
Racah coefficients without reference to the underlying Wigner coefficient 
structure. 

Example 2. We shall now prove directly that the 9-7 symbols, which are 
often defined in terms of Wigner coefficients [see Eqs. (3.250) and (3.318), 
Chapter 3, AMQP], may also be written as a sum over a product of three 
6- 7 symbols. 
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We first observe, using the Wigner coefficient definition of the 9-/ symbol, 
that 


abe 
cdf |=([(ab) (cd), |[(4e), (64) 1.) (5.12.54) 
hkg 
The sequence 
(ae)(bd) * [(ae)b]d * [b(ac)]4 * [(a)c]a~ [(ab)¢] d= (ab)( ed) 


(5.12.55) 


carries the final bracketing scheme in Eq. (5.12.54) to the initial scheme. 
Again, we detail the steps to illustrate how a summation makes its ap- 
pearance due to the occurrence of an intermediate bracketing type in the 
sequence (5.12.55) that is distinct from either the initial or final one: 

Steps | and 2, corresponding to 


[(ac) , (64) ,] > {[b(4e) ],4} 

introduce the factor (using Fig. 5.29) 

(—1)"*? "(art 1) (2k +1) ]? W( hyd; Ik). 
Steps 3 and 4, corresponding to 

[o(ac) ,],-[(4b) ee] 

introduce the factor 

(—1)47?[(2e+ 1)(2h+ 1)]? W( bale; eh). 
Step 5, corresponding to 


{[(2b) ¢] 4}, >[(ab) (cd) .. 


introduces the factor 


[(20+1)(2f4+ I]? W(ecgds If). 
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The complete transformation is given by 


([(ab) (ed) ,] ,|[(ac),(b4),],) 
=[(2e +1)(2f+1)(2h+1)(2k +19]: 
xD (1) "(214 1) Ww hbgd: Ik) W( bale; eh)W(ecgd; If ) 
/ 


=[(2e +1)(2f+1)(2k+1)(2k +1): 


re) ach\ | bdk |\{efg 
xd !) Cee Nien | 
abe 

=[(2e +1)(2f+IQh4 (2k +1)]4 ed fl. (5.12.56) 
hkg 


Using the symmetry of the 9- / symbol under permutations of its columns, 
we obtain the result given by Eq. (3.319), Chapter 3, AMQP. 


7. The Classification Problem for Transformation Coefficients 


A number of interesting points are brought out by the preceding exam- 
ples, which may be described in terms of a “path” between two bracketings 
of the same n symbols. We first define a step as a transformation between 
any two associations of three symbols, allowing commutation. Thus, the 
transformations [(x\yz)> MODs [COO M(Z) (CVI), and 
[(z)() (9) > IC (Z)] are steps, whereas [(x ( y)(z) > [(y (2) (Zz) is not. 
A path is any sequence of steps between two bracketings of the same n 
symbols. Equation (5.12.52) defines a path containing two steps; Eq. 
(5.12.55) defines one containing three steps. 

The essential characteristic of a step is: Each step in the bracketing 
symbol in the right-hand side (left-hand side) of a transformation coefficient 
induces a Racah coefficient transformation in Hilbert space. For example, 
we have 


Ae he (ee) Hey) 


=D [2d +1)(2f+1)]'W(abec; df) 
/ 


RV low KIC eA hy (5.12.57) 


A path P containing p steps (a path of length p) between bracketing 
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schemes B and B’ will thus produce an expression for 


(Eee) 


in terms of a multiple summation over a product of p Racah coefficients 
(assuming we have made no simplifications because of recognized identities 
among the Racah coefficients). However, in general, there will exist distinct 
paths P,, P,,... of the same or different lengths p,, p,,... connecting the 
same two bracketing schemes. Thus, the expression of the transformation 
coefficient (5.12.57) in terms of Racah coefficients by using different paths 
P,, Py, P;,.... will produce a number of relations between Racah coeffi- 
cients: 


B B’ B B’ 
OO, Cll Ye 
Ce) |e peewee (5.12.58) 
As an example of this phenomenon, consider the transformation coeffi- 


cient in Eq. (5.12.53), now evaluated in terms of Racah coefficients by using 
the following path of length 3: 


[(ab)c]a 5 [(ab)d]o* e[(ab) a] * c[a(bd)] = (ca)(bd) = (ac)(bd). 
(5.12.59) 


Explicit evaluation of the left-hand side of Eq. (5.12.53), using this path, 
yields the Biedenharn—Elliott (B—E) relation between Racah coefficients 
[sce Eq, (2:69), Chapter 2): 

Still another phenomenon is illustrated by the following example, which 
shows that the 9-7 symbol may arise as the transformation coefficient 
between still other coupling schemes: 


({[(4b) .¢] Af Mad) ,¢] ee 


abe 
=) lee Ne ee ie orf ke 
dgf 
(5.12.60) 


This result is obtained from the three-step transformation (we do not note 
explicitly the phase inducing transformations) 


[(ab)c]a = [(ab) de“ [(ad)b]e* [(ad)e]b. (5.12.61) 


Thus, although one understands the general procedure for reducing any 
transformation coefficient to a sum over 6-/ symbols, there is no general 
theory (in existence) for “classifying” all transformation coefficients. 
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This problem is more conveniently phrased in the language of the 
transformations themselves (as opposed to the matrix of a transformation). 
We have seen that all transformations are generated by just two types given 
by Eqs. (5.12.48’) and (5.12.49’). Let us call any combination of a transfor- 
mation of type (5.12.48’) with one of type (4.12.49’) an elementary transfor- 
mation. Then the transformation between each pair of binary coupling schemes 
is a product (no summations) of elementary transformations. The existence of 
the Racah sum rule and the B—E identity imply two fundamental relation- 
ships of the form AA’=A” and A,A,A,=A{A}, where A, A’, A;, etc., are 
elementary transformations. Thus, one is dealing with an algebra of com- 
positions of transformations in which certain basic relations are to be 
enforced. Clearly, such relations may be used to reduce certain products of 
elementary transformations to products containing fewer terms. Various 
questions concerning this structure may be formulated: Are all relations 
between elementary transformations of the form 4,A,...=A‘{A}... conse- 
quences of the two basic relations implied by the Racah sum rule and the 
B-—E identity? When is a transformation “irreducible”? That is, when can it 
not be written as a product of fewer elementary transformations? When are 
two irreducible transformations equal? How does one give a precise mean- 
ing to the term “classification of all transformations between binary cou- 
pling schemes’? General answers to questions such as these are not yet 
known, at least within the framework of the algebraic concepts for- 
mulated in this section. 

It is apparent that the study of transformation coefficients and the 
numerous relations between them is a complicated one, requiring systematic 
development. Jucys et al. [3] have made important progress in this direction, 
using graphical methods (the relationship between these graphical methods 
and the algebraic method outlined above has not been systematically 
worked out). We turn next to a discussion of these graphical methods, 
emphasizing the relationship to graph theory itself (see, for example, the 
book by Harary [12]). 


8. A Mapping of Pairs of Labeled Binary Trees to Cubic 
Graphs 


Each coupling scheme for n angular momenta (each labeled tree) may be 
mapped to the set of triples that specify the “triangle conditions” corre- 
sponding to the n—1 binary couplings in the scheme: For example, we have 


a b 


c 
e d 


{ (abe), (ecf),( fdg)}. (5-12.62) 


) 


l m : 
[The triangle associated with a labeled fork \7 of the tree is (/mn).] 
n 
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Let us next interpret the set (5.12.62) in terms of the concept of a graph 
(defined generally below). We first introduce the set of points P defined by 


P=(usoswy, (Suletos)) 


where we have written u=(abe), v=(ecf), and w=( fdg). We next intro- 
duce the set of /ines L defined by a set of (unordered) pairs of points of P: 


1 ae a oa) (5.12.64) 


The lines (u,v) and (v,w) are defined in terms of the points of P to be 
those pairs of points containing a common label in the triples representing 
the points. 

The set of points P together with the lines L constitute a graph G having 
three points and two lines. The graph G is usually represented by a planar 
diagram (also called a graph): 


uoovow (5.12.65) 


Let us next apply the same idea to the pair of trees representing the 
transformation coefficient (5.12.50): 


2 pee bt al 
wey 

9 
_ (abe), (ccf). (fg) \-» 


(ach), (hkg), (bdk ) (5.12.66) 


Writing u=(abe), v=(ecf ), w=( fdg), u’=(ach), v'=(hkg), and w’=(bdk), 
we see that the lines in P are the (unordered) pairs of points given by 


=|) Cee een ae 


(w, 0’), (w, w’), (u’, 0), (v’,w’) (5.12.67) 


The graph G defined by the points P and the lines L may be represented by 
the planar diagrams: 


<< = >< (5.12.68) 


A Mapping of Pairs of Labeled Binary Trees to Cubic Graphs 463 


[We have shown two equivalent ways of representing the graph (see the 
definition of graph isomorphism (denoted =) given below).] 

The graph illustrated in (5.12.68) has six points and nine lines, there being 
three lines incident to each point. It is called a regular graph of degree 3. 

This illustrative example suggests a relationship between pairs of labeled 
binary trees and certain cubic graphs (see definition below). We develop this 
relationship, in general, below. The motivation for this line of development 
may be represented schematically as 


transformation coefficient —— pair of binary trees —— cubic graph. 


The idea is then to utilize the properties of the cubic graphs to classify the 
set of transformation coefficients themselves, the prototype for this struc- 
ture being the association of the 6-j symbol with a tetrahedron, which may 
be represented as the planar diagram (cubic graph). 


Before turning to these developments, it is convenient to introduce the 
definition of a graph together with a limited glossary of graph terminology 
(Harary [12], Korfhage [13)). 

A (finite) graph G is a set P containing p elements together with a 
prescribed set L of q (unordered ) pairs of distinct elements of P.[G is often 
called a ( p,q) graph.] 


Por 0] Goan clement of 7, 

Line of G: an element of L [the line /={ p,, p,} is said to join points p, and 
p> OlaG |: 

Adjacent points: any pair of points defining a line of G. 

Incident point and line: The point p, and the line /={ p,, p,} are said to be 
incident with one another, as are p, and J. 

Adjacent lines: two distinct lines incident with a common point. 

Degree of a point: number of lines incident with the point. (Euler’s theorem: 
The sum of the degrees of all the points is twice the number of lines.) 

End point: a point of degree |. 

Regular graph: a graph in which all points have the same degree. 

Cubic graph: a regular graph in which the points are of degree 3. 

Multigraph: a graph in which more than one line can join the same two 
points. 

Labeled graph: a graph [such as (5.12.68)] in which the points and /or lines 
are assigned distinct labels which usually have some sort of significance. 
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Unlabeled graph: a graph in which no labels appear (except possibly for 
identification of lines and/or points). 

Walk in G: an alternating sequence of points and lines p,/; pols... 
Py—4n—1P, Such that line /, is incident with points p, and p;4\, ?= 
1,2,...,2—1. The walk may also be represented by the line sequence 
}1,...1,—, or the point sequence p, p>... P,.- 

Trail. a walk with no repeated lines. 

Cycle: a walk such that p, =p, with no other repeated points. 

Path: a walk with no repeated points. 

Length of a path: number of lines in the path. 

Distance between two points: length of the shortest path joining the points, if 
any, otherwise the distance is infinite. 

Hamiltonian graph: a graph in which the longest cycle contains all the 
vertices (points). 

Isomorphic graphs: two graphs G and H are isomorphic (G = #7) if there 
exists a One-to-one correspondence between their points which preserves 
adjacency. 

Connected graph: a graph in which every pair of points is joined by a path. 

Subgraph of G: a graph having all its points and lines in G. 

Acyclic graph: a graph containing no cycles. 

Tree: a connected acyclic graph. 


Consider a single labeled binary tree corresponding to the coupling of 
angular momenta [n end points labeled by n (distinct) angular momenta, | 
root labeled by the total angular momentum, n—2 internal points labeled 
by (distinct) coupled angular momenta]. We now read off the labeled binary 
tree the (angular momenta) triangles corresponding to each of the labeled 
forks (n—1 triples). These triples' are now taken to be the set of points P of 
a graph G in which the lines of G are defined to be the set L of pairs of 
points of P whose triples have a common label. Then: G is a connected 
(n—1,n—2) graph; that is (Harary [12], p. 33), G is a tree T. Furthermore, 
the degree of no point of T exceeds 3, so that T is a trivalent tree (Cayley [14)]). 

Consider next the set of trivalent trees obtained from the correspondence 
of labeled binary trees to trees as described above. The geometric operations 
(see p. 448) used to define equivalence of two (unlabeled) binary trees 
preserves the triangles as read off the set of forks in the labeled binary tree. 
Hence, all labeled binary trees related by such geometric operations define 
the same trivalent tree 7. Furthermore, the distinct labelings of a binary tree 
of the same type (see p. 447) preserves adjacency of points in the corre- 
sponding trivalent tree 7. Thus, the correspondence given above associates a 
single trivalent tree with each type (and all its equivalents) of binary tree. 


"We shall regard a triple (abc) as unordered. 
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Distinct types of binary trees may, however, be associated with the same 
trivalent tree. For example, we have 


NG: ied Oe (5.12.69) 
MO oe es 


(These correspondences are obtained by labeling the points of each of the 
binary trees with distinct symbols, reading off the triangles, and then 
drawing the trivalent tree diagram using the point-to-line relation defined 
by the triangles as described above. Observe that the labeling of a binary 
tree serves to define the point-to-line relation in the trivalent tree T. Once 
the diagram of T has been given, the labeling may be discarded. In this way 
one obtains a correspondence between the set of unlabeled binary trees 
having n end points and the set of trivalent trees having n—1 points.) 

In Fig. 5.30, we list all the trivalent trees containing up to nine points. 
[We have taken these diagrams from Harary [12].) Cayley [14] gives generat- 
ing formulas for determining the number t, of trivalent trees having p 
points. The first few numbers are (one always has tp =b, +1, where b,,, is 
the Wedderburn— Etherington number): 


a On moe o SO! All 
ll eee 6 ie als 37 3667; 


P 


To prove that every trivalent tree 7 having p points corresponds to at 
least one binary tree having p+1 end points (terminal points), we choose 
any end point of T as the root of the binary tree and join a line and an 
adjacent point to it; to each of the other endpoints of T we join two lines 
and two corresponding adjacent points; and to the points of T of degree 2 
we join a single line and adjacent point. The resulting graph is then a binary 
tree having p+1 end points, and it corresponds to the trivalent tree T 
having p points. 

Let us next turn to a characterization of the graph G obtained from the 
set of angular momentum triangles by reading off the labeled forks of a pair 
of labeled binary trees corresponding to a transformation coefficient [see the 
example given by Eq. (5.12.66)]. Thus, we consider a pair { B, B’} of labeled 
binary trees, B and B’, such that (a) each binary tree has n end points 
labeled by a permutation of j, /,---j, and a root labeled by /; (5) the n—2 
internal points of B are labeled by 6,b,---b,—2, and those of B’ by 
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Figure 5.30. Trivalent trees. 


bb, ---b,_». Let us introduce the notation: 


P=set of triangles of the binary tree B, 
=set of points of the corresponding trivalent tree T; 
‘=set of triangles of the binary tree B’, 


=set of points of the corresponding trivalent tree T’. 


Then the graph G=G(T,T’) is defined to be the graph with points PU P’ 
and with lines consisting of (a) the set of lines of T, (b) the set of lines of 
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T’, and (c) the set of lines joining T and T’ defined by the following rules: 
(i) a line joins a point p € P and a point p’ € P’ whenever the triples defining 
p and p’ contain a single common label; and (ii) two lines (multigraph) join 
a point p€P and a point p’€P’ whenever the triples defining p and Dp 
contain two common labels (the labeling of internal points by distinct 
symbols implies that, at most, two labels will be the same in any pair of 
inmples perp EP) 

The planar diagram of the graph G(T,7’) (possibly a multigraph) de- 
scribed above is obtained by tying together the points of B and B’ (end 
points and roots) that have the same label. This result may be symbolized 


. Sees pare = See 


(end points disappear when joined), 
(5.12.70) 


\/ ; \/ a Ve WW (a line joins the two roots). 


A multigraph will occur only if B and B’ contain labeled forks of the 
respective forms: 


Jj Jk 


WY ena AZT) 
b, 
Ji O JT Jk jj 
Av, 7 \varanaeeee 
bi. bi. 


The joining procedure described above then results in two lines joining 
points pEP and p’EP’: 


7 ae (Seg) 


In this case it can be shown that the transformation coefficient correspond- 
ing to the pair of labeled binary trees {B, B’} reduces to a transformation 
coefficient corresponding to a pair of labeled binary trees containing n—1 
end points. We may, therefore, without loss of generality, restrict our 
considerations to pairs of labeled binary trees without common forks [labeled 
forks of the type (5.12.71)]. 
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The graph G(T, T’) corresponding to labeled binary trees B and B’ each 
having n end points and without common forks is a cubic graph having 
2(n—1) points. The graph G(T, T’) may be denoted symbolically by 


diez i ee (5.12.73) 


A=) on eae 2 

lines lines _ lines 
This diagram serves to illustrate that G(T, T’) is obtained as the joining of 
two trivalent trees, T and T’ (each having n—1 points) by n+1 lines of the 
fOnmM pap =). Pp =i 

Conversely, let G be a cubic graph whose 2(n—1) points can be covered 

by two disjoint (no common points) trivalent trees T and T” (the points of 
neither T nor 7” define cycles in G), each having n—1 points. Then G is the 
map of a pair of labeled binary trees, B> T and B’> T’, each having n end 
points. Hence, G is a cubic graph of the type G(T, 7’). 
Proof. Label the lines of T by b,b,---b,_>, the lines of T’ by 5) b,---b,_,, 
and the lines joining T and 7” by /,j,:--j,7. Now assign to each of the 
2(n—1) points of G the (unordered) triple of labels corresponding to the 
labels of the three lines incident to the point. Then/, /,- - -/,, are the labels of 
the end points of binary trees B and B’ with root j and internal points 
b,b,--*b,-, and bib, ---b,_5 such that the set of triangles of B defines 7 
and the set of triangles of B’ defines 7”. a 


This result, relating a class of cubic graphs and pairs of trivalent trees, 
characterizes the subset of cubic graphs that is associated with the transfor- 
mation coefficients arising in the binary coupling theory of n angular 
momenta. 

Not all cubic graphs are of the type G(T,T"’). For example, the (nonhamil- 
tonian) cubic graph 


(5.12.74) 


is not of the type G(T, 7’). On the other hand, the (nonhamiltonian) cubic 
graph 


(eH OME) 
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is of the type G(T, T’) (T is represented by the broad lines and points, 7’ by 
the thin lines and points, and the joining lines by dashed lines). The 
examples given below (Section 9) of cubic graphs of the type G(T, 7’) are 
hamiltonian—the second example above shows that not all graphs of the 
type G(T, T’) are hamiltonian. 

To our knowledge the set of cubic graphs of the type G(T, 7’) has not 
been enumerated for general 2(n—1) points, although methods of construc- 
tion have been discussed in the literature (Gutman and Budrite [15]; 
Levinson and Chiplis [16]). 

A direct method of construction would be to consider all ways of joining 
pairs of trivalent trees (for given p) from Fig. 5.30 to obtain a cubic graph. 
The problem of identifying isomorphic cubic graphs! would appear to 
render this direct procedure difficult and impractical. For those cases where 
the set of all cubic graphs of 2(n—1) points have been listed, one can, of 
course, determine by examination which ones are of the type G7, 7?) Whe 
listings of cubic graphs are, however, quite limited (see the cover of Harary 
[12] and pp. 43, 44 of Korfhage [13]. 

We shall not consider the general set {G(T, 7’)} of cubic graphs further, 
but shall illustrate by specific examples the use of such graphs in the 
classification of transformation coefficients. 


9. Classification of Transformation Coefficients by Use of 
Cubic Graphs 


Let us introduce the notation {B|B’} to denote the transformation 
coefficient corresponding to a pair of binary trees B and B’ that are labeled 
in the following manner: B and B’ have end points labeled by (distinct) 
permutations of j, ---j,; roots labeled by j; and internal points labeled by 
b,---b,_, and b)---b,_,. Consider the set of transformation coefficients 
given by 


BY): B and B’ are labeled binary trees as described 
EL above and without common forks ( 


(5.12.76) 


Define two transformation coefficients in this set to be equivalent if they can 
be expressed in forms (say, in terms of either 3-7 coefficients or oy 
coefficients) that differ only by phase factors, dimension factors [multiplica- 
tive factors of the type (2k+ 1)?], and permutations of their labels. 

The remarkable result, which can be proved (by expressing the transfor- 
mation coefficient explicitly in terms of 3-7 coefficients), is: Two transforma- 


'Isomorphic cubic graphs define symmetries of the corresponding transformation coefficient. 
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tion coefficients are equivalent, 
(B,|B1) ~ (By |Bs}. (5.12.77) 
if and only if the corresponding cubic graphs are isomorphic; that is. 
G(T..1 JG Cia ways (512,78) 


where these graphs are constructed from the pair of binary trees (B; ~T;, B; > 
T;) by the procedure described in the last section. 

As an example of this lemma, consider all coupling schemes for three 
angular momenta. One finds that, up to permutation of labels, all transfor- 
mation coefficients possess the same set of angular momentum triangles 
(which now define the points and lines of a cubic graph = tetrahedron): ' 


P= {(abe),(cde), (acf ),(bdf )}. 


which has the diagram 


IR 


This result expresses the fact that there exists only one 6-7 coefficient. 

The study of inequivalent transformation coefficients thus becomes syn- 
onymous with the study of nonisomorphic cubic graphs of type G(7, 7"). 

Using results from Jucys er al. [3], Harary [12], and Korfhage [13], we list 
below all the cubic graphs on 4, 6, and 8 points [for these cases al/ cubic 
graphs are of type G(T, T’)]. The diagram to the left is arranged in the form 
of a pair of trivalent trees, which cover the cubic graph (7=top row of 
points and lines, 7’=bottom row of points and lines). Below each diagram 
we have introduced a bracket notation for a representative transformation 
coefficient in terms of a pair of labeled binary trees. [The general notations 
and definitions for 3n-j coefficients of the first and second kinds (Jucys er 
al. {3]) are given below. Various isomorphic cubic graphs are shown for the 
purpose of comparing the results given in Jucys er a/. with those found in 
books on graph theory. We have also drawn three of the planar diagrams as 
diagrams in 3-space, since this type of representation of transformation 
coefficients is also found in the literature (Edmonds [17]; Judd [18}]).] 


‘Observe that we now label the vertices of the tetrahedron by the “angular momentum 
triangles,” and the lines by the common labels of the incident points. 
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Before turning to the discussion of the results shown above, let us define 
the new symbols that appear. General expressions for 3n-/ coefficients of 
the first and second kind have been defined by Jucys er al. [3]: 

3n- j coefficient of the first kind: 


b b Aen b, = (2z+1)(—1 Sse(H— Wie 
] 2D 


Gnegs) 
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3n- j coefficient of the second kind: 


a a Beene 
b, 5 ee b, | => (2z24+1)(-1)**” 
ey C5 eer: g 
Oy i BN C= oo, Z Co ee 
«1a, a, oe a; sled C, a a le as 4 
(5.12.80) 
where 
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3(n — 1)- j coefficient of the second kind: 


(5.12.81) 
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For n=1, 2, and 3, these coefficients reduce to standard coefficients 
according to the following relations: 


, <|=sol2arnar+ny 
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Let us now consider several features of the examples of cubic graphs and 
transformation coefficients shown in the figures above. 

(a) The transformation coefficients corresponding to the cubic graphs on 
six or eight points illustrate a general result on the factorizing of transfor- 
mation coefficients (Jucys et al. [3]). If the cubic graph G(T, T’) correspond- 
ing to a transformation coefficient {B|B'} can be covered by two disjoint 
subgraphs joined by either two or three lines, then the transformation coeffi- 
cient factorizes into two transformation coefficients defined on fewer angular 
momenta. (This factorization occurs in the second example shown above for 
cubic graphs having six points; it occurs in the first three examples shown 
above for cubic graphs having eight points.) 

(b) No significance should be attached to the occurrence of only one type 
of binary tree in these examples—this feature fails for ten points (see 
below). 

(c) Observe that a consequence of the factorization property— stated in 
(a) above—is that the number of “new coefficients” (coefficients that do 
not factorize) arising from the nonisomorphic cubic graphs of type G(T, T”) 
with 2(n—1) points is less than the number of such cubic graphs. 

It is instructive to consider the cubic graphs of the type G(T, T’) for the 
case of ten points (15-j coefficients), since a number of new features arise. 
There are nineteen nonisomorphic cubic graphs with ten points (Korfhage 
[13]), but not all these cubic graphs are of type G(T,7"), as the example 
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Figure 5.31. 


(5.12.74) shows. The number of cubic graphs on ten points that are also of 
the type G(T,T’) does not appear (to our knowledge) in the literature, 
although the number of such cubic graphs that cannot be covered by two 
disjoint subgraphs joined by two or three lines is given by Jucys ef al. as 
five. Thus, there are five new transformation coefficients that appear in the 
coupling of six angular momenta. We give in Fig. 5.31 the corresponding five 
nonisomorphic cubic graphs, first as the joining of two disjoint trivalent 
trees, and then in isomorphic forms as found in Harary [12] and Korfhage 
[13]. (The first and second graphs correspond, respectively, to 15-j coeffi- 
cients of the first and second kinds; symbols for the remaining three new 
15-7 coefficients may be found in Jucys et al. [3], together with their 
definitions in terms of 6-7 coefficients.) 

The new features brought out by the cubic graphs on ten points include: 
(a) not all cubic graphs are of type G(T,T”’); (b) not all cubic graphs of 
type G(T, T’) are hamiltonian; and (c) not all cubic graphs of type G(T, T’) 
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can be covered by a pair of binary trees of type 


VA 


Remarks. (a) It is quite remarkable that the structure of a transformation 
coefficient is determined by the abstract cubic graph associated with the 
“set of angular momentum triangles.” The general theory is incomplete, 
however, since there are no known (general) formulas giving the number of 
cubic graphs of type G(T,T’), and advances thus far have been by direct 
enumeration, this technique having been carried about as far as practical by 
Jucys et al. [3, 7]. [The total number of nonisomorphic cubic graphs! on 2p 
points for p—2, 3, 4, 5, and 6 is 1, 2, 5, 19, and 87; the corresponding 
number of cubic graphs of type G(T,T’) that cannot be covered by two 
disjoint subgraphs joined by two or three lines is 1, 1, 2, 5, and 18; that is, 
the number of 6-7, 9-7, 12-7, 15-7, and 18-j coefficients is 1, 1, 2, 5, and 
18. It is also known (Jucys ef al. (3, 7]) that the number of 21-7 and 24- 
coefficients is 84 and 576.] 

(6) Numerous relationships between 3n-j coefficients have been tabulated 
in Jucys et al. (3, 7]; see also Judd [18]. 

(c) The 9-j coefficients were first introduced by Wigner [19]; additional 
properties were developed by Jahn and Hope [20] and Arima et a/. [21]. The 
12-7 coefficients of the first kind were introduced by Jahn (see Ref. [20]) and 
studied further by Ord-Smith [22]; The 12-7 coefficients of the second kind 
were introduced by Elliott and Flowers [23] and studied by Sharp [24]. 
Generating formulas for the 9-7, 12-7, and 15-7 coefficients have been given 
by Wu [25] and Huang and Wu [26]. 

(d) We wish to acknowledge several useful discussions with Dr. C. 
Patterson in interpreting the relationship between cubic graphs and the 
graphical methods of Jucys. We are also indebted to Prof. J. Paldus for a 
critical reading of this Topic. 


10. Notes 


1. The graphical methods of the Jucys school. The problem of parentheses 
suggests in a natural way the relationship between angular momentum 
coupling schemes and binary trees given in Sections 4 and 5. This then leads 
to the map between pairs of binary trees and cubic graphs given in Section 
8. Notice, however, that one may label uniquely the corresponding cubic 


!These numbers appear in Korfhage [13] and are attributed to R. W. Robinson in Ref. [12, p. 
195]. 
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graph either by its points (triples of angular momenta) or by its lines (the 
common labels in pairs of triples). When we use “line labeling,” the 
“structural element” in diagrams representing recoupling coefficients be- 


comes 
b 


a 
Ne; \/ 
in place of : 


Cc 


where (abc) is an “angular momentum triangle.” The graphical methods of 
Jucys use the first of these diagrams and give rules, including procedures for 
handling phases and dimension factors, for joining such elements into the 
cubic graphs representing transformation coefficients. These methods have 
been extended and applied to various problems by Vilenkin, Kuznetsov, and 
Smorodinskii, among others (see Ref. [27]-[30]). 

2. Democratic coupling of three angular momenta, Chakrabarti [1] and 
Lévy-Leblond and Lévy-Nahas [2] have considered a coupling scheme for 
the addition of three angular momenta, J=J,+J,+J,, which is char- 
acterized by the simultaneous diagonalization of the six Hermitian operators 


ae EEN Fe al oo ade (5.12.84) 
where the operator K is defined by 

K =J,x J,-J;. (Sal2236) 

The commutator of K with the J; is given by 
[K,J,]=#[J,(J;-J,) —J;(J,-J,)] (5.12.86) 
(and cyclically). Using this result, one finds that K is a rotational invariant: 
[K,J]=0. (5.12.87) 
The tensor product space JH, OIC, @ JC, = (i /2/3) is mapped into itself 
by the action of K and J, and it must be possible to split SC(j,j, /,) into 


(27 +1)-dimensional irreducible subspaces with respect to J, where these 
subspaces are spanned by basis vectors of the form 


IAC ity Js) im = » Ce Mata) Ol sents YO at. 
Sm,=m 


(5.12.88) 
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The angular momentum operator J is to have the standard action on this 
basis, and k denotes an (real) eigenvalue of K: 


KK ( iia J3) jm) = KIS dads) jm) (5.12.89) 


A proof is given in Ref. [2] that the set of operators (5.12.84) is complete; 
that is, the operator K serves to distinguish fully between those subspaces of 
OCG gaua) withibasis. 


(Ul Crna, : = (= ees = (5.12.90) 


which are carrier spaces of the same representation D/(U) of the SU(2) 
diagonal subgroup of SU(2)X SU(2)X SU(2). 

The coefficients occurring in Eq. (5.12.88) are Wigner coefficients for the 
complete reduction of an irrep of the direct product group SU(2) x SU(2)X 
SU(2) into irreps of the diagonal SU(2) subgroup. 

The individual angular momenta are treated alike in the coupling scheme 
(5.12.88). In particular, when the three angular momenta are equal, 7, =j, = 
J, =n, the eigenvectors |k(nnn),,,) belong to subspaces that are irreducible 
with respect to the action of the symmetric group. 

The coupling scheme (5.12.88) has many nice properties with respect to 
the symmetric group S, (see Refs. [1] and [2]). The difficulty with the 
method is that the eigenvalues of K are generally not rational functions of /,, 
j>, and j, and have only been calculated numerically (special cases excepted). 
This suggests that it will not be possible to obtain closed-form general 
expressions for the Wigner coefficients. We refer to Refs. [1] and [2] for 
further properties of the eigenvalues {Ak} and the corresponding eigenvec- 
tors. 

3. Other methods of spanning the space K(j,j.**+j,). In spanning the 
space IC(j, j,---J,), we have considered in this Topic only pairwise cou- 
plings of the angular momenta. Aside from three angular momenta (Note 
2), there has been little work relating to nonbinary coupling schemes. 
Alternative techniques for constructing bases (of sharp j) of the space 
KC(j, j°+ + J,) usually use the properties of the symmetric group S,, at the 
outset, following the classic work of Weyl [31]. It is beyond the scope of the 
present Topic to discuss these general techniques (see, however, Sections 5 
and 9 of Chapter 7, AMQP), and we refer to the literature (Refs. [32]-[41]) 
for such discussions and further references on the subject. 


'For specified (j, jo J3) the set of eigenvalues {k} must then consist of n( J, JoJ3J) distinct 
values, where n(j, /,/3/) denotes the number of occurrences of irrep [ /] in the direct product 


[A]@lAI@LA}- 
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Appendix of Tables 
The tables in this Appendix summarize the properties of Wigner and 


Racah operators that occur frequently in applications. They are repeated 
from Volume 8, AMQP. The use of the tables is self-explanatory. 


Table Al. The Tensor Harmonics 


DEFINITION AND GENERAL PROPERTIES 
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Table Al. (continued ) 
u fe 
yu 
g 
3 ORS 
2 AS. Gey 
oe 
1 Savard (de ie 4 5J, + 2) 
0 HE = aie 1d, 
2 2 
ef 2vF0_ (S05 - Je - 5d, + 2) 
=? 2 V30 ye (J, - 1) 
s 2v5 3 
4 om ae 
3 -2V35 J? (23, + 3) 
ee 
2 Ad (ee ie 2 1), © ©) 
3 2 a eee 
1 -V5J,(2802 - 12070, + 4209 - 6J° + 380, + 12) 
2 
0 70J4 - 60s@u2 + 6(02) + 500% - 120° 
5 3 3 
3 2 ee ; 
| VB J_(2803 - 120°d, - 4204 + 6° + 38d, - 12) 
-2 2 7G J°( 795 - J? - 140, + 9) 
a4 2V35 03(20, - 3) 
a v70 34 


483 


Table A2. The A=[00] Wigner Operators 


DEFINITION AND GENERAL PROPERTIES 
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Table A3. The Racah Operators 
DEFINITION AND GENERAL PROPERTIES 


Matrix element form: 
A 
( . . i . ea . . . 
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where u=J,-d5 and K=J,tJotl with ranges p=j,j-1,...,-j3K=jtl,j+2,.. 
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: k : 
Special cases of the polynomials P,, , are given below. 
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Table A3. (continued ) 


Operator actions: 
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The operators in the sets {J,5J3.J_} and {K,5K3,K_} satisfy sta 


angular momentum commutation relations; those in the set {HH 


satisfy hyperbolic commutation rules. 


are mutually commuting. 


Relations between operators: 


2. : 
J =J3(J3+1)+d_J=K3(K,+1)+K_K, 
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Operators from different 


Table A3. (continued) 


SPECIAL CASES OF THE POLYNOMIALS (a, =kta, An=k-A) 
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is ae: meal Il 2 Zone ae 3 
3, 2 2 
~A)(A)-1) (A5-1) K34 2 4704) -1) (45-745 45) KS 
] Z ] 4 
iG: A, (A)-1)(345-7454+2)K3+ D Ag Ay-1)H, 
3, | 2 2 
+(A)-2)A5(4,-1)H3+ > Agldo-1) (Ay -74,+5)H5 
] 2 One 
= 2 pbAo-1) (30) -74) +2) 40, Ay KOH 
=a Bey Mae 2 NI Hoan eA -2)KeH 
Wee 303 ia lhe aa oF} 


~A (0-2) Ag(Ag~2) KH 3 +A, (01-1) Ay (45-1) 


a((a2) @ & & kee 
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Table A3. (continued ) 
is eel ag 
The polynomials PO = Po,0: 


Invariant construction: 


Kae Lac ito eew 
SL Ua ea 


0 ) 
u 


2 


Recursion relation: 


k+l _ 2k+1 eee k 
peel . 2K) (45, +3,+k (k+1) 1Pp 
sees Wie Ce yh er cepa et a. 
k+1 ° 
1S > = 
Po Sao) J, 
on oe 
PO = 416(5,-55) 7435, -5,-25455] 
CR Pe ee oe ee 
Py = 4°{10(5,-55) 7+20(5,-J,) 
eee? oo 
-2(3, +35) (35753-52-53-3) -55753] 
pa = 42170(5, -5,) 74350 (3, -d,) 242 (3, -3,.) 2 (-30020-+25eme 
0 i) eae 1,22 172° *7a 
2) te 233 A 
#25354195) +2 (31-55) (-855}I5+3052+3055+445) 


7 Our? pee 
£33505 (2d-a6 4g) 43° DT) 


SPSS 
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List of Symbols 


Many of the symbols used in this volume are given below together with 
their meanings. Specialized symbols occurring in some Notes and Ap- 
pendices are left out. Considerable overlap with symbols listed in AMQP is 
given for continuity. 


Signs of Relation 


definition; identically equal to; con- 
gruent (in modulo relations) 
ss approximately equal to 


ow order of magnitude 

= tends to; approaches; yields; is replaced 
by 

~ asymptotically equal to, approximately 


equal to for a large value of a variable; 
equivalent to (in equivalence relations) 
isomorphic to 

proportional to 

less than 

greater than 

less than or equal to 

greater than or equal to 

a subset of, contained in 

contains as a subset 

an element of 

not an element of 

exchange; one-to-one correspondence 
implies 

if and only if 

perpendicular 


ee ey a VA Bea 


Operations 


times; direct product of groups 
semidirect product of groups, automor- 
phism o 


@ x 
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x 
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cross (vector) product of vectors in R?: 
coupling of irreducible tensor operators 
dot or scalar product of vectors 

plus or minus 

minus or plus 

absolute value 

direct sum of vector spaces 

tensor product of vector spaces or opera- 
tors; direct or Kronecker product of 
matrices 

composition of functions 

unton of sets 

intersection of sets 

conclusion of proof 

complex conjugation of a matrix A 
transposition of a matrix A 

Hermitian conjugation of a matrix A 
inverse of a matrix A 

trace of a matrix A 

determinant of a matrix A 

partial derivative 

gradient operator in R? 

Laplacian in R° 

gradient operator in R* 

Laplacian in R* 


Sets and Groups 


set of all integers, set of nonnegative 
integers 

set of rational numbers 

set of real numbers 

set of complex numbers 

set of real n-tuples; n-dimensional real 
vector space 

set of complex n-tuples; -dimensional 
complex vector space 

projective space corresponding to C? 
Euclidean 3-space 

four-dimensional vector space of 
quaternions 

empty set 

unit sphere in R? 

unit sphere in R4 


pel 


List of Symbols 


SO(n) 

O(n) 

SU(n) 

U(n) 

SU(2)X SU(2) 
SU(2)*SU(2) 
SE(#.C), SLOz.R) 


SU(m, 1) 


SO(n, 1) 


Ga. Fy 
PG(n,2) 


T’ 


Vee K(x) | 
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group of n Xn real, orthogonal matrices 
ot detcmmmant + lor —2,3.2 

group of n Xn real, orthogonal matrices, 
Oe ey 

group of nm Xn unitary matrices of de- 
terininant*i, 97 = 2.3.20. 

group of mXn unitary matrices, n= 
| Veen 

direct product of SU(2) with SU(2) 
realization of the group SU(2) SU(2) 
in which the Casimir operators of the 
two groups coincide 

group of complex (real) » <n matrices 
of determinant 1 

subgroup of SL(m+n,C) that leaves in- 


variant the Hermitian form |z,/*+ «++ + 
ele zeal aes lela 


subgroup of SL(m+n,R) that leaves 
invariant the (real) quadratic form 
ye 5 ee ae aan Sree 
exceptional Lie group of rank 2 (rank 4) 
n-dimensional projective space over the 
field # ={0, 1} 

group of permutations of n objects, sym- 
metric group 

generic group; graph 

right cosets of G with respect to a sub- 
group K 

two element group containing the inver- 
sion and the identity 

group of rotations mapping a regular 
tetrahedron into itself 

direct product group T X Z, 

group of rotation-inversions mapping a 
regular tetrahedron into itself 

group of rotations mapping a regular 
octahedron into itself 

group of rotation-inversions mapping a 
regular octahedron into itself 

cyclic group of rotations about an n-fold 
symmetry axis 

irreducible tensor operator of rank J with 
elements indexed by M= J,...,—J 

set of x in X with property P(x) 
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ie 6 function (or mapping) f with domain X 
and range in Y 

fixry=f(x) function f mapping x& X to ye Y 

Vectors and Operations in Euclidean Three - Space 

a,b... generic vectors with common origin in 
Euclidean 3-space, E(3) 

iS position vectors in E(3) (ris used synon- 
ymously with x, z-axis with x3-axis) 

Dp linear momentum vector in E(3) 

eee unit vectors in E(3) 

(En erse.) right-handed triad of orthogonal unit 
vectors in E(3), inertial frame 

xX =2;x,e; representation of a vector x in terms of 


M(t) 


P=(P, Pr> P3) 


the components (x,,* ,X,) and the 
Mamie (eqresses ) 

representation of a vector x as a 3-tuple 
in R? (x is also called a vector) 
representation of linear momentum vec- 
tor pas a 3-tuple in R? 


a: p=b= a,b,+ a,b,+a,b, — dot or scalar product of two vectors 

ax b=(a,b, — a,b,)é, +(a3b, — a,b3)é, +(a,b, — a,b,)é; cross or vector 
product of vector a with vector b 

ax b=(a,b,— ab), a,b, — a,b3, a,b, — a b,) cross or vector product of 
vector a with vector b 

a =|lal|l =(a-a)'/? length of vector a 

L=xx p=rx p, L=xx p=rx p angular momentum about point O of a 
(point) particle located at position x =r 
and having linear momentum p (equiva- 
lently at position x with linear momen- 


tum p) 

Ro, A): F>r=R(o, Ayr action of a rotation by angle ¢ about 
direction i on a vector r 

R:x>x’= Rx action of a rotation RE SO(3) on a vec- 
tor xER?> 

Ce x he action of spatial inversion J on a vector 
xER? 

a So ; 

g= iF | Cartan spinor associated with an iso- 

l tropic vector x EC?, x-x=0 
R:E— EF =HtUVUE rotation of a Cartan spinor correspond- 


._ ing to the rotation x’= Rx of R? 
ss lie te 9) spherical basis vectors in R? 
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eR 

cq! 

R (, fi) 
E 

RR 2a a 4a 
R=(K;;) 
R(¢, 1) 
R( apy) 
R(@, @) 


Ue ne) 


= 


UG aes 


LU (aBy) 


OE (aa a) 
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Rotations and Rotation Operators 


generic rotation about a common origin 
impe (3) 

inverse rotation to 

rotation by angle @ about direction 7 
identity rotation 

rotations by 27 and 47 about any axis 
generic 3X3 real, proper orthogonal ma- 
trix corresponding to rotation &. 
parametrization of R in terms of angle of 
rotation ¢@ about direction fi 
parametrization of R in terms of Euler 
angles 

parametrization of R in terms of Euler— 
Rodrigues parameters (a),a@)€ S* 
generic 2X2 unitary or unitary unimod- 
ular matrix; element of quantal rotation 
group SU(2) corresponding to rotation 
RESO(3) 

parametrization of U (unimodular) in 
terms of angle of rotation y about direc- 
tion fi 

parametrization of U (unimodular) in 
terms of Euler angles 

parametrization of U (unimodular) in 
terms of Euler—Rodrigues parameters 
(G,.ae 5” 

rotation operator; unitary operator reali- 
zation in Hilbert space of rotation UE 
SU) 

inverse rotation operator 
parametrization of % in terms of angle 
of rotation wy about direction fi 
parametrization of %U in terms of Euler 
angles 

parametrization of % in terms of Euler— 
Rodrigues parameters (a), a@)€ S? 


Domains of Parameters of Rotations 


{(¢, 4):0<o¢<7,A-A=1,(7,n)=(7, —f)} parameters of a real, proper 


orthogonal rotation of vectors in R® in 
terms of the angle of rotation ¢ about 
direction fi 
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{(b, #):0<5p<27,n-A=1} parameters of a unitary unimodular ro- 
tation of spinors in €? in terms of the 
angle of rotation y about direction #€ R? 

{((aBy):0<a<27,0<B <7,0<y <2} Euler angle parameters of a ro- 
tation of vectors in R* 

{((aBy):0<a<27,0<B<7 or 27 <P <37,0<y<27} Euler angle 
parameters of a unitary unimodular ro- 
tation of spinors in €? 

{(a. 0): a2 +0? +03 +03 =1,(— a9, — @) = (a, a)} Euler—Rodrigues 
parameters of a real, proper orthogonal 
rotation of vectors in R? 

{(ap.a):02 +07+03+05=1} Euler—Rodrigues parameters of a unitary 
unimodular rotation of spinors in C* 


Hilbert Space 


KH generic Hilbert space 

ae (2 + 1)-dimensional Hilbert space, 
which is a carrier space for an irreduci- 
ble representation of SU(2) 


\(a) jm),| jm). orthonormal basis of J{; on which the 
W= fea) angular momentum J has the standard 
action 
ya eo) 2 yea ket vector notation for vectors in Hilbert 
space 
CAR ME | os Sa ae bra vector notation for vectors in the 
dual space 

oP fee function notation for vectors in Hilbert 
space 

(b,o), <b, 0), Cb] o),... inner or scalar product of vectors in 
Hilbert space 

Cue eee 3 unit vectors in 


f={ fa: fis a fixed element of SC; a€C with |a|=1} definition of ray f 
with representative fE IC 


ee. rays in K 

Cena unit rays in JC 

(eS) inner product of rays in IC 

P= ie |-Pe.s transition probability between states | f ) 
and |g) 

I Il =(Q), y) norm of a vector (function) y 

(xb) = f(x) bra-ket vector notation for the value in 
€ of a ket vector |) with domain R?* 

iV unit operator 


C generic operator in Hilbert space 
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PK eC 


T(f) 
1 6 


fo-f=U( PEK’ 
CUP). 2 (g)) 


Op 


Oi or iO 
CRs = Or. sURs 


: 
ey 


yeh = (oh 
Soy = * ue 


(Cay \Rx)= f(x) 


( NE 
vl Se ae =D Me mA oe 


nv 


W(x) = > VAS, 


(OU P= Dy (R-'x(UE,,) 


‘nt 


aie 0) = y {vn (X)o,,,(X) dx 


1 


i pp. 
bye ts 

Kv = v* 

T= Ko 

U*=UiUU,, Uy =— io, 


DIU = A VECO WAC) 


A(U,)= cD4(U), [c|=1 
Sl(a) jm) =(— 1)! |(a) 7, — nt) 
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symmetry map (One-to-one onto map of 
unit rays) 

extension of 7 to an arbitrary ray f 
unitary Or anti—unitary extension of T to 
vectors in Hilbert space 

image in JC’ of fE SC under A 

inner product of vectors in SC’ 
symmetry map in ‘{ corresponding to a 
rotation RE $O(3) in R? 

multiplication rule for symmetry maps 
{Cr} 

symmetry map in { corresponding to a 
unitary rotation UG SU(2) (quantal ro- 
tation group) 

group multiplication law for symmetry 
maps {0,,} 

action of symmetry map ©,, on functions 
defined on R?, where =U R in the 
homomorphism of SU(2) onto SO(3) 
action of unitary operator U on spin- j 
basis vectors 

generic state vector for spin-/ particle 


action of symmetry map 0,, on state 
vector V 

inner product of state vectors Y and ® 
of a spin- / particle 

time reversal operator 

action of time reversal operator on 
physical observables x, p, and J 


action of antilinear, anti-unitary com- 
plex conjugation operator Ky on state 
vectors 

decomposition of time reversal operator 
into a unitary operator % and the conju- 
gation operator Ky 

inner automorphism of SU(2) corre- 
sponding to complex conjugation 
unitary equivalence of complex con- 
jugate irrep [ /]* and irrep [/] of SU(2) 
general form of the unitary matrix A(U,) 
action of time reversal operator on an 
angular momentum eigenket 
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aie) 
WH 

wv 

AV V’ 
D(u), D(a) 
M(u), M(a) 


Te(A) = | fagu( D8") 
Pa ay (Xd ace a ea, 


ber 
fx. t= Box + —— 5 
((a’) j’nr'|(a) jm) 
((a’) j’m’|©|(a) jm) 
3 OK, 
(j.m).(J,M).(Lm), 
CEM) CS aiken 
IH @IC 
Oy 
SOT 
ID EIG2) 


\(7) 
Ue Oe C= 


[Jymys Jy) SS eet un = 


Aja) jm) 


% Piva UT 
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commutation property of time reversal 
operator and symmetry operators {0} 
of the quantal rotation group 

projective space corresponding to JC 
orthogonal complement in SC of a vector 
space V CH 

semilinear map of a vector space V C 
into a vector space V’C KC 
representations of unitary (w) and anti- 
unitary (a) elements of a group G in an 
n-dimensional (complex) Hilbert space 
real representation of G realized over 
2n-dimensional real Hilbert space 


X (group volume) ' Frobenius—Schur  in- 
variant 

transformation of a wave function 
under the operator ©, corresponding to a 


Galilean boost g 


bra-ket notation for inner product of 
angular momentum basis vectors 

matrix elements of an operator, ©, in the 
angular momentum basis 

direct sum of Hilbert spaces 1, i, 


angular momentum labels of vectors or 

operators in Hilbert space 

tensor product of generic Hilbert spaces 

tensor product of vectors ¢€ K and WE 

ae 

tensor product of operator S acting in 

with operator T acting in KC 

tensor product of angular momentum 

carrier spaces (1) and (2) 

unit operator in JC, (i) 

transformation of an_ irreducible 
tensor operator T’ under the action of 
Ves U2) 

=|Jf,71,) @| jm, ) uncoupled angular 
momentum basis of KC, (1)®* J, (2) 
caujplee angular iOnienitum “basis of 

HEH, (2) 
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(HO, ®) generic matrix element of an operator © 
ms between states |) and |®) 
ee EN) VR (ax) action of orbital rotation operator on 
analytic functions defined on R° 
CORN Sin, representation of SU(2)X SU(2) by 


unitary eperalons acting in IC @IC 
Qu nl )jm) = > Dey (U: Vj d2)j’m’) action of Oy, on cou- 


. Ve pled angular momentum basis of I@I 
(U,V)> DY2YU,V)= D1(U)@D27(V)_ direct product irrep of SU(2)X 
SU(Q) 


DYy2 2) (UE = 


jim , jm 


,(U) reduction property of irrep D2) under 
the restriction (U,V )—(U,U) to the di- 
agonal subgroup 


oi Ei os Din! a 


(iu) irrep of SU(2) 
Loess jPE, Gl Clebsch-—Gordan series for SU(2) 
“p(T ) domain of a densely defined operator on 


a Hilbert space SC 
(Tt )—{ 7] J there exists am #Sd0 such that (7, %¢)—(7, 2 ioral 


geN(T)} 
jie adjoint of 7; operator defined on ‘ by 
T*f=h, each fED(T*) 
T Hermitian (symmetric) Sn ee) andy si ioral) 
T=T* self-adjoint operator; T is symmetric and 


DMT )=O(T*) 


Angular Momentum and Tensor Operators 


| Weir Seen oro) orbital angular momentum operator with 
action defined on vectors in Hilbert 
space; generators of the group SO(3), 
basis of the Lie algebra of SO(3); total 
orbital angular momentum operator 


ee, square of the orbital angular momen- 
tum; Casimir operator for the group 
SO(3) 

I= (J, 5 Js) generic angular momentum operator with 


action defined on vectors in Hilbert 
space; generators of the group SU(2); 
basis of the Lie algebra of SU(2); total 
angular momentum 

A an ee Oe foe | square of the angular momentum J; 
Casimir operator for the group SU(2) 
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Lx L=ihAL 
Ase) al 


$=(4). oe) 
= Gi ee vey) 
Os (Si. Gy) 
Jae 
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vector form of the commutation rela- 
tions for orbital angular momentum L 
vector form of the commutation rela- 
tions for the dimensionless generators of 
the quantum rotation group, SU(2) 
differential operator realization of orbital 
angular momentum 

differential operator realizations of an- 
gular momentum 


=J,+i,,L. =L,+iLy, etc. raising and lowering operators; complex 


0 =(0). 05.03) 


X' GO =X,0, + X20, + X30;, 


AO 2 


J?| jm)= HG Wie® 


: | ji) = m| jm) 


extension of the Lie algebra of SO(3) or 
ae 


spherical components of angular 
ae 
oe a 1)X (27-71) unit matrix 
2X2 unit matrix 
Pauli matrices 
Cartan map x—x-o of points xER? 
onto 2X2 traceless Hermitian matrices 
component of spin o/2 in direction fi 
general element in the Lie algebra of 
SU(2); dot product of a vector aGR? 
with the angular momentum operator J 


ajJ5,@,J,—@,J,) vector product of a vector 


aR? and the angular momentum oper- 
ator J 

standard action of angular momentum 
operators in the space ag 


J.\jmy=[(g =m) jem+ lp 2| jm 1) 


HGP al 


T*(1)@ 1(2), 11) @T2(2) 


ok 
ou (J) 


angular momentum of “part” 7 of a com- 
posite system, 7=1,2.... 

tensor product of operators with action 
in the tensor product space 3G (1)® 
K,Q) 

tensor harmonic: pth component of an 
irreducible tensor operator of rank k be- 
longing to the enveloping algebra of the 
Lie algebra of SU(2) 

operations of forming the commutator 
of J;, respectively, J° with a tensor oper- 
ator 


List of Symbols 


JVB 1'72), Wr@y2) 


(es =) 

T’ S/ 

IE OM =e = a 
ee, 


K? = K,(K, +1)—K_K, =K,(K; -l)—K 


+18 ae oO 
me ag ay 
A 
Ky i95 


eo [(m—j)(m+j+ Ie, 
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matrix representations of the operators 
Jj@1(2) and 1(1)®@J; in the space JC, (1) 
@ i, (2) 
spherical components of a vector opera- 
tor ¥ 
generic symbol for irreducible tensor op- 
erator of rank J 
components of T’ (also called irreduci- 
ble tensor operators) 
generic symbol for a conjugate irreduci- 
ble tensor operator of rank J 
commutation rules for hyperbolic angu- 
lar momentum K=(K,, K,, K,); gener- 
ators of the noncompact group SU(], 1) 


Casimir operator of SU(1, 1) 
commutation relations for hyperbolic 
angular momentum in raising-lowering 
operator form (K.. = K, +iK,) 

K_ Casimir operator of 
SU(1,1) in terms of raising-lowering 
operators 


realization of hyperbolic angular 
momentum in radial integral problem 


notation for hyperbolic angular momen- 
tum occurring in Chapter 4 and Topic 6 


m+1+ action of hyperbolic angular mo- 
mentum operators on associated 


= [(a—j—-DOnty Je jm~1> Laguerre functions (see definition 
Heo © 53 of ®,,, under Functions ) 
Bw, = [ H3(H,— Meee elaelal = |® jm =j(j+1)® jm? 

®; 4;=0 


H_ 
A sa) 


o 
H,=(x-pt+p- “ayes 
A, (p Fae \/4 


z | 


N-dimensional harmonic oscillator reali- 
zation of hyperbolic angular momen- 
tum; generators of SU(1,1) noninvari- 
ance group of oscillator 
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IRE a evi), cih alee 

an ae 2 
M: ele? 
Mi) J er, 

(J, wT = = > a ie 
M,M, 

[Ski x T*2]* 


[Ss e143), 
T* (1) @T*2(2) 


((a’) j'm'| Ty (a) jm) 


(Ca) MIT" Ie) J) 


—4(aa+ aa) 

pa es 
a= >| 
(j=0, 


A ( iG) = (aaa) 
Cs! == Weg, ee 


2) 
j+m 


a m ( a 


SO) = SO, 


SS The ele 
Py = eee ee 

oo — Wy) — Ws 

5X 


ws = — 6(6 + dim) 


dim| jm)=(27+1)| jm) 


Jo 
M> 


ia 


== gf aallenss = 


— J} 


cart 


aba bs 
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SU(2)X SU(2) irreducible tensor opera- 
tor 

components of T'7”) classified by trans- 
formation properties under SU(2) sub- 
groups {(U,1)} and {(1,U)} 


components of T‘’'”?) classified by 


transformation properties under the di- 
agonal subgroup (U, U) 
relationship between the two sets of 


components of T'/'/2) 

irreducible tensor operator of rank & ob- 
tained by Wigner coupling of two irre- 
ducible tensor operators having a com- 
mon Hilbert space as domain 

uth component of [S*'x T*?]* 

tensor product of two irreducible tensor 
operators with action in JC, (1)@ IC, (2) 
matrix element in an angular momentum 
basis of an irreducible tensor operator 
Condon-Shortley notation for a reduced 
matrix element; matrix element of the 
SU(2) invariant operator corresponding 
tor? 

symplecton realization of the generators 
of SU(2) 


megs aS 


2 aaa characteristic eigenpoly- 


;) nomials for symplecton realization of 
SU(2) 

adjoint operation for symplecton 

transformation of characteristic eigen- 

polynomials under the adjoint operation 

characteristic equation for the commuta- 

tion operation QT=[T,J7] 

characteristic tensors defined by projec- 

tion operator method 


projection operator associated with Q 


definition of invariant operator eigenval- 
ues of Q 
definition of dimension operator 
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Angular Momentum Coefficients 


ae characteristic function defined by the 
Clebsch-Gordan series; 1 if irrep [c] is 
contained in the direct product [a]@[b], 
and otherwise 0 
CN Wigner coefficient; Clebsch~ Gordan 
coefficient; vector addition coefficient 
(see Section 12, Chapter 3, AMQP) 
NST) ee 
OM ior 2774 
number of times irrep [j+ A] is con- 
tained in [J]®[ /] 


INT(J®@ j; f+ A)= Ens jta= intertwining number; 


J Jy i =—/—1\/1—-f/2 +m ; =4 Sidod ae Fas 
e a i= pe yal) 7c) 6 o-y coctlicient [sce 
Eq. (3.182), AMQP] 
Uy tit, Ups Jim 
eet, TE Shae Regge array for a Wigner coef- 
(ee eS ee ficient [see Eq. (3.181), AMQP] 
7 (Gabe 2 ences Ficiont 
ACE) = C= a= bole aaa, triangle coefficien 


corresponding to triangle (abc) 


V(abc)=1/A(abc) reciprocal of triangle coefficient 
W(abcd;ef ) Racah coefficient [see Eq. (3.290), 
AMQP] 


ie ‘ 6] (Dh abed: ef) 6- j coefficient 


were j)=[((Qet+ 1(2j—26+ DPW j-7.4, j,b; j—9,¢) Racah coeffi- 
cient with dimension factors 


Jie 
Ss 9-j coefficient [see Eq. (3.251), AMQP] 
J ee BE 
Wy ied . 
Fo ee MM 9-j coefficient with dimension factors 
aes [see Eq. (3.250), AMQP] 
: e oJ Bigince P 1 eine Os) a 
Cia cinee  foey + | hehe ljij2./) matrix element of the 9-j in 
= variant operator 
a iD i 
= v6 J J 


Vie Sy dot Ay ares 
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JIj+& 
Ce M,m+M 


(- pow ip oN 


rid) qed = 
Cras if m, M,m+M 


Sue nGn eA . : 
UN neg See Te) 


sly) 


[jJ= DU) 
[LA 1SlAl=2,;¢, ,, L/] 
| ue ~{12aV]~*cosQ 


def 
p T 
> Tn Onk a 4 


2=|( 

h<h 
Ji Jods ae 
(Ee 


JidoJs 


0 
gets | 


Dan Y, n ) 


Di 


nim 


(U) 


Dae apy) 
Dial Ao, a) 


Do inlXo> X) 


op! 


mim 


(R) 
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generalized SU(2) Wigner coefficient (see 
jen 100) 

generalized SU(2) Wigner coefficient (see 
Topic 6) 

generalized SU(2) Racah coefficient (see 
joy, 8) 


SU(2) X SU(2) Wigner coefficient (see p. 
Ot) 

irrep of SU(2) 

Clebsch-Gordan series for SU(2) 


Ponzano-Regge asymptotic form of 6-/ 
coefficient in terms of volume and an- 
gles of the (irregular) tetrahedron (see 
Topic 9) 


Robinson’s association of a 6-7 coeffi- 
cient with an element of the projective 
space PG(n,2) (see Topic 8) 


Functions 


matrix elements of rotation matrix D/ of 
the quantal rotation group SU(2) ex- 
pressed in terms of the rotation angle y 
and the direction fi 

functions defined by irreps (“irrep func- 
tions’) of SU(2) realized as homoge- 
neous polynomials in the elements u;, of 
UE SU(2) 

irrep functions of SU(2) expressed in 
terms of Euler angles 

irrep functions of SU(2) expressed in 
terms of Euler—Rodrigues parameters 
extension of irrep functions of SU(2) to 
arbitrary points (x ).x)€R* (quater- 
nionic variables) 

irrep functions of O(3) expressed as 
homogeneous polynomials in the ele- 
ments R,, of RE O(3) 
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dm B) irrep functions of SU(2) depending only 
on the Euler angle parameter B 

Pee) a) Jacobi polynomials in x 

ye ba) spherical harmonics on S? 

YX) solid harmonics in x ER? 

Se). solid harmonics phased according to the 


time reversal operator convention for 
angular momentum eigenkets 

P/"(cos B) associated Legendre polynomials in cos 

77 (eOs ))) Legendre polynomials in cos 6 

Dit (U), Di* (ay), Di*,(Xo.X) complex conjugated set of values of irrep 
functions of SU(2) 


DAU), Dib, 7), D(aBy) (7 )x(2) 4) unitary matrix Wurep 
of SU(2) 

DA(U)@D2(U) matrix direct product of irreps of SU(2) 

Dip, A)@D2(W. A) 

TES. tensor solid harmonics in x ER? 

x(U)=tr DU) trace (character) of irrep j of SU(2) 

Ser ea) . 
CO = yo (eat ) al associated Laguerre polynomials (see pp. 
gel ? 304-306) 
fn = eal xiPe ~x/27%x) associated Laguerre functions 
: GEE ee 1) 

® (x)= oe a x) associated Laguerre functions labeled in 
terms of hyperbolic angular momentum 
labels 


2 : : 
R,(ry=(— DS [x 2,020) =2/n Tadial hydrogen atom functions 
= 


Sil Lose an Ona e N-dimensional harmonic oscilla- 
m=(2n+N)/4, v ay tor radial functions 


Hite parae (her Nod Isr) Bessel functions [regular spherical, out- 

IG aes going, spherical (irregular), of the first 

pe kind, hyperbolic (finite at origin), hyper- 
bolic (zero at infinity)] 


Gz) gamma function 
ay Bess) a, [o8) (a ) eee (a ) n 
I7n ply Z : : 
is a= ©) . generalized hypergeometric 
oe Cline ee n=0 Cae (a) n! 


function with p numerator and q de- 
nominator parameters 
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Notations Associated with Wigner and Racah Operators 


ie ep ' 
| m,, , My 2m, 2M, U(2) Gel’fand pattern 


F=E(My —My)/2, MM, — (My TMy) /2 SU(2) labels (jm) associated 
with a U(2) Gel’fand pattern 


| m2 my i iy = Maas Maa lee mis] basis of U(2) irrep space 
; 2j 0 
jm) = ( aa | ) relation between standard ket notation 
J and Gel’fand pattern notation 
J+A SU(2) unit tensor operator, Wigner oper- 
J 0 ator; action defined in angular momen- 
J+M tum representation space K = K,® 
OI Oo 
_ 14, A, 
(A) = | W, shift pattern of an SU(2) Wigner opera- 
tor 


[A alia SA Wo =| Fa | 
2] 0 = : Wi 2 { Bee JTS $e 0 0 : : 
| j+m )=[U+mG m)!] a, a4 0 boson realization 


of angular momentum ket vectors 


. 
1 0) Jit =01 fundamental Wigner operators 
i 
were Racah invariant operator in ‘ corre- 
sponding to coupling of unit tensor oper- 
ators 


Wer( j)=6, 4.4 [2+ 1(2j—26+ DP W( j—7.a. jb; j—e,c) eigenvalue 
of a Racah invariant on the state | j”7) 


Ht ay Dina J+A pia Ata, 
Ce ae VAG oy ee ANT 
= #X(NPCF)XD_~!X(polynomial) canonical form of a Wigner coef- 
ficient 
Per NEG Dre pattern calculus factor, numerator pat- 


tern calculus factor, denominator pattern 
calculus factor 
Pp Oa = partial hooks 
PAA hae ae ee ae polynomial part of a Wigner coefficient 
oy oe = ee ||), 
25 =P) Pa 
Diaias\€ Pirs P22) denominator of a Wigner coefficient 
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Ny-a-v2 characteristic null space of a Wigner op- 
erator 

A ie characteristic operators associated with 
normalization of Wigner and Racah op- 
erators 


cs PN ae 
=e Pees J 
characteristic values of operators Ij, etc. 


Gey oS —— 
pe (j ) ~ eit aaj+pto8j,b, j+o on State | jm) 
ef aie 
Di 0 conjugate SU(2) Wigner operator 
Jaa 
My 
M,> M,, U(2) Wigner operator 
M, 


Gelfand pattern label of a U(2) Wigner 
operator 


W,=M,,. W,=M,,+M,,—M,, weight [W,W] of a U2) Gelfand pat- 
tern 


M | operator pattern label of a U(2) Wigner 
— operator 


A= Vig 8a = i 1 1, shift pattern [A,A,] of an operator pat- 


tern 
Jie Os Jae iNA 
i, = » Ci iim 2J, 0) @/ 25, 0 SU(2) Xx 
MM, en, J,+M, 


SU(2)X SU(2) tensor operator with shift 
DPROPCINES i) = Jian, yo, 
ates ; Jae is a 
Dal OS(s oy 0\@( 2 0\ — definition 
Ja M JaM J+M 
of an SU(2) (unit) Racah operator 


[|= ke A’ me | = ae te eee shift pattern of an 
SU(2) Racah operator 
ees 
{24 ofl na dimy =I) +28 N24 +DF 
dpe 
WG eek, Joey a 2 tA) jm) action of a Racah 


operator on the coupled angular 
momentum basis of KO@UH 
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p 
{ of p,o—0,1 fundamental Racah operators 
0 
ee ee >m,,2m,=2m,,_ extended Gel’fand pattern 
my, Wie. eee age) 21 
he Tay angular momentum labels in terms of 
= Or —m,,)/2, entries mi; in an extended Gel’fand pat- 
J=(my +m —mMy ~My, )/2 oa 
Dy 0 
o ee Rk ee oe , =lhA hj) notation for the equivalence 
Ogle) ee ae ee) class of basis vectors {|(j,j.)jm):m= 
Js Boo, = 
atp F 
{20 of Racah operator with action defined in 
ato the tensor product space H@IC 


ae ee 
m, +A, my, +45 


ee Die Wis 
2J 0 my M5, 
J+A’ 


=((2j, +2A4+ N24 + DPW, fs Fas is tA) 
= #(NPCFXD~'XD’~'XP,(A; p) general matrix element of a Racah 
operator in standard and canonical form 


Pah) polynomial part of a canonical Racah 
coefficient 

D' yay Piv Pav) second denominator function in a Racah 
coefficient 

Ni. (K,H), operator realization of the “parts” of a 

Pe de Kool, i" canonical Racah operator in terms of the 


generators of SU(2)* SU(2)* SU, 1) 
(numerator pattern calculus factor, poly- 
DiC) nomial, first denominator, second de- 
_ nominator) 


Di, +K;), 


2j+1 1 ; 
|jmpK » = [ae 2(det A)" 47 EDA) | 0» boson operator 
J ; J} realization of the basis of {@S3C on which 
J, K, and H have the standard action 
if tail is in top row, 


cd rule of the pattern calculus 
if tail is in bottom row 


jam [a]-array notation occurring in the irrep 
pea functions (elements of the rotation ma- 
trix) of SU(2) 


nl a 
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{a]-array notation occurring in the expres- 
sion for a general Wigner operator as a 
sum of monomials in the fundamental 
operators 


9-j invariant operator with action defined 


in tensor product space H® IC 


p’ @” 


MN [ j a ( A uy | oa ] SU(2)X SU(2) Racah invariant operator 


Boson Calculus 


aa harmonic oscillator Hamiltonian; generic 
Hamiltonian 

P.4 conjugate linear momentum and posi- 
tion operators satisfying [ p, qJ=— th 

a,a creation and destruction operators, re- 


spectively, for harmonic oscillator satis- 
fying [@, a}=1; boson and conjugate bo- 
son operators 


m,@ mass, angular frequency parameters of a 
harmonic oscillator 
N=aa number operator 
Ap, Aq dispersion in momentum, position 
a Hilbert space of states of the harmonic 
oscillator 
i=) ET naan (Con) n-component boson operator a 
KH, = H®--- OH Hilbert space of state vectors in n bosons 
‘ Cia, 
X= X;;4,4; Jordan-Schwinger map of an n Xn ma- 
i,j=l trix X into a boson operator ? yin JC, 
n 
G=f,= > aa, ! 
; : 2 ik Euler operator in JC,,; number operator 
|O» vector (vacuum ket) in JC such that a,|0) 
=), = Aycooa 


(0| F*(a)G(a)|0) =(F |G) =[F*(0/08)G(S)]¢=0 inner product in K of 
state vectors |G)=G(a)|0) and |F)= 
F(a)|0 

a) Jordan-Schwinger boson operator reali- 
zation of generator J=(J,, J,,J;) of 
SU(2) 
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lm Pol @ys a,)|0) 
(n=j,...-/) 
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subspace of vectors in J, of the form 
P(a,, 4)|0), where P(a,, ay) is a homo- 
geneous polynomial of degree 2 / 
standard orthonormal angular momen- 
tum ket vectors spanning ‘ °/? 


Bute Can rae) a ae boson polynomials defining 


J, =a,a,,J_=4a,a,, 


J; =(a,a, = a,a,)/2 


ESTE (soc oH) 
(Cea ee) 
Aq-(a (ia le) 


X=, =trace(AXA) 


E;; (i, j=1,...,7) 


Y—& ,=trace(YAA) 


Eee BAN.) 


ser 2 2 ey 
det A=aj3°:,, 


ye Ge 
Ry A> AV=R CA) 


Jo Ey en, 
Jy =3(£\, — Ey) 

Ke = k pe! 
K,=}(E"'- B”) 


the basis vectors | jn7) 


realization of the SU(2) generators in 
terms of the boson a =(4,. @2) 


unitary operator in JC, giving the stan- 
dard unitary irrep J,, — D/(U) of SU(2) 
when acting in the invariant subspace 
“ey 


n-component boson operators 


n Xn matrix with n? bosons as elements: 
matrix boson 

generalized Jordan map of an n Xn ma- 
trix X into boson operator acting in J,,>; 
generator of left translations 

basis of the set of boson operator maps 
{Ef y: X =(x;,;), x,,EC}; left boson oper- 
ator realization of the Weyl basis of the 
Lie algebra of U(n) 

generalized Jordan map of an n Xn ma- 
trix Y into boson operator acting in ‘K,,>: 
generator of nght translations 

basis of the set of boson operator maps 
{Ry Y=(yp)s YapEC}; right boson 
operator realization of the Weyl basis of 
the Lie algebra of U(1) 

determinant of the n X » matrix boson A 
left and right translations of the n Xn 
matrix boson A by unitary matrices 
U and V 


unitary operator realizations in ‘> of 
left and right translations L,, and Ry, 
generators of unimodular left transla- 
tions &,, in H,, UE SU(2) 


generators of unimodular right transla- 
tons, 1m J. VesuQ) 
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Ca bo — . . 
Co eee generator of phase transformations in 
Ji 4; number operator, Euler operator 


Say ee aa 2 : . 6 
Jb SI TO boson realization of hyperbolic an- 


im Ode aya, gular momentum; realization of the gen- 
H;=4(a\a\+aha)+a2a?+a}a3+2) erators of SU(1,1) in the Hilbert 
space IC, 
DE a) boson polynomial obtained from the 
representation functions D/. (U) by the 
replacement u,, > a/ 
; litt 20 Ae lee BN 
| jmpK) = a <5 ] im) =|(j1A)im) 
ee ee ae ane licit basis of K 
ie Se a ui A)|0) explicit basis of K, 


on which the boson operators J, K, and 
H have the standard action 


Notations Associated with Special Topics 


(e765, 6.) triad of unit orthogonal spherical basis 
vectors 

Bay) magnetic field of monopole g located at 
the origin 


LE ed Ik IIL TO hemispherical regions covering the sphere 


of fixed radius r with overlap region R,, 


a 


bcos 
A= ee each PSR. 
A= = ee 50) definition of vector potential 
eee ,each PER, Yielding B= Vv XA 
p rsin@ 2 


A,—A,=22V¢, each PER,, difference of vector potentials is a gauge 
transformation in the overlap region 
ee ie =— +(integer) Dirac quantization condition 
a=p—(e/cA Hermitian sectional operator 
J=J,=xx(p——A,)—“é,=L—pK, in R, definition of total angular 
@ 
J’=J, =x x (p— Sy ywé,—L—pK’, in R, momentum of electron in 
@ 
monopole field 


L=xxp operators used in defining the total an- 


ular momentum 
K=— (xx A,) +6, e 


| : 
BS ale, 
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2 
l= ls x (p— “a)| +p? =J?+J7+J; total angular momentum oper- 
c 
ator squared 


PO= S,,00,(x), each xE R,, relation between wave functions in the 
overlap region 


Je5p, = Spgue mNOR, relation between angular momentum 
operators in the overlap region 
See transition function 
Galen ee, (¢,9,—),in R, — sectional eigenkets of the 
Jmp) = 

Di*_, ($06), in R, angular momentum J 

a =e) |e differential scattering cross section 
iea} 

{(k, 0A)=k7' SF 14+ 1)a,(k)P,(cos@) scattering amplitude in partial 
uN wave expansion 

—sin8,= f Id kr’)o( kr’ Vr)r? dr’ phase shift 

a(k) poles of the scattering matrix in the 


e complex /-plane 
(n't \r*|nl)= f rNldrR Cr yr*R, (7) radial integral for harmonic 


oscillator 

U=exp(iip/h). Weyl’s unitary operators corresponding 

V =exp(ipx /h) to canonical operators p and x 

OV = eee Heisenberg commutation relation in 
Weyl form 

(AY =(p|AlW) expectation value of an observable A in 
the state |p) 

(e455. = (y|(A- (AY)? |p) dispersion (squared) of an observable A 


in the state |) 
(Ap,) =(\(p,-(p)) |v). dispersion in momentum p, and con- 


CO Sle eyes enn 


A p, Ax; 2h, Heisenberg uncertamty relation 
2 


S01) 
Wa, b, stan) texp—| SS family of minimum uncer- 


tainty states of p.x 


AC[0, 277) space of absolutely continuous, square- 
integrable functions on the interval 
[0.27) 

AY RIL) dispersion in the angular momentum 


operator L,; expectation value of L, 
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[ L,.sin¢]=—icos¢, commutation relations for L, = —10/d@ 
[L,,coso]=ising and the cosine and sine functions of the 
: canonical angle variable @ 
Ynl@=N gee cio family of minimum uncertainty states 
for L,,sing 
UV = WvU commutation rule for “conjugate” 


unitary transformations (U,V )in a finite- 
dimensional Hilbert space (e= Nth root 
of unity): discrete Weyl system 

GN eG 2.2. NV} Schwinger’s bra-vector basis 


C1 ee eeecanonicaleactionrat 


N-1 
(v'|=N—? > ¢a'je 27” gelation of eigenbras of V to basis {(a*|} 
(2p 
Co 1 = | canonical action of U 
(L?)?,~=—sin '[cos6/(1—L3, /L*):], classical canonically conjugate an- 
L3.x=—sin”'{L,/(L?—L4):] gular momentum variables 


yar? ae 
UE les (A il) ee quantum mechanical canonically con- 


Q),Q, jugate angular momentum operators 
pO and 2O ior sO.) angle: 
variables 

aes 
2 0 \ = e402 +2) HEAP, P,) polar decomposition of vector 
l+p Wigner operators 

N, = 4,4, Ny = 474, number operators 

Pe (Nia, )/ 2, boson realization of angular momentum 

Pe (N, = N52 operators P,, P, 


boson realization of angle operators 


oa els 
Q),Q0 


Baas |( M1) Nj) 
Se Nar 1) ?=(N) 2a, boson shift operators 
5=a(N,) *=(N +1), 


Be SSeee 2) — 51,5), realization of angle operator in terms of 

pia She (= Sin boson shift operators 

|m,cosq,) |m,sin q,) eigenstates of the angle operators cos Q, 
and sin Q, ; 

DUCT a) tensor product space J(,® ++: @K, 

{(j\jo°°*J,)°: B is a binary bracketing} generic notation for a coupling 
scheme 

[Cee GE = hi, hike a kn—2)Jm) ; generic notation for a state 
vector in {(j,---J,) in a specific cou- 


pling scheme 
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CE Gay ORONO) 2COF).- generic notation for a transformation 


|(ABC)[(ab Ja Clin > 


coefficient between coupling schemes 
state vector in the coupling scheme (A + 
B)+C=J 


({[(ab) ,c] 4} M[C4e),(64),] > typical notations for transformation 


([(4b) (cd) .I[(4c),(b4),] ¢) 


ay ay a0 a, 
b b, 

Cy oD Cn 

ay ay a, 
b by 

C| Cy C,, 


coefficients 


b, > 3n-j coefficient of the first kind 


, | 3n-7 coefficient of the second kind 


Miscellaneous Mathematical and Physical Symbols 


e=——1.60X107!? coulomb 


oe 


mn 
Bs 


ijk 


sign(t —/), T,2=0, 1 


[A, B]= AB— BA 


[A, B) 4) =[4,14, Bly ry] 
[A, Blo, = 8B 


£ dA 0B 0A OB 
ls > | 0g; 9p, 9p; 9q; 
(2 )=2(z-1)---(2-aFl)/a! 
(2) =2@2 1 1) 2a 


[2],=22—1)-+-(z-at)) 


Dirac’s notation for Planck’s constant h 
divided by 27; basic unit of angular 
momentum 

charge of the electron in rationalized 
MKS units 

Kronecker delta 

+1 (—1) for ik an even (odd) permuta- 
tion of 123; otherwise 0 

ap ll jor p22 =| lor pei 

ordered -tuple 

unit operators 

n Xn unit matrix 

Cia) X(27 4, unit matrix 
commutator of operators or matrices A 
and B 

multiple commutator of operator A with 
operator B 


Poisson bracket of observables A and 
B 


binomial function 

Pochhammer’s symbol for a rising fac- 
torial 

falling factorial 

quaternionic basis elements 

general quaternion 
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GG Git = GaJ = Wak 
MqQ)=4 =a +4 +45 4+45 
TG) ae 

dS(n) 


dw = dosiné dé 
dQ, dQ, 

AU AS 

oe 
 =RW-algebra 
su(1,1) 


OxX—xX) 
U(a)f(x)= f(x—a) 


Sila 


conjugate quaternion to q 

norm of a quaternion q 

unimodular quaternion 

differential surface area of S? at the 
point AE S* 

differential surface area of S? at the 
point 4 =(sin @cos ¢, sin #sin@, cos #) 
differential surface area of S? at the 
point (%5,%)— Ug, x) e502) 
conjugate of an operator 

complex conjugate of zEC 

algebra of SU(2) Wigner operators 

Lie algebra of the Lie group SU(I, 1) 
Dirac delta function 

action of the unitary displacement oper- 
ator U(a)=e '*"°/* on a function f:x—> 


f(x) 
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215, 238-240 
Hamiltonian function 
electric and magnetic charge, 206 
formulation, 204—208 
Hamiltonian graph, 464, 468 
Hardy's theorem, 350-351 
Harmonic oscillators 
family of minimum uncertainty states, 
311, 312 


radial integrals, 300-303 
Heisenberg commutation relation, 319, 320 
“fallacy” for, 316, 317 
Wevl form, 309 
Heisenberg uncertainty relation, 308, 349 
and Hardy’s theorem, 350 
Hermitian matrix representation, 181 
Hermitian metric, 228 
Hermitian operator(s), 189, 207, 248, 
437-439 
on sections, 214 
Hermitian sectional operator 
commutation properties, 220 
Heron's formula, 413 
Herring metric, 182 
High-energy scattering, 267, 274 
Ishilogiri Spee. ts, 33), 35), 30, OS, WZ, WSke, 
174, 187, 248, 320 
angular momentum states, 13, 17-22, 32, 
36, 47, 48, 126, 127 
basis vectors, 14. 127. 183 
boson operator realization, 13-17, 124-131 
coherent, 160 
corepresentation in real, 196-198 
dense domain in, 310, 314 
direct product space, 95 
extended patterns, 103 
inner product, 161, 162, 165, 249 
involution of operators in, 32 
mapping of rays, 159, 164 
mapping of vectors, 160. 171-174 
over a field F, 167, 168 
quantum mechanics, 32 
quaternionic, 168 
rays of, 159, 160 
structure for fiber bundles, 213 
Stueckelberg’s analysis 
of quantum mechanics in real Hilbert 
space, 168, 184, 349, 350 
subspaces of, 165, 187 
tensor product, 95, 436 
Hilbert—Schmidt class (operators), 323 
Holstein—Primakoff realization, 251, 252 
Hooks, 117 
Hurwitz division algebra, 184 
Hydrogen atom, 304 
Hypergeonietnic functions 
generalized, 429-434 


i, aS Operator in quantum mechanics, 184 
Idele and adele groups, 323 

Incident point and line, 463, 468 

Inner functions, 340 
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Inner product 
in Hilbert space, 161, 162, 165 
multiplet averaging, 72 
of sections, 213 
symplecton states, 245 
Integral(s) of motion (monopole), 203 
energy, 203 
momentum, 203 
see also constants of motion 
Intermediate angular momenta, 441, 445, 
446 
Interpolating functions, 271 
Intertwining number (INT) 
definition, 20 
Invariant operator(s) 
bounded, 35 
as eigenvalues, 261 
in orthogonality relations, 19, 20, 22, 78, 
99, 132, 134 
Racah invariant, 23-27, 111, 135, 136 
as scalars in the vector space of tensor 
operators, 33, 34, 38, 61, 112, 113, 135, 
DSS), HOS 
SU(2)XSU(2) Racah invariant, 131 
unit Racah operator, 98-100 
see also Casimir invariant 
see also Frobenius—Schur 
Involution 
of operators in Hilbert spacc, 80 
Irreducible proposition system, 168 
Irreducible tensor, 260 
definition, 12, 40, 41 
Irreducible tensor operator in SU(2) X SU(2), 
Domai 
Irreducible tensorial sets, 18 
Irrep(s) 
complex, 186 
potentially real, 186, 196 
pseudo-real, 186 
real orthogonal, 198 
unitary, 185 
Isomorphic graph, 463, 464, 469, 470 
Isomorphism between opcrators and state 
vectors, 244 


J= >} coefficients, generalized, 294 
Jacobi functions, 356, 471 
Jacobi identity 
as analog to B-E identity, 32 
Jacobi polynomials, 88, 130, 404, 416 
asymptotic limit, 409 
and Racah coefficients, 130 
Jacobi relation, 220 
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Joining condition, 396 
Jordan algebra, 168 
Jordan mapping, 13, 15, 17, 23 
Jordan—Schwinger realization, 244, 245, 251 
JWKB approximation, 401 

for rotation matrices, 404—408 

see also rotation matrices 


Kinctic momentum, 214, 215, 220, 224 
as Hermitian operator on sections, 220, 
2D) 
Kramer's degeneracy, 196 
Kronccker product, 7, 81, 353, 357, 359 
of irreps, 353 
SU(2) irreps, 20, 91-94 


Labeled arrow pattern, 50, 51, 57, 59, 65, 
113-115 
Labeled graph, 463 
Ladder operators on sections, 215 
Lagrangian function, 205 
in quantum theory, 38] 
Left ideal, 37 
graded maximal, 35 
see also graded maximal left ideal 
Left mi-section, 225 
Legendre expansion 
integral representation, 282 
relativistic generalization, 274 
Legendre function, 417 
asymptotic form, 269 
for scattering amplitude, 267 
Legendre polynomials, 268, 411, 417 
Legendre series, integral representation, 282 
Lexical patterns, 10, 11, 69, 108 
Lexicality zeros, 80 
Lie algebra, 174, 335 
graded, 252 
noncompact Lie groups 
unitary irreps, 276 
SU, 1), 276, 277 
and radial integrals, 284-306 
Linear connection, 228 
Little group, Poincaré group 
SU(2), 274 
SUC, 1), 274 
E(2), 274 
Lloyd's theorem, 184, 185 
Local trivialization of a bundle, 229, 240 
Lorentz force law, 203 
Lorentz transformations, 174 
Low-energy scattering, 267 
Lowering operator for SU(1,1), 280 
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Magic squares 
and projective geometry, 367, 368 
as semiring, 367 
and Wigner/Racah coefficients, 366-368 
see also Regge array 
Magnetic charge, 202, 208 
vector potential, 203 
Magnetic field, 203, 209 
monopolar, 202 
Magnetic monopole, 202, 221 
vector potential, 208, 209 
wave function, 210 
sectional eigenkets, 215-218, 240-242 
Mandelstam—Chew viewpoint, 272-275 
Mandelstam variables, 270-272 
Mapping, 
between binary and trivalent trees, 465 
pairs of labeled binary trees to cubic 
graphs, 461—469 
of rays in Hilbert space, 159, 160 
between U(2) and SU(2) Wigner operators, 
82-85 
of vectors in Hilbert space, 160 
see also trees 
Mapping diagram, commutative, 453 
Matrix boson realization 
of unit Racah operators, 124-131 
Matrix elements 
fundamental Racah operators, 106 (table) 
fundamental Wigner operators, 14-17, 
5] 
and the pattern calculus, 49-52, 57-66, 
113-117 
of Racah operators, 102, 118, 137, 141 
of Wigner operators, 14, 64, 84 
Maximal ideals, 39 
Measurement theory, 167 
Meromorphic function, 273 
Method of steepest descents, 392, 397 
Metric operator, 182 
Minimal coupling, 229-230 
and complex line bundle, 227-242 
geometric meaning, 227 
Minimum uncertainty relations, 307—349 
for angular momentum, 313-349 
three dimensions, 323-349 
two dimensions, 313~319 
for position and momentum, 307—313 
Minimum uncertainty states 
for angular momentum, 313-349 
for number and angle operators, 341-349 
for position and momentum, 310-313 
Momentum, angular 


and canonical angles 
classical, 325-327 
quantal, 327-335 
Momentum-energy conservation, 273 (fig.) 
Monopolar harmonics, 201-227, 240-242 
differential equations, 217 
rclationship to SU(2) representation 
functions, 221-226 
Motion reversal, see time reversal 
Multigraph, 463, 467 
Multiplet averaging, 72, 73 
Multiplicity-free group, 81] 
Multiplicity problem, 82 
index set, 438 
and recoupling theory, 438, 439 
Multipole operators, 72 


9-7 symbol, 6, 457 
Racah coefficient form, 458 
Wigner coefficient form, 458 
Nonabelian gauge field theory, 221 
Nonoriented binary tree, 448, 449 
see also tree 
Nontrivial zeros (tabulated) 
of the 3-7 symbol, 428 
of the 6-/ symbol, 420-427 
Norm, of operator, 33 
Normalization 
as requirement for determining Wigner 
operators, 79 
symplccton states, 249 
Normed ring, 33 
NPCF, see numerator pattern calculus factor 
Null space 
accidental null space, 79, 80, 109, 416 
characteristic null space, 26, 105, 108, 109, 
120-122, 134 
properties of Racah coefficients, 120-122 
properties of Wigner coefficients, 47-89 
of RW-algebra, 47-89 
structure theorems, 75-80, 122 
of a tensor operator, 20-22, 38, 40, 47-89, 
263, 264 
trivial null space, 80, 107-109, 122, 133, 
134 
umit Racah operator, 105-109 
of W-algebra, 120-122 
Wigner operator, 47-89 
Null space form 
Racah coefficient, 138-145 
Wigner coefficient, 64 
Null space properties 
Racah coefficient, 118-123 
Wigner coefficient, 20-22, 47-89 
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Number opcrator, 16, 335-337 
Numerator patterns, 62 
Numerator pattern calculus factor, (NPCF), 
64-66, 73-77, 80, 113-115, 119, 120, 
123, 138, 141 
definition, 65 


Operator(s) 
adjoint, 350 
angle, 327. 341 
canonical, 328-340, 345 
angular position, 313, 314 
anti-unitary, 160 
boson number, 335 
bounded, 309, 314, 315 
conjugate angle, 335, 336 
discrete, 340 
Hermitian, 350 
nonnormal in physics, 339, 340 
number, 16, 335-337 
orbital angular momentum and conjugate 
angle, 327 
orbital rotation, L;. 313-317 
self-adjoint extensions, 316 
position, improper eigenvectors, 317 
projection, 262, 321, 341] 
Dirac, 338 
Racah invariant, 25 
on sections, 214 
self-adjoint, 350 
shift, 14, 99, 133, 259, 264, 337 
symmetric, 350 
symmetry mapping, 159, 160 
unbounded, 314, 350 
unitary, 160, 171 
unit Racah, 99 
vector Wigner, 330 
Weyl form, 309 
Wigner, 14 
see also angular momentum 
see also Racah operator 
see also Wigner operator 
Operator pattern(s) 
extremal, 60, 65, 112 
labels, 29 
Racah coupling of, 28, 29, 111, 135 
see also Racah invariant 
Operator ring 
completeness of, 33 
Orbital angular momentum 
see angular momentum 
Ordered product of angular momentum 
labels, 440 
Orthocomplementaticn, 168 
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Orthogonality relations 
9-7 invariant operators, 134 
9-/ coefficients, 134 
Racah coefficients, 27 
Racah invariant operators, 26, 43, 44 
Racah opcrators, 99 
SU(2) X SU(2) Wigner coefficients, 93 
Wigner coefficients, 19 
Wigner opcrators, 19 


Pairwise coupling of angular momenta, 
440-450 
see also binary coupling schemes 
Parentheses problem, 440, 477 
Parity operator, 185 
Partial hooks, 50 
Pascal’s theorem, 360 
Pasch axiom, 360 
geometric construction, 361 (fig.) 
Pattern 
denominator, 62 
numerator, 62 
Pattern calculus, 47-52, 57-66, 113-117 
arrow pattern, 49, 57-59 
associativity, 62 
extended patterns, 103-105, 113 
rules 
for fundamental Racah operators, 
103-106 
for fundamental Wigner operators, 
49-52 
generalization, 57~60 
for general Racah operator, 113-117 
for general Wigner operator, 57-66 
Pattern calculus factor (PCF), 49-52, 57-66, 
114-115 
defined, 60 
Pattern coupling of Racah operators, 111 
Pauli matrices, 178 
as generators of SU(1,1), 267 
PCF, see pattern calculus factor 
Permutation of angular momenta, 441, 442, 
445-448, 465, 469 
Peter—Wcy] theorem, 185 
Phase, 170, 171, 445 
arbitrariness of in quantum mechanics, 
158 
freedom of, and rays, 158 
Phase conventions 
Racah coefficient, 112 (AMQP), 158 
(AMQP) 
rotation matrix, 181 
solid harmonics, 184 
time reversed angular momentum states, 


527 


183 
Wigner coefficient, 18, 183, 184, 186, 
80 (AMQP) 
consistency with time reversal, 184 
Phase factors, 171, 190, 219 
time reversal, 186-188 
Phase invariance, 385, 386 
Phase transformation, 457, 460 
see also binary bracketing 
Physical tensor operators 
algebra of, 258-265 
null space aspects, 263, 264 
see also tensor operators 
Planar diagram, 462, 467, 470 
see also graph 
Planck relation 
and Galilean symmetry, 190 
Pochhammer notation, 56 
Poincaré group, 174, 191, 274 
Poincaré irreps, 275 
Poisson bracket, 205, 314, 324, 325-328, 
33 
relations, 204 
Polar form, 334 
of vector Wigner operators, 334, 336 
Polynomial P, 
determination from its zeros 
Racah coefficient, 148-153 
Wigner coefficient, 85-87 
reflection symmetry, 122 
proof, 143-145 
Ponzano—Regge asymptotic relations 
proof 
for B-E identity, 388-393 
for orthogonality relations, 399, 400 
for Racah sum rule, 393~399 
for 6-7 symbol, 384-400 
symmetry properties, 385-388, 
in transition and classically forbidden 
regions, 400~403 
Position-momentum uncertainty relation, 
307, 309-313 
see also unccrtainty relations 
Positive linear functional, 36 
Positivity domains, 168 
Potential scattering, Regge treatment, 
266-272 
Potentially real irrep, 186, 196 
Principle of complementarity, 308 
Probability amplitude, 157, 158, 369 
interpretation in classical limit 
of Racah coefficients, 376-379 
of rotation matrices, 370-371 
of Wigner coefficients, 371-376 


Projection operator, 262, 263 
Projective dimension, 169 
Projective geometry, 353-368 
Desarguesian, 357 
fundamental theorem, 166 
Moufang, lock-incidence, 357 
PG(n,2), 359-365 
and the 6-/ symbol, 356-358 
and the Wigner symmetry theorem, 
164-169 
and the Racah sum formula, 394 
Projective representations, SO(2, 1), 279 
Projective space 
and magic squares, 366-368 
RGD), BSS) 
and Racah’s sum rule, 394 
see also projective geometry 
Proper orthogonal group, 173 
see also SO(3) 
Propositional calculus, 167, 168, 188 
Pseudo-real irrep, 186 


Quadrupole operator, 72, 73 
Quantal rotation group, 171, 179, 340 
Weyl method, 171 
see also SU(2) 
Quantization of length, 410 
Quantum mechanical monopole problem, 
237-240 
Quantum mechanics, 168, 184, 186, 188, 
369, 401, 410 
exceptional type, 168, 169 
generalization of, 220 
quaternionic, 168, 169 
relativistic, 187 
semiclassical approximation for, 401 
symmetry map, 159, 160 
von Neumann’s axioms, 168, 187 
Quasi-ambivalent group, 81 
Quaternions, 168 


Racah algebra 
see W-algcbra 
Racah coefficient(s), 25, 31, 80 
accidental zeros, 415-419, 420-427 (table) 
association with a complete quadrilateral, 
355 (fig.) 
association with a tetrahedron, 355 (fig.) 
asymptotic limit, 359, 367, 379, 416 
symmetries in, 385-388 
as basis for 3n-j coefficients, 455 
Biedenharn-Elliott identity, 31 
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canonical form, 118, 119, 122, 128, 
138-143 
classical limit, 379, 382, 384, 411 
as Jacobian determinant. 411 
as complete quadrilateral, 355-358, 394 
continuation, 122 
coupling of triangle functions, 250 
as crossing matrices, 282 
degencrate, 362, 363 
diagrammatic interpretations, 354-358 
as discretized angle functions, 410 
explicit forms, 138, 430, 498 
as figure in projective plane, 394, 395 
fundamental, 106 (table) 
generalization, 123 
as generalized Jacobi polynomials for 
discretized angle space. 416 
geometrical interpretation, 359-366 
geometrical representation, 388, 389, 470 
as hypergeometric series, 430 
hypergeometric series and orthogonal 
polynomials, 434 
as Magic square, 366-368 
mod2 map, 362, 363, 365 
degenerate, 362 
multiplication rule, 363 
Racah identity, 364 
multiplication properties, 355 
nontrivial zeros, 415-428 
nonvanishing, 360 
null space form, 138-145 
null space properties, 120-122 
orthogonality, 27 
phase 
in asymptotic limit, 384 
phase invariance under Regge symmetry 
in asymptotic limit, 385 
physical interpretation, 376-381 
Ponzano-—Regge asymptotics, 381-383, 
383 (fig.), 408-413 
as probability amplitude, 376-379 
and projective geometry, 356, 357 
Racah-Fano planar realization, 394 
Racah identity, 356. 413 
Racah’s form, 118 
recursion relations, 144, 414 
Regge symmetries, 361, 386, 432 
Regge—Wigner tetrahedral representation, 
394 
Robinson’s interpretation, 359-366 
rotation matrix as limit of, 356, 416, 417 
semiclassical limit, 376-414 
structural zeros, 120-122 
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structure theorem, | 22 
symbolic forms, 153-155 
symmetries, 27, 360 
in asymptotic limit, 385-388 
under collineation, 360 
as tetrahedron, 377-381, 384, 385 (fig.), 
388, 389, 389 (fig.), 400, 411, 463 
volume as kinetic energy, 411 
volume invariance under Regge symme- 
try, 388 
as 3-simplex in model for quantized space, 
411 
transformation, 459, 460 
in tensor product space, 456 
Wigner coefficient as limit of, 379, 431 
see also binary bracketing 
see also Fano diagram 
see also Ponzano—Regge asymptotic 
relations 
see also Shelepin array 
Racah identity (sum rule), 356, 364, 413, 
453, 456, 461 
asymptotic form, 396 
asymptotic relations, 393-397 
and commutative map diagram, 453 
geometrical representation, 394, 395 
Racah invariant, 24 
coupling law, 28 
Racah invariant operators, 25, 26, 29, 109 
eigenvalues, 25, 26 
orthogonality, 26 
SU(2)X SU(2), 109, 132 
Racah operator 
algebraic structures, 6-46 
conjugate, 110 
as element of enveloping algebra, 124~131 
fundamental, 103-106 
matrix elements 106 (table), 117 
general matrix element, 102, 118, 137, 
141 
general product law, 110, 111 
monomual, 112 
normalization, 117, 124 
null space, 105-109 
pattern coupling, 111 
structure, 118-123 
see also unit Racah operator 
Racah product 
of Racah operators, 111 
of Wigner operators, 29 
Racah sum rule, see Racah identity 


Racah- Wigner algebra (RW-algebra), 32-40, 
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associativity, 30-32 
definition, 35 
equivalence relation in, 37 
for general group, 80-82 
inner product determined by functionals, 
Veet 
as limit of W-algebra, 90 
norm, 36 
null space, 47-89 
representation constructed from function- 
als, 36 
for simply-reducible group, 81, 82, 97, 
98 
SU(2)X SU(2), 132 
SU(3), 82 
symmetries, 80-82 
see also tensor operators 
see also Wigner operator 
Raising and lowering operators 
boson realization, 15, 125, 335 
on sections, 215 
SU(1,1), 275-281, 284-304 
Ray, of Hilbert space, 158-164 
Radial integrals 
for harmonic oscillator, 300-303 
for hydrogen atom, 303, 304 
and SU(1,1), 284-304 
Recoupling theory, 28, 435-479 
see also coupling, schemes 
“Recoupling” of coupling schemes, 28 
Recursion relations 
generalized Wigner coefficients, 293, 294 
Reduced matrix element, 8, 12, 13, 16 
Condon-Shortley notation, 97 
Reduced tensor operator in SU(2) XSU(2), 


96 
Reflection symmetry, 69, 88, 119, 122, 
143-145 


Regge array, 366 
augmented, 387 
Regge calculus, 411 
Regge mapping, 366, 368 
Regge poles, 265-284 
defined, 269 
Regge trajectory, 269-271 
Regular graph, 463 
Relative phase between state vectors, 187 
Relative phase factor, 190 
Relative phases, 188 
Representation coefficients, 369-371 
Representation, conjugate, 180, 186 
Ricmannian metric, 411 
Ring 
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completeness, 33 
normed operator, 17, 33 
Rising factorial, 429 
Robinson's interpretation 
of 6-/ coefficient, 359-363 
Rotation(s) 
planar, 313 
uncertainty relations, 313-319 
quantum mechanics of discrete. 319-322 
symmetry operator, 169-173, 179-182 
and time reversal, 179-186 
Rotation matrix(es) 
asymptotic forms, 370. 371. 403-410 
as asymptotic limit of Racah coefficient. 
410 
classical limit, 370, 371 
differential equation. 404 
explicit form. 53 
geometrical representation, 407 (fig.) 
as limit of Racah coefficient, 379 
physical interpretation, 369-371 
as probability amplitude, 369, 370 
symmetries, 370 
see also JWKB approximation 
Rotation by 27, 181, 219 
Rotational invariance, 170 
Rotational symmetr.. 167, 169-174 
see also Wigner symmetry theorem 
RW-algebra (algebra of Wigner operators) 
see Wigner operator 


s-channel, 272-275, 282 
SS, S4, symmetry group of Racah coeffi- 
cients, 362 
S,, modular representation, 361 
Saalschitzian hypergeometric senes, 430 
Scalar product, see inner product 
Scattering amplitude, 267, 271, 281 
integral representation, 267 
meromorphic, 268 
signature parts, 281 
Scattering matrix (S matrix), 196, 270, 273 
unitanty, 274 
Scattering resonance, 271 
Scattering of waves, short wavelength, 265 
Schrédinger equation 
integral equation solution, 266 
for monopolar harmonics, 207, 238, 240 
radial, 207, 267 
Schwartz inequality, 37, 159, 310 
Schwinger’s notation for discrete Wevl 
systems, 320 
Schwinger’s special canonical group, 323 
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Sectional harmonics. completeness, 218 
Sectional ket vector, 215 
Section({s) 
cross, 228 
of a fiber bundle, 202, 212 
on the sphere. complete orthonormal set. 
as 
iponmeal,, | 
Self-adjoint extension, 315 
Self-adjoint operator. 350 
Semiclassical approximation, 401, 404-408 
see also JWKB approximation 
Semilinear mapping. 166, 167, 191 
Sequences of pairwise couplings. 435 
see also coupling schemes 
Shelepin array, 366. 368 
see also Racah coefficient 
Shift operators, 258-265, 340 
boson realization, 337 
as nonnormal operators, 339, 341 
Shift 4 induced by tensor operator. 13 
Shift pattern, 48, 49, 59-68, 103-117 
Simply-reducible (SR) group, SO—82 
6-) coefficient. values compared to asymptotic 
formulas. 382 (fig.), 383 (fig.) 
6-) symbol 


see also Racah coefficient 
SIO) Sle 
Sits. ID a7) 
SO(3). 173. 176 
SOU)DG>, 418 
Solvay Conference of 1927, 308 
Sommerfeld number, 270 
Sp(4), 244 
Spherical geometn, 375 
Spherical harmonies, 271 

for sections, 215-218 

half-integer, 717 

Operator-valued, 327 
Sphencal polar coordinates, 207, 325 
Spherical wave decomposition. 267 
Spin angular momentum operaters, 177 
Spin-! ease 

of time reversal operator, 178 
Spin-0 case 

of time reversal operator, 178 
Spinor eigenseetions, 219, 220 
Stability group, 274 
Stationan phase method, 391, 392, 395-397 
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Steepest descents, 392, 394, 397 
Structural zeros, 80 
Stueckelberg’s analysis of quantum Hilbert 
space, 168, 184, 349, 350 
SAC. IN) 
irreps, 275-281, 280 (fig.) 
discrete series, 280 
principal series, 281 
and radial integrals, 284-306 
stability group, 274 
SU(2) 
Clebsch—Gordan series, 20, 353, 438 
complex conjugate representation, 19, 
179, 180 
conjugation symmetry, 249 
direct product representation, 438 
half-integer unitary irreps realized in (@, ¢) 
space, 216 
homomorphism onto SO(3), 171, 172 
invariant, 77 
irreps, 53, 403 
conjugate, 179, 180 
representation functions, 53, 403 
Euler angle parametrization of, 241, 
403 
relationship to monopolar harmonics, 
221-227 
stability group, 274 
symplecton realization, 245-251 
see also quantal rotation group 
SU(2)X SU(2) 
diagonal subgroup, 92, 98 
matrix irrep, 93 
SU(2) projective functions, algebra, 
132-136 : 
tensor operators, 94—98 
transformation property, 94, 95 
Wigner operators, 91-98, 109 
algebra, 131, 132 
SU(3), 35, 82 
Subgraph of G, 464, 477 
Superposition principle, 158, 160, 188 
Superselection rules, 159, 187, 188 
univalence, for angular momentum, 
186-188 
Superselection sector, 188 
Superselection subspaces, 188 
Symmetric group in coupling theory, 479 
Symmetric top, 208 
Symmetry 
fundamental considerations, 157-198 
in quantum mechanics, 158 
definition, 159 
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rotational, 167, 169-174 
Wigner theorem, 157-169 
Symmetry operator, 159, 160, 174 
Symmetry relation 
for generalized Racah coefficients, 123 
for generalized Wigner coefficients, 69-71, 
294 
Symmetry transformation 
definition, 159 
Symmetry zeros 
of Racah coefficients (Regge symmetry), 
419 
of Wigner coefficients, 79, 428 
Symplectic group in four dimensions, 243 
Symplecton, 243-258 
adjoint operation, 248 
characteristic eigenpolynomials, 247, 252, 
254-258 
defined, 245 
inner product, 247-249 
product law, 257 
realization of SU(2), 245-251 
as semisimple graded Lie algebra, 252, 
253 
Symplecton polynomials, 248, 250 
basis property, 257, 258 
generating function, 252 
multiplication law, 255-257 
transformation property, 252 


t-channel, 272, 273, 282 
TCP theorem, 185 
Tensor operator(s), 11-14, 418 
adjoint, 18, 19, 24 
algebraic aspects of physical, 258-265 
associativity of, 30-32 
coupling of, 22-30 
definition, 12, 40, 41 
eigenvector construction, 262, 263 
interpretation of integrals in terms of, 
297-299 
as irreducible tensorial sets, 18 
null space, 20-22, 38, 40, 47-89, 263 
orthogonality, 19, 27 
simply-reducible group, 97 
in SU(2)X SU(2), 94-98, 111 
irreducible, 94-97 
reduced, 133 
transformation property, 94, 95 
in U(n), 47 
unit Wigner, 13-28 
see also null space 
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see also Racah—Wigner algcbra 
see also SU(2)X SU(2) 
Tensor product, n-fold, 436 
space, 478 
see also Hilbert space 
Terminal points, 445, 465 
see also graph 
Tetrahedron 
as a cubic graph, 470 
volume, 377 (fig.), 378, 379 
Cayley’s formula, 380, 391 


volume invariance (under Regge symmetry), 


385 
see also Racah coefficient 
3-; symbols 
as magic squares, 366 
and projective geometry, 367, 368 
see also Wigner coefficients 
3n-j coefficients 
of the first kind 
in terms of 6-/ coefficients, 473 
in terms of pairs of binary trees, 474 
of the second kind 
in terms of 6-/ coefficients, 474 
in terms of pairs of binary trees, 474 
3n-j symbol, relations in PG(n,2), 365 
Time reversal, 160, 174-186 
Frobenius—Schur invariant, 179-186 
invariance, 184, 185, 188, 195 
phase conventions, 184 
phase relations, 188 
physical consequences, 194, 195 
for electromagnetism (Lloyd’s theorem), 


184 
for weak interactions (Biedenharn—Rose 
result), 1&5 


and quantal rotation group, 171-173, 
177-183, 186-189 
and SO(3), 169-171, 173 
symmetry, 181, 188 
Time reversal operation, 188, 195 
Time reversal operator, 176, 184 
relativistic, 178 
Schwinger’s definition, 178 
Wigner’s definition, 178 
Toeplitz—Hellinger theorem, 309 
Total angular momentum and constituent 
angular momenta, 436 
Transformation coefficients, 450-463, 465, 
468-470 
classification problem, 459-46] 
classification by cubic graphs, 469-477 
equivalence of, 469 
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graphical methods, 451 
in terms of Racah coefficients, 459, 460 
Transition function, 212 
Transition points, 405, 406 
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465-467 
bifurcation points, 444, 447, 448 
equivalence class, 448 
internal points, 444, 446 
labeled, 446, 447, 451, 456, 461, 464-469 
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nonoriented, 448, 449 
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see also binary couplings 
Triality quantum number, 189 
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definition, 99, 124 
extended definition, 137, 138 
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matrix boson realization, 124-131 
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classical limit, 374, 375, 379 
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null space, 71-80, 85 
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van der Waerden form, 57 
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Wigner invariant, 198 
Wigner operator(s) 
algebraic structures, 6-46 
angular momentum basis states, in terms 
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elementary, 52 
fundamental, 14-17, 35, 49-57, 67 
boson realization, 16, 54 
pattern calculus rules, 49-52 
general matrix element, 14, 64, 84 
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boson realization, 54 
mapping of U(2), 82-85 
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maximal shift, 2] 
normalization, 76 


Subject Index 


null space, 73-75, 338 

orthogonality relations, 97 

pattern calculus factors, 74-76 

product laws, 23-24, 28, 29 

special, 54, 56 
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SU(2)* SU(2): SU(2) projective functions, 
132-136 

transformation under SU(2), 17, 19, 55 


Wigner symmetry theorem, 157-160, 189, 


191, 196 
applied to rotations, 169-174 
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